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Preface

With the remarkable advancement in various branches of science, engineering and technology,
today more than ever before, the study of differential equations has become essential. For,
to have an exhaustive understanding of subjects like physics, mathematical biology, chemical
science, mechanics, fluid dynamics, head transfer, aerodynamics, electricity, waves and electro-
magnetic, the knowledge of finding solution to differential equations is absolutely necessary.
These differential equations may be ordinary or partial. Finding and interpreting their solutions
are at the heart of applied mathematics. A thorough introduction to differential equations is
therefore a necessary part of the education of any applied mathematician, and this book is
aimed at building up skills in this area.

This book on ordinary / partial differential equations is the outcome of a series of lectures deliv-
ered by me, over several years, to the undergraduate or postgraduate students of Mathematics
at various institution. My principal objective of the book is to present the material in such a way
that would immediately make sense to a beginning student. In this respect, the book is written
to acquaint the reader in a logical order with various well-known mathematical techniques in
differential equations. Besides, interesting examples solving JAM / GATE / NET / IAS / SSC
questions are provided in almost every chapter which strongly stimulate and help the students
for their preparation of those examinations from graduate level.

Organization of the book

The book has been organized in a logical order and the topics are discussed in a systematic
manner. It has comprising 19 chapters altogether. In the chapter [1, the fundamental con-
cept of differential equations including autonomous/ non-autonomous and linear / non-linear
differential equations has been explained. The order and degree of the ordinary differential
equations (ODEs) and partial differential equations(PDEs) are also mentioned. The chapter 2
are concerned the first order and first degree ODEs. It is also written in a progressive manner,
with the aim of developing a deeper understanding of ordinary differential equations, includ-
ing conditions for the existence and uniqueness of solutions. In chapter ?? the first order and
higher degree ODE:s are illustrated with sufficient examples. The chapter ?? is concerned with
the higher order and first degree ODEs. Several methods, like method of undetermined coeffi-
cients, variation of parameters and Cauchy-Euler equations are also introduced in this chapter.
In chapter ??, second order initial value problems, boundary value problems and Eigenvalue
problems with Sturm-Liouville problems are expressed with proper examples. Simultaneous
linear differential equations are studied in chapter ??. It is also written in a progressive manner
with the aim of developing some alternative methods. In chapter ??, the equilibria, stability
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and phase plots of linear / nonlinear differential equations are also illustrated by including nu-
merical solutions and graphs produced using Mathematica version 9 in a progressive manner.
The geometric and physical application of ODEs are illustrated in chapter ??. The chapter ??
is presented the Total (Pfaffian) Differential Equations. In chapter 3, numerical solutions of
differential equations are added with proper examples. Further, I discuss Fourier transform in
chapter ??, Laplace transformation in chapter ??, Inverse Laplace transformation in chapter ?2.
Moreover, series solution techniques of ODEs are presented with Frobenius method in chapter
??, Legendre function and Rodrigue formula in Chapter ??, Chebyshev functions in chapter
??, Bessel functions in chapter ?? and more special functions for Hypergeometric, Hermite and
Laguerre in chapter ?? in detail.

Besides, the partial differential equations are presented in chapter ??. In the said chapter,
the classification of linear, second order partial differential equations emphasizing the reasons
why the canonical examples of elliptic, parabolic and hyperbolic equations, namely Laplace’s
equation, the diffusion equation and the wave equation have the properties that they do has
been discussed. Also all chapters are concerned with sufficient examples. In addition, there is
also a set of exercises at the end of each chapter to reinforce the skills of the students.

By reading this book, I hope that the readers will appreciate and be well prepared to use the
wonderful subject of differential equations.

Aim and Scope

When mathematical modelling is used to describe physical, biological or chemical phenomena,
one of the most common results of the modelling process is a system of ordinary or partial
differential equations. Finding and interpreting the solutions of these differential equations is
therefore a central part of applied mathematics, Physics and a thorough understanding of differ-
ential equations is essential for any applied mathematician and physicist. The aim of this book
is to develop the required skills on the part of the reader. The book will thus appeal to under-
graduates/postgraduates in Mathematics, but would also be of use to physicists and engineers.
There are many worked examples based on interesting real-world problems. A large selection
of examples / exercises including JAM/NET/GATE questions is provided to strongly stimulate
and help the students for their preparation of those examinations from graduate level. The
coverage is broad, ranging from basic ODE , PDE to second order ODE'’s including Bifurcation
theory, Sturm-Liouville theory, Fourier Transformation, Laplace Transformation and existence
and uniqueness theory, through to techniques for nonlinear differential equations including
stability methods. Therefore, it may be used in research organization or scientific lab.
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Significant features of the book

e A complete course of differential Equations

e Perfect for self-study and class room

e Useful for beginners as well as experts

e More than 500 worked out examples

e Large number of exercises

e More than 600 multiple choice questions with answers

e Suitable for GATE, NET, JAM, JEST, IAS, SSC examinations.

Use of software

The software package Latex version 5.3 was used to write the book. Mathematica version 9 was
used to obtain the phase curve, eigenvalue for checking the stability of a dynamical system and
solve the different equations. Lingo version 8 was also some time used to obtain the numerical
results. All these packages were able to solve problems in material requirements planning and
project management techniques easily.
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Chapter 1

Metric Space

1.1 Introduction

1.2 Multiple Choice Questions(MCQ)

1.

4.

Let dq, d> and d3 be metrics on a set X with at least two elements. Which of the following

is NOT a metric on X? Gate(MA): 2014
(a) Min {d., 2} (b) Max {d», 2} (0) 131-_3013 (d) d1+d32+d3'
Ans. (b)

1
2

Letd,, d; be the following metrics on R" where di (x, y) = ). [x;—vil, da(x, y) = ( Y Ixi—y,-lz)
1 1

Then decide which of the following is a metric on R". NET(MS)(Dec.): 2016
— _hy+d(xy)
(a) d(x’ y) - 1+;1(x,y)+fiz(x,y)

(b) d(x, y) = di(x, y) — da(x, y)

() d(x, y) = di(x, y) + da(x, y)

(d) d(x, y) = e"di(x, y) + e "da(x, y)
Ans. (a), (c) and (d).

b 1
Consider the metric da(f,g) = ( [If() - g(t)?)" and dw(f,g) = sup If(t) - g(H)] on the
a 1

tela, b
space X = Cla, b] of all real values of continuous functions on [a, b]. Then which of the

following is TRUE? Gate(MA): 2009
(a) Both (X, d) and ((X, d) are complete.

(b) (X, dy) is complete but ((X, dw) is not complete.

(b) (X, dw) is complete but ((X, d>) is not complete.

(d) Both (X, d») and ((X, d») are not complete.

Ans. (a).

Which of the following is / are true? NET(MS)(Jun): 2016
(@) (0,1) with the usual topology admits a metric which is complete

(b) (0,1) with the usual topology admits a metric which is not complete

(c) [0, 1] with the usual topology admits a metric which is not complete

(d) [0,1] with the usual topology admits a metric which is complete.

Ans. (b) and (c).



2 INTRODUCTION TO DIFFERENTIAL EQUATIONS

10.

11.

Consider the smallest topology 7 on C in which all the singleton sets are closed. Pick each
correct statement from below: NET(MS)(Jun): 2016
(a) (C, 1) is Housdorff. (b) (C, 1) is compact.

(c) (C, 1) is connected. (d) Z is dence in (C, 7).

Ans. (a), (b) and (c).

Let A the following subset of R? : {(x,y) : (x + 1)* + > < 1} U{(x,y) : y = xsin , x > 0}.
Then NET(MS)(Dec.): 2016
(a) A is connected (b) A is compact

(c) A is path connected (d) A is bounded

Ans. (b) and (d).

Let (R, 7) be a topological space with the confinite topology. Every infinite subset of R is
(a) Compact but not connected (b) Both compact and connected Gate(MA): 2016
(c) Not compact but connected (d) Neither compact nor connected

Ans. (b).

f:[0,1] — [0,1] is called shrinking map if [f(x) — f(y) < |x —y|for all x,y € [0,1] and a
contraction if there exist a a < 1 such that |f(x) — f(y) < alx — y| for all x, y € [0, 1]. Which
of the following statements is TRUE for the function f(x) = x — %2?. Gate(MA): 2016
(a) f is both a shrinking map and a contraction

(b) f is a shrinking map but NOT a contraction

(c) f is NOT a shrinking map but a contraction

(d) f is Neither a shrinking map NOT a contraction

Ans. (b) and (d).

Let d; and d, denoted the usual metric and discrete metric on R respectively.

Let f: (R,d1) = (R, d;) be denoted by f(x) =x, x € R. Then Gate(MA): 2015
(a) f is continuous but f~! is NOT continuous

(b) f~! is continuous but f is NOT continuous

(c) both f and ! are continuous

(d) neither f nor f~! is continuous

Ans. (b)

I£1: (1< 1l) = (2 : Il Ih) is the identity map, then Gate(MA): 2009
(a) I is continuous but I"! is NOT continuous

(b) I"! is continuous but I is NOT continuous

(c) both I and I"! are continuous

(d) neither I nor I™! is continuous

Ans. (¢)

Let X be a non-empty set. Let J; and J, be two topologies on X such that J; is strictly
contained in J,. If I : (X, 1) — (X, J,) is the identity map, then Gate(MA): 2008
(a) both I and I™! are continuous

(b) neither I nor I"! is continuous

(c) I is continuous but I"! is NOT continuous

(d) I"! is continuous but I is NOT continuous

Ans. (c)

Hint. Since I(J;) = J; c 3, but I(J,) = I, c J;. Hence the result.
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12.

13.

14.

15.

16.

17.

18.

Which of the following subsets of R? is NOT compact? Gate(MA): 2013
(@{(xyeR*:-1<x<1, y=sinx}

G {x,yeR:-1<y<1, y=x8-x-1}

©{x,y) eR?*:y =0, sin(e™) =0}

@ {xy) eR*:x>0,y=sin}Nf(x,y) e R?: x>0,y =1}
Ans. (c)

Which of the following sets are compact ?.
(@) {(x,y,2) € R®: x2 + y* + z2 = 1 in the Euclidean topology. NET(MS)(Dec.): 2015
(b) {(z1,22,23) € R?: 2] + 23 + 23 = 1 in the Euclidean topology.

(c) IT A, with product topology, where A, = {0,1} has discrete topology forn =1,2,3,---.
1

(d) {z € C : |Rez < g in the Euclidean topology for some fixed positive real number a.
Ans. (a) and (c).

Let G; and G; be two subsets of R? and f : R> — RR? be a function. Then

@) fH(GIUG) = fHG)U fH(G)

(b) fHG)) = (f G NET(MS)(Dec.): 2015
© fHGING) =GN fG)

(d) If Gy is open and G, is closed then, G1 + G, = {x+ y : x € Gy, y € G; is neither open nor
closed.

Ans. (a) and (b).

Let f be a bounded function on R and a2 € R. For 6 > 0, w(a, 6) = sup|f(x) — f(a)l, x €
(@a—96,a+0). Then

(@) w(a, 61) < w(a, d2) if 61 < 02

(b) OILIE w(a,6) = 0foralla € R. NET(MS)(Jun): 2015
(c) 611:5& w(a, 6) need not exist.

(d) 6113)1+ w(a, o) = 0if and only if f is continuous at a.

Ans. (a) and (d).

Consider the set Z of integers with the topology 7 in which a subset is closed if and only if
it is empty or Z or finite. Which of the following statement is true? NET(MS)(Jun): 2015
(a) 7 is the subspace topology induced from the usual topology on IR

(b) Z is compact in the topology t

(c) Z is Hausdorff in the topology ©

(d) Every infinite subset of Z is dence in the topology

Ans. (b) and (d).

The subspace P = {(x,y,z) € R®: z = x> + > + 1} is

(a) Compact and connected (b) Compact but not connected Gate(MA): 2011
(c) Not compact but connected (d) Neither compact nor connected
Ans. ().

For which subspace X C R with the usual topology and with {0, 1} C X will a continuous
function f : X — {0, 1} satisfying f(0) = 0 and f(1) = 1 exist ? Gate(MA): 2011
@X=1[01 ®mX=[-L1] @©X=R (@I[01]¢X

Ans. (d).
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19.

20.

21.

22.

23.

24.

25.

Suppose X be a finite set of more than fives elements. Which of the following is TRUE?
(a) There is a topology on X which is T3

(b) There is a topology on X which is T, but not T3. Gate(MA): 2011
(c) There is a topology on X which is Ty but not T5.

(d) There is no topology on X which is T}

Ans. (a).
The set X = R with the metric d(x, y) = 1‘5‘2;' is
(a) bounded but not compact (b) bounded but not complete Gate(MA): 2010

(c) Complete but not bounded (d) Compact but not complete
Ans. (b) and (d).

Let X = N be equipped with the topology generated by the basis consisting of sets
A, =nn+1,n+2,---}:ne€N. Then X is

(a) Compact and connected (b) Hausdorff and connected Gate(MA): 2010
(c) Hausdorff and compact (d) Neither compact not connected

Ans. (d).

Let X = N x Q with the subspace topology of the usual topology on R* and P = {(n, 1) :
n € N}. In the space X

(a) P is closed but not open (b) P is open but not closed Gate(MA): 2010
(c) P is both open and closed (d) P is neither open nor closed.

Ans. (d).

Let X = N x Q with the subspace topology of the usual topology on R* and P = {(n, 1) :
n € N}. The boundary of P in X is Gate(MA): 2010
(a) an empty set (b) a singleton set (o) P (d) X.

Ans. (d).

In a topological space, which of the following statements is NOT always true ?

(A) Union of any finite family of compact sets is compact. Gate(MA): 2012
(B) Union of any family of closed sets is closed.

(C) Union of any family of connected sets having a non empty intersection is connected.
(D) Union of any family of dense subsets is dense.

Ans. (d).

Consider the following statements:
P: The family of subsets {An = ( - %, %), n = 1,2,---} satisfies the finite intersection
property. Gate(MA): 2012

Q: On an infinite set X , a metricd : X X X — R is defined as d(x,y) = 0, x = y and
dx,y)=1, x # y.

The metric space (X, d) is compact.

R: In a Frechet (T1) topological space, every finite set is closed.

S:If f : R — Xis continuous, where R is given the usual topology and (X, 7) is a Hausdorff
(T>) space, then f is a one-one function.

Which of the above statements are correct?

(A)Pand R (B)Pand S (CO)RandS (D)QandS.

Ans. (c).
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26. Let X ={a,b,c}and let = {qb, {a},{b},{a, b}, X} be a topology defined on X. Then which of

the following statements are TRUE? Gate(MA): 2012
P : (X, C) is a Hausdorff space. Q: (X, 0) is a regular space.
R : (X, Q) is a normal space. S : (X, C) is a connected space.

(A)Pand Q (B)Qand R (CO)Rand S (D) P and S.
Ans. (b).
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Chapter 2

Complex Analysis

Magnitude and Angle of a complex number: Let z = x + iy be a complex number. Then
magnitude of z is given by r = |z| = 4/x2 + y? and argument of z is given by O=tan™! (%) . The
principal argument of the multi-valued argument is between -t and +mie., —t < 0 < 7.

Polar form of a complex number: If x = rcosO ,y = rsin@ , then z = x + iy = r(cosO +isinf ) =
re'.

DeMoivre’s Theorem: z" = #"(cos@ + isinf )" = r"(cosn0 + isinn6 ).

Analytic functions: A function w = f(z) is said to be analytic at a point zg if f(z ) is differentiable
not only at zy but also at every point of some neighbourhood of z;. A function that is analytic
throughout the whole complex plane is called an entire function.

Necessary and sufficient condition for an analytic function: If f(z) = u(x,y) + iv(x,y) is
analytic in a domain D, then u, v satisfy the equations. %:%, g—; = -%Provided the four partial

derivatives uy, u,, vy, v, exist.

Cauchy Riemann equations: If f (z) = u(x, y) + iv(x, y) be an analytic function, then

. . du _ dv dv _ _du

1. Cartesian Form: §¢ = P and §¢ = 5
. ou — 19v dv — _ 10u

2. PolarForm: §! = 192 , £ =— 15

Milne Thomson Theorem: This method is used for finding analytic function f (z) when either
real or imaginary part is given.

(i) When u is given
Jdu

5?1 (x,y)

Ju

E=<P2 (x,y)

Then f (z) = f{(p1 (z,0) —ip1 (z, O)Z}dz +C
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(ii) When v is given

0
3—124)2(9@ )
J
%wl (x, )

Then f (2) = [ {¢1 (z,0) + it (z,0),}dz + C

L'Hopital’s Rule: For two functions g(z) and h(z) that are differentiable at zy andIf g(zp)and

h(z¢) are both 0 and If h’(zp) is NOT equal to 0 then lim %:%. Extension to this rule: if
Z—7

(n+1)
g(z), h(z), and their first n derivatives vanish at zy, then ;Lrit % = fl(,,T)((zg;.

Harmonic Functions: Any function satisfying Laplace’s equation is said to be harmonic. Wher-

ever a function is analytic, its real and imaginary parts are harmonic. The real and imaginary
. . . . 2 2 2 2
parts of harmonic functions are call conjugates of one another, i.e., 37”2‘ + 37’; =0and 37’2’ + 3712’ =0.

Taylor’s Theorem: A function f(z ) which is analytic at all points with in a circle with center

at zp and of radius R can be represented uniquely as a convergent power series given by

f(2) = an(z — z0)", wherea, = ! 2(,2).

Important Results
619+e—19 10 _ —i0

cosf = —5—,sinf = “—— sini@ = isinh@, cosi® = icoshf

0_o0

0, ,—0 R
coshf = &5, sinh0 = ¢

N Z_ 2 Z, 2
sinhz = &5, coshz = <5~

sinz = sinx coshy + icosx sinhy

siniz = isinhz , cosiz = icoshz

cosz = cosx coshy + isinx sinhy

logz = Logr+i6 for (r #0)

logz = Log |z| +iargz for (z # 0)

elog(z+i2n) =

cosh’z —sinh’z =1 & = ¥V = ¢¥(cosy + isiny )

Cauchy’s integral theorem: If f(z) is analytic and single valued inside and on a simple closed
contour C, then fc f(z)dz =0.

Linville Theorem: If f(z) is continuous on a contour C of length | and if M be the upper bound of
)f(z) )on C, then )féf(z) dz) <ML

Morera’s theorem: If a function f(z) is continuous in a domain D and such that of fG f(z)dz=0
, for every simple contour G in D, then f(z) is analytic in D.

Cauchy’s integral formula: If f(z) is analytic within and on a closed contour C, and if a is any

point within C, then f™(a) = 2% c (Zfi%'
Taylor’s Theorem: If f(z) is analytic within a circle C with its center z = a and radius R, then at

every point z inside C, then f(z) =}, a,(z — a)", where a,, = f ;(,a).
n=0 ’

Laurent’ series: If f(z) is analytic in the closed ring bounded by two concentric circles C and C’

of centre a and radius R and R, (R’ < R). If z is any point of the annulus, then f(z) =Y, a,(z — a)"
n=0
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! f@ and b, = _ nl f(z)dz
21 JC (z a)n+1 2 JC (Z—a)’"*l .
Cauchy Residue theorem: If f(z) is analytic within and on a closed contour C, except at a

+ Yoy by(z—a)™" wherea, =

n
finite number of poles z1,2p,23,- -+ ,z, within C, then fc f(2)dz = 2mti Y, Res (z = z,) = 2mi X
r=1

(sum of residue).
(a) For simple pole
(i) Res(z =a) = lim(z - Ll)f(Z)

(ii) Res(z = a) = (P(a) S=iff (z) =

v(a) IP(Z)

(b) For multiple pole
(i) Res(z = ) = ol 45 [z - )" £(2)]

(ii) Res (z = a) = coef ficient of 1 where t=z—a.

2.1 Multiple Choice Questions

1. If real part of an analytic faction f (z) = u + ivis u = x> — y?, then the analytic function is

@ f@@)=i+c Of@R=-iZ"+c ©f@=z+c Df@) =22+c.
Ans. (d) Use Milne Thomson Formula, we have f (z) = f {p1(z,0) —ip; (z,0)}dz + C.

2. If imaginary part of an analytic faction f(z) is v = e*(xsiny + ycosy), then the analytic
function is
(@) f(z) = ize* + ¢ (b) f(z) = —ize® +C ©f () =z +¢ (d)f(z) =2*+c
Ans. (c) Use Milne Thomson Formula, we have f (z) = f {4}1 (z,0) + iy (2, 0)2}dz +C

3. Ifsinz= Y a, (z - g)n, then a6 equals to
n=0

()0 (b) 7201 V2 ©7 (d) - 7201 V2
Ans. (d) Use Taylors Theorem

Lﬁz
4. The value of flzl=2 (E)dz
(a) 2mi (b) 2mie® (©)0 (d) 2me
Ans. (b) Cauchy Residue theorem.

5. For the positively oriented unit circle, ﬁ =1 Zfi(;)d GATE(MA) : 2004
(@0 (b) i (c)2mi (d)4mi
Ans. (a)

6. The residues of a complex function f (z) = “11*—%2) at its poles are
(@) 3,—1,and 0 (b) 3,—3,and -1 (©1,-3,and — 3 (d) §,-1,and3.
Ans. (¢)

7. 1f f (z) Zg,z = x +iy. Then Residue of f (z) atz =2is
(@) —5 (b) 1 (0-% d) 3 GATE(MA): 2011
Ans. (d)

8. If a function f (z) is continuous in region D and if fD f (2)dz = 0, taken around any simple
closed contour in D. Then f (z) is
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(a) Non-Analytic (b) Analytic (c) may or may not be Analytic (d) none of these
Ans. (b) Morera’s Theorem.

9. If a function f (z) = u(r, 0) + iv(r, 0) be analytic in region D. Then u, v are satisfied by the
following equations

() & =12 dv — _ 19u (b) & =12 dv — 190u
gr - r&(fav’ ara_ ralﬂa 8ra_ raﬂav’ Bra_ r 00 12
{7 — (- u {7/ — (V— u
@©F==32%  5=—106 D5=r%s . 5=—1%
Ans. (a)

10. Lety be thecurver =2+4cos0 0< 0 <m)ifl; = yzd_—zl and I, = Vzd__zz- Then
(@b =21 dhL =1 (©2L =1, (A =0, L+#0
Ans. (b)

11. The value j)é (z —10)"%dz is equals to (where C is the contour |z — 10| = 50)
(a) 2mi (b)—2mi (c) 2mi x 10° (d) 0.
Ans. (d)

12. The value j)é ﬁdz is equals to (where C is the contour [z| = 2)
(a) 27 (b)—4mi (c) 4mi (d) 0.
Ans. (d)

13. The value ﬁz - tanz dz is equals to
(a) 2mi (b) -2mi (c) 4mi (d) 0.

Ans. (a)

14. The valueof ¢, (% + sinz )dz is equals to
(a) 2mie (b) —2mi (c) 4mi (d)o
Ans. (d) use Cauchy Residue theorem

2n
15. The value of [ m—rprd6 s GATE(MA): 2004
0
@-5 ®-15 ©p (DF

2n

Ans. (d) use the formula f d6=—2%—_,a>b>0.
0

u+bslin6 Va2—p2’

16. The poles and residue at each pole of the function f(z)=cotz is
(@)nm, n=+1,42,---and Res = 1 (b) n7t, n=0,+1, +2,---and Res = 1
(c)nm, n=%1, £2,---andRes = 2 (d) n7t, n=+1, £2,---and Res = =1
Ans. (b) use the formula Res(z = a) = %

17. The residue of f(z) = (22_52)3 at its pole is
(@)e'(1+9) (b)e"(1- %) (c)e"(1 + %) (d)e*(1 +5).
Ans. (b) use the formula coefficient of %in f (z) wheret =z —a.

18. The integral ﬁz = (322:1%) dz where C is the circle |z| = 2 travelled clockwise is

(a) 20671 (b)27i (c) 67ti (d)o
Ans. (d) use Cauchy Theorem.

19. The integral ﬁz =2 (%) dz equals to

3

(a) 2mie (b)—2mti (c) mi (d)—mi
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Ans. (d)use Cauchy integral formulae
IfI= fﬁc (z — a)"'dz = 2mi,[where C is the circle with center at a of radius R if

(@) n # -1, ainside C (b) n # =1, a outside C
(c)n=-1,ainside C (d) n=-1, aoutside C

Ans. (c)

The value of the i@tegral ﬁz 2 @Cz(;s_(f—)z)_@dz where C is the circle |z] = 1 is

(a) —mi b) % (c) 2—7_;’ (d) m CE: 2009
Ans. (d)

The value of the integral I = §. COZS(?)ZZ dz where C is the counter 4x*> + > = 2. Then, [ is
equal to GATE(MA): 2003
@0  ()-2ri  ()2mi(Em-1) (D) -ZL

Ans. (d)

The contour C in the figure is described by x>+ y* = 16 . The value the integral j; o.ézt§.5 dz
(a) —2mi (b) 2mi (c) 4mi (d) —4mi GATE(MA): 2010
Ans. (d)

The value of the contour Integral 9§C -i=5, C:|z| = 4is equal to

(A) i (B)O (C)—mi (D)2mi GATE(MA): 2000
Ans. (B)

Given f (z) = . with |z| > a, the residue of f (z)z"~! at z = a for n > 0 will be

(A) a"! (B) a” (C) na" (D) na"1. EE: 2008
Ans. (D)

The value of f%: ﬁ where C is the contour |z - §| =1is
(A)2mi (B) mi (C) tan"!z (D) mtan™'z .
Ans. (B)

If f(z)=co+ciz7}, then f|z|=1 1+Tf(z) dz is given by
(A) 2me; B)2n(l+c)  (C)2mic,  (D)2mi (1+co).
Ans. (B).

The residue of the function f (z) = patz= 21is

(z+2) ( -2
(A) -5 (B)- %% © 1 (D) 3.
Ans. (A ) Since Res(z = a) = ﬁjz’% [(z—a)"f(z)].

So,Res(z=2) = (211 ; £2 - [(z 2) m] =-1/32.

For the function of a complex variable W = InZ , (where W = u + iv and Z = x + iy) the
u =constant lines get mapped in Z—plane as

(A) set of radial straight lines (B) set of concentric circles

(C) set of confocal hyperbolas (D)set of confocal ellipses.

Ans. (A)

Let D be the semi circular contour of radius 2, then the value of the integral 55,3 @ +1)ds is

ECE : 2007
(A)in  (B)-in (O-n (D)~
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Ans. (A) Only the poles ats = +i lies inside the contour. Res(s = +i) = +3. Therefore by
Cauchy Residue theorem fc f(z)dz = 2mi 51 Res = 0.
31. Ananalytic function of a complex variable z = x +iy is expressed as f (z) = u (x, y) +iv(x, y)
where i = V-1. If u = xy, the expression for v should be
2 2 ) )
WEL L Bk %2k 0 4k
Ans. (C)
32. If z = x + iy, where x and y are real. The value of |eiz| is
(A)1(B) e V¥**¥* (C) e¥ (D) e
Ans. (D)
33. The value of f sinz 7, where the contour of integration is a simple closed curve around
the origin, is
(A)O (B) 2mi (C) o0 (D).
Ans. (A)
34. The analytic function f(z) = 2= has singularities at
(A)l and -1 (B)land ¢ (C)land — —i (D) iand —i.
Ans. (D)
/2 N
35. Giveni = V-1, what will be the evaluation of the definite integral f SOSER—dx?
0
(A)O (B)2 (C)—i (D). CS: 2011
Ans. (D) [ Sdx = [e¥dx = [%]02 = %(e’” - 1) = 2 (cosm+isinn—1 ) = 3% =1.
0 0
36. The value of §G (% - %) dz ,where G is the circle |z| = 2.
(a) 8mi (b) —8mi (0 47 (d) o.
Ans. (a) The point z = —4 lies outside |z| = 2, so the Cauchy—Goursat theorem shows
that the second term in the integrand contributes nothing to the integral. Deforming G
into any circle centered on z = 1 that does not contain the point z = —4.
37. If f(z) is analytic in the entire z plane and bounded for all z, then f(z) is
(a) constant (b) variable (c) not constant (d) any function of z.
Ans. (a) Liouville’s theorem: If f(z) is analytic in the entire z plane and bounded for all z,
then f(z) =constant.
38. If a function f(z) is continuous in a domain D and such that of §G f(z)dz = 0, for every
simple contour G in D, then f(z) is
(a) constant (b) Analytic (c) not Analytic (d) any function of z.
Ans. (b) Morera’s theorem: If a function f(z) is continuous in a domain D and such that
of fb f(2)dz = 0, for every simple contour G in D, then f(z) is analytic in D.
39. The product of two complex numbers 1 + iand 2 — 5i is ME: 2011

(A)7-3i  (B)3-4i (C)-3-4i  (D)7+3i.
Ans. (A)(1 + )2 —=5) =2 -5 +2 +5=7 — 3i.
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40.

41.

42.

43.

44.

45.

46.

47.

48.

If C is the positively oriented unit circle |[z| = 1 and f(z) = exp(2z), then 56(: %dz is

(A) mi (B) 2mi (C) & (D) —4ri.

Ans. (C)

The value of the integral of 56C zdz ,when Cis the right-hand half z = 2¢/ ( -2 <0<-
is

N[
~—

(A) mi (B) 2mi (C) 4ni (D) —4mi.

Ans. (C)Sincez = 2¢/¢ ( -2<0 %) of the circle |z| = 2, from z = -2/ to z = 2i. Therefore
2=200 I= [200 d(2e )=4 f d0 = 4ni

Let C denote the positively oriented boundary of the square whose sides lie along the
linesx = £2and y = + 2. The value of the 1ntegrals ) 2z is

(A) & (B) 4mi (C) —4mi (D) -

Ans. (A)

The residue of f (z) = % at its poles at z = 2 and z = 3 respectively are
(A)19,12  (B)1,0  (C) -27, 8 (D) -8, 27.
Ans. (D). Since Res (z = a) = lim(z — a) f(z) , Therefore

zZ—a

. z>
RBS(Z :2) :ll_l’)l’zl(Z—Z)m =-8
. z3
ReS(Z=3)=£§I§(Z—3)m =27

The residue of f (z) = o at its pole is
A) § utl (B) " (5 + 1) Qe (5-1) (D) ée” (a+1). Ans. (B) Putz = ¢.
f(z) = (””) —(t%+tlz)e(“+t)=e”(t%+tlz)(1+%+§—2!+---)=e’1(§+2) +@a+1)%+-

The Remdue at z = a is coefficient of lt: e’ (% +2
The value of the integral of SEG z(sz—)%;—@dzf where G is the circle |z| = 2

N NE: (B) 2mi (C) —4mi (D) -
Ans. (B).

T
The value of f e d0 is
0

@%Z ®F ©% @o
2n

Ans. (c) use the formula f ————d0=
0

a+bc059 1/n2+b2 '

The value of f =3 (COSZ +sinz ) dz is

(A)2mi($+sin2)  (B)2ni(5+0) Q21 (D)0
Ans. (C)

The value of the contour integral 5 9§C f (z) dz where f (z) =3+1+ - and the contour C is
the circle of radius 2 centered at the origin, traversed in the contour clockwise direction is
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A1 ®B; ©O1 (D)3
Ans. (A) 2m§cf(2)d2 2m§f‘[ + -’-z2 1]dz— 2n1§c[ ]dz+2m§c[ z2— 1]dZ

= 0 + Sum of Residue

o ﬁj[ ]dz 0, By Cauchy Theorem.
Since Res (z = a) = lim(z — a) f(z). Therefore

Now,

. 1
Res(z = 0) —£1_r>r(}(z—0)g =1

Res(z=1) = linll(z -

2z
=-1)=1 1)——=-1
Res (z ) Z1_r)rl1(z+ )22—1

49. Let f(z) =snz. —<Z then
(A) fhasa pole oforder2at z = 0
(B) f has a simple poleatz = 0.
©) §z|:1 f(z) dz = 0, where the integral is taken anti-clockwise
(D) the residue of fat z = 0is =27 1.

Ans. (B) Since lim $22 = 1, Sp, 88z = 1 5357 — (.
z 7 Z2 z
z—0

50. Let P(z), Q(z) be two complex non-constant polynomials of degree m, n respectively. The
number of roots of P(z) = P(z)Q(z) counted with multiplicity is equal to

(a) Min {m, n} (b) Max {m, n} (c)m+n NETMS)(Jun): 2016 (d) m —n.
Ans. (c).

51. The Residue of the function f(z) = e‘e% atz=0is NET(MS)(Jun): 2016
(@1+et (b)e! (c) —e! (d)1-¢t
Ans. (c). Since f(z) = et = (Y52 T) g the coefficient of Lis—1+ 4 — 5+ 3 —

2
52. Consider the function F(z) = f #dx, Im(z) > 0. Then there is a meromorphic function
1

G(z) on C that agree with F(z) when Im(z) > 0, such that NETMS)(Jun): 2016
(@) 1, oo are poles of G(z) (b) 0, 1, oo are poles of G(z)

(c) 1, 2 are poles of G(z) (d) 1, 2 are simple poles of G(z).

Ans. (c) and (d).

53. Let f be a real valued harmomc function on C i.e., f satisfies the equation ai’; + gzy/; =
Defined the functions g = ax zgy and h = ax +id a . Then NET(MS)(Jun): 2015

(a) g and & are both holomorphic functions.

(b) g is holomorphic but & need not be holomorphic.

(c) h is holomorphic but g need not be holomorphic.

(d) both /i and g are identically equal to the zero functions.

Ans. (b). Let g = u + iv where u = and v= f . Also ngzc = 327{.
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54. [0 Tmdz= NET(MS)(Jun): 2015
(@0 (b) —2mi (c)2mi (d) 1.

Ans. (c). Since only z = -2 lies within the region |z + 1| = 2. So, f+1| - 4222 dz =
f|z+1|:z( 1455 2+Z)dz—0+0+ s 2 = 2mi
dz_ _ .

N | | GATE(MA): 2008
@-3 b3 ©-7 (73
Ans. (b). Since only z = 2i lies within the region |z—3i| = 2. So, fz 3il=2 z2+4 =2n lX!lm(Z—
21) 2244 g

56. Let f be an entire function. Which of the following statements are correct.

(a) f is constant if the range of f is contained in a straight line. NET(MS)(Jun): 2015
(b) f is constant if f has uncountable many zeros.

(c) f is constant if f is bounded on {z € C : Re(z) < 0}

(d) f is constant if the real part of f is constant.

Ans. (a), (b) and (d).

57. Let p be a polynomial in 1- complex variable. Suppose all zeroes of p are in the upper
half plane H = {z € C|Im(z) > 0}. Then NETMS)(Jun): 2015
(a)Imp<)>0f0rz€]R (b)Rez’;((Z))<0forz€]R
(0) Im23) ((Z)) >0forze CwithIm(z) <0.  (d) ImL2 p(z) > 0 for z € C with Im(z) >
Ans. (a), (b) and (¢).

58. Consider the following power series series in the complex variablesz: f(z) = ), nlognz", g(z) =

n=1
Y %z”. If  and R are the radii of convergence of f and g respectively, then
n=1
(@r=0,R=1 (b)r=1,R=0 (c)r=1,R=00 (d)r=00, R=1.
Ans. (b). NETMS)(Dec.): 2015

59. The bilinear transformation w which maps the points 0, 1, co in the z—plane onto the
points —i, —oo0, 1 in the w—plane is GATE(MA): 2003
@z OxF O @F
Ans. (d). Since the bihnear transformation w which maps the points 0, 1, oo in the z—plane
onto the points —i, —co, 1 in the w— }Salane is give by
(W) ws) _ (z=21)(z2-23) (w-0)(1-c0 (z+)(0-1)

(wi—wa)(ws-w) ~ (z1-22)(z3—2) (0-1)(eo-w) — (=i=e0)(1-2)"

60. The bilinear transformation w which maps the points —1, 0, 1 in the z—plane onto the
points —i, 1, i in the w—plane. Then f(1 — i) equals GATE(MA): 2004
(@) -1+2i (b) 2i (c)—2+i (d)y-1+i
Ans. (c).

61. The number of zeros, counting multiplicities of the polynomial 2% 4+ 323 + 22 + 1 inside the

circle |z| = 2 is GATE(MA): 2004
@0 (2 (93 (d5

Ans. (d). Let F(z) = z° + 32> + z2 + 1 be the complex polynomial and the circle |z| = 2, then
zero’sinside the circle are defined by F(z) = f(z)+g(z), where g(z) = z° and f(z) = 3z3+z%+1.

Then |£&) EZ;| < 324241 = B <1, Therefore |f(2)| < |g(z)] = F(2) has all five zero’s in |z| =
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62.

63.

64.

65.

66.

67.

68.

69.

The number of roots of the equation z° — 12z% + 14 = 0 that lie in the region {z € C : 2 <
|zl < 2} is GATE(MA): 2005
(a) 2 ()3 (c)4 (d) 5.

Ans. (d). Let ¢(z) = 2° and f(z) = —12z2 + 14. Then (%| < 1. Therefore the number of the
roots of the equation is 5.

The bilinear transformation w which maps the points —1, i, —i in the z—plane onto the
points 1, 00,0 in the w—plane. Then f(1) is equal to GATE(MA): 2008
@-2 ®-1 (i (A~

Ans. (b). Since the bilinear transformation w = f(z) is give by
(w—w)(w2—ws) _ (z=z1)(22—23)
(w1-w2)(ws—w) ~ (z1-22)(z3-2) "

Leta,b,c,d € R be such that ad — bc > 0. consider the Mobius Transformation T, 4(z) =
248 Define NET(MS)(Dec.): 2015

H,={zeC:Im(z) >0}, H. ={z € C: Im(z) < 0}.
Ri={zeC:Re(z) >0}, R-. ={z € C:Re(z) <0}.
Then, T, 4,4 maps

(a) Hy toH,, (b) Hy to H- (c) Ry to R4 (d) Ry toR_.

Ans. (a).

Let w(z) = ‘C‘;—:Z and f(z) = ;z—:g be bilinear (Mobius) transformations. Then, the following
is also a bilinear transformation GATE(MA): 2002
@ f@wE)  Ob) f@e) (O f@D+3@ DR+ G

Ans. (b).

Let f(z) = ﬁ for all z € C such that ¢* # 1. Then NETMS)(Dec.): 2015
(a) f is meromorphic (b) the only singularities are poles

(c) f has infinitely many poles in the imaginary axis (d) each pole of f is simple

Ans. (a), (b), (c) and (d).

Let f be a analytic function in C. Then f is constant if the zero set of f contains the
sequence NET(MS)(Dec.): 2015
(@ a, =1 (b) a, = (-1)"11 ©an = 5 (d) a, = n if 4 does not divide n and
a, = % if 4 divides n.

Ans. (a), (b), (c) and (d).

Consider the function f(z) = % on the annulus A = {z € C : % < |z| < 2}. Which of the
following is / are true? NETMS)(Dec.): 2015
(a) There is a sequence p,(z) of polynomials that approximate f(z) uniformly on compact
subsets of A.

(b) there is a sequence r,(z) of rational functions whose poles are contained in C\A and
which approximate f(z) uniformly on compact subsets of A.

(c) No sequence p,(z) of polynomials approximate f(z) uniformly on compact subsets of
A.

(d) No sequence r,,(z) of rational functions whose poles are contained in C\ A, approximate
f(z) uniformly on compact subsets of A.

Ans. (b) and ().

The straight lines L; : x =0, L, : y = 0 and L3 : x + y = 1 are mapped by transformation
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70.

71.

72.

73.

74.

75.

w = z% into the curves Cy, C; and C; respectively. The angle of intersection between the
curves atw = 01is GATE(MA): 2012
@0 ®I ©F (@n

Ans. (). Sincew =22 = (x+iy)®2. Ci:w=-y*, C:w=x*and C3 : w = (x +i(1 — x))? =
=1+ 2x + 2ix(1 — x). So angle between curves (are C; and C; ) atw = 0is 7.

Let f : C — C be analytic except for a simple pole at z = 0 and let g : C — C be analytic.
hm Res f(z)g(z)
Then, the value of = W is GATE(MA): 2011
@0 B0 ©OlmzfE  (@lmzfERe)
limRes f(2g()  limzf)g) limzf()
Ans. (a). Since = hm RO = ﬁi‘& o = 121301 g(z)?ggZ 5 = g(0).

Let u(x, y) = 2x(1 — y) for all real x and y. Then a function v(x, y), so that f(z) = u(x, y) +
iv(x, y) is analytic is GATE(MA): 2010
@F2-@-17 OE-1P-p¥  (©@-D2+r @2+ (12

Ans. (a).

Let f(z) be analyticon D = {z € C : |z — 1| < 1} such that f(1) = 1. If f(z) = f(z?), Vz € D,
then which one of the following statements is not correct? GATE(MA): 2010
(@) f@) = [f@P VzeD  (b) f(3) =12, vzeD

© f@) =[f@P, VzeD (d) f'(1) =

Ans. (a). Since f(z) = f(z2), Vz € D, so f(z) # [f(2)]?, Yz € D.

For the function f(z) = sin (#(1))/ the point z =0 is GATE(MA): 2009
(a) a removable singularity (b a pole
(c) an essential singularity (d) a non-isolated singularity

; - 1 )= 1
Ans. (c). Since f(z) = sm(cos(%)) =0= oD = nn, n € Z.
So,cos(%)—>0asn—>oo$z (2n+1)n,n€Z

So,Z — 0 as n — oo. Hence z = 0 is an essential singularity.
Note: It is also called isolated essential singularity.

For the function f(z) = cot (COS( )) the point z =0 is
(a) a removable singularity (b) a pole
(c) an isolated essential singularity (d) a non-isolated essential singularity

cos(%)
cos(z)

in(—_)
Sm(COS(%))

So, COS(%) —0asn o> oc0=>z= (2n+1)77’ neZz.

So,Z — 0 as n — oo. Hence z = 0 is a non- isolated essential singularity.

Note: It is note that the numerator of f(z) is zero implies the isolated essential singularity,
but the denominator of f(z) is zero implies the non-isolated essential singularity.

Ans. (d). Here f(z) = So =0= sm( osl(l)) =0=>—-L-—=nn, neZ

cos(z)

’ f(Z)

For the function f(z) = tan(cos( )) the pointz =0 is
(a) a removable singularity (b) a pole
(c) an isolated essential singularity (d) a non-isolated essential singularity

Ans. (c).
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76. Let f(z) = Y., z"forze C. If C: |z —i| = 2, then % % is equal to GATE(MA): 2009
n=0

(a) 2mi(1 + 15i) (b) 27t i(1 — 15i) (c)4mi(1 + 15i) (d)2mi
Ans. (a). Here 5 % = lziE}Resf(z) = % = B = 1 4 15,

77. For the function f(z) = sin %, z=0isa GATE(MA): 2002
(a) a removable singularity (b) simple pole
(c) branch point (d) an essential singularity
Ans. (d).

78. For example of a function with a non-isolated essential singularity at z = 2 is GATE(MA):
2003
(a) tan 15 (b) sin -5 (c) e=2) (d) tan =2
Ans. (a). Since cos 15 = 0 gives us the non-isolated essential singularity.

79. Let S be the open unit disk and f : S — C be a real valued analytic function with f(0) = 1.
Then, the set {z € S : f(z) # 1} is GATE(MA): 2008
(a) empty (b) non-empty finite (c) countably infinite (d) uncountable
Ans. (a).

80. Let S = {0} {ﬁ tn=12,--- } Then, the number of analytic functions which vanish
only on S is GATE(MA): 2007
(a) infinite (b) 0 (o1 (d)2
Ans. (b). Since S = S, s0 S is closed. If possible let f(z) be analytic in S. But limit point of
zero’s is an isolated essential singularity, so ‘0’ can not be zero of f(z). Hence, there is no
such analytic function which vanish only on S. So number of analytic function is 0.

81. It is given that ), a,z" converges at z = 3 + 4i. Then, the radius of convergence of the

n=0
power series ), a,z" is GATE(MA): 2007
n=0

(@) <5 (b)>5 (c)<5 (d)>5.
Ans. (b). Since|z-0|<R=|3+4i—-0<R=R2>5.

82. The principal value of log (i%) is GATE(MA): 2005
@ni ®F ©F @I
Ans. (d). Since z = }logi = {loge? = Zl.

83. Consider the functions f(z) = ¥* + iy? and g(z) = x> + y* + ixy. Atz = 0, GATE(MA): 2005
(a) f is analytic but not g (b) g is analytic but not f
(c) both f and g are analytic (d) neither f nor g is analytic
Ans. (d).

84. The coefficient of % in the expansion of log (ﬁ), valid in |z| > 11is GATE(MA): 2005
@-1 ®1 ©-1 @}
Ans. (a). Since log(zﬁ) =-log(l+1) = —(% - 217 + % - )

85. If D is the open unit disk in € and f : € — D is analytic with f(10) = 1, then f(10 + i) is

(a) % (b) % () % (d) % GATE(MA): 2004
Ans. (c). Since every entire and bounded function is constant(By Liouville’s theorem).
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86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

The real part of the principal value of 4+ g GATE(MA): 2004
(a) 256 cos(In 4) (b) 64 cos(In 4) (c) 16 cos(In 4) (d) 4 cos(In 4)
Ans. (a). Since 44 = ¢*'log4 = ¢*°¢* . 77184 = 44( cos(In4) + isin(In4)).

Consider a function f(z) = u +iv defined on |[z—1| < 1 where u, v are real-valued functions
of x, y. Then, f(z) is analytic for u equals to GATE(MA): 2003
@x*+1y>  (b)In(x? + 1?) @ev  (d)e’

Ans. (b) Since u = In(x? + y?) has been satisfied by the equation V?u = 0.

Atz = 0, the function f(z) = z°2 GATE(MA): 2003
(a) does not satisfty Cauchy-Riemann equations

(b) satisfies Cauchy-riemann equations but is not differentiable

(c) is differentiable

(d) is analytic

Ans. (a)

The function f(z) = z2 maps the first quadrant onto GATE(MA): 2002
(a) itself (b) upper half plane (c) third quadrant (d) right half plane

Ans. (b). Here U = x*> — y? and V = 2xy. Since in the first quadrant we have x > 0, y > 0.
Sov>0butu<0or>0.

The radius of convergence of the power series of the function f(z) = ;= about z = 1

p le

(@)1 (b) 1 (©) 2 (d)o. GATE(MA): 2002
Ans. (0). Here f(2) = - = ;A = 4(1- 4~ D) =414t D EE- 1),
SoR = %.

Let T be any circle enclosing the origin and oriented counter-clockwise. Then the value
of the integral SEr Edzis GATE(MA): 2002
(a) 2mi (b) 0 (c) —2m1i (d) undefined

Ans. (b). Since SEr €5%dz = 2rif’(0) = —2misinz o0 =0

The function sin z is analytic in GATE(MA): 2001
(a) C Y{oo} (b) C expect on the negative real axis
(c) CN{oo} (d)C

Ans. (d)

If f(z) = 2%, then it GATE(MA): 2001
(a) has an essential singularity at z = co (b) has a pole of order 3 at z = oo

(c) has a pole of order 3atz =0 (d) is analytic at z = co.

Ans. (b).

Let fc [ﬁ - (a_ZZ)Z + 4]dz = 4m, where the close curve C is the triangle having vertices at

i i‘él and 1\;61 The integral being taken in anti-clockwise direction. Then, one value of a

is GATE(MA): 2012
@1+i ()2+i (93+i (d)4+i
Ans. (c). Now, by Cauchy’s integral formula, fc ﬁdz =0, fc ("_ZZ) dz = 2mi(a — 2)? and

fc4dz = 0. Hence we get, 0 — 2rti(a — 2)* + 0 = 47. Therefore a = 3 +i.

Consider the functions f(z) = (Zzz:f’)i and g(z) = sinh(z — 77), a # 0. The residue of f(z) at
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96.

97.

98.

99.

100.

101.

102.

103.

its pole is equal to 1. Then the value of « is GATE(MA): 2012
(@) -1 (b)1 ()2 (d) 3.
Ans. (d).

22+az

Consider the functions f(z) = ) and g(z) = sinh(z — 7%), @ # 0. For the value of a the
function g(z) is not conformal at a point GATE(MA): 2012
@2 O ©F @

Ans. (a). Since g(z) is not conformal, if ¢’(z) = 0 = cosh(z — §) = 0.

Let f(z) be an entire function that |f(z) < K|z|, Vz € C, for some K > 0. If f(1) = i, the value
of f(i)is GATE(MA): 2011
(@1 (b) -1 ()i (d) —i.

Ans. (b). Let f(z) =

For the function f(z) = g%5, z = x +1iy, lirr21 Resf(z) is GATE(MA): 2011
z—

@-1 ®f ©-f @

Ans. (c).

The Cauchy principal value of f *dx is GATE(MA): 2011

8-x3

(@)-Yr (b)Y @nv3 (-3
Ans. (a). Let, f

—00

Z.dz. Therefore the poles are z = 2, —1 + V3i. Find the Res. and use

8-28

the formula.

Let fﬁc ey 1)(Z % where f(z) = sin 75 +cos 75 and Cis the curve |z| = 3 oriented anti-clockwise.

Then the Value of Iis GATE(MA): 2010
(a)4mi (b) 0 (c) —2mi (d) —4mi
Ans. (d).
Let ). b,z" be the Laurent series expansion of the function m, 0 < |z| < m. Then

n=—oo
which one of the following is correct? GATEMA): 2010
@ba=1by=-% by =75 b)bs =1, b—l——gb 555
(C)b—zzorboz_%/bZZ% (d)bo_llbz_ b %
Ans. (a). Let y bzt = —L—= 2=

( ) n:Z:oo n zsinhz z(er—e2) [(1+z+2‘+ RN )]

Under the transformation w = /=%, the region D = {z € C : |z| < 1} is transformed to

(@) {zeC:0<arg(z) <m} GATE(MA): 2010
(b) {ze C: —m <arg(z) <0}

(0{zeC:0<arg(z) < 3 orO < arg(z) <= }

(d){zeC: 2 <arg(z) < mor & < arg(z) < 2n}

Ans. (d).

Let ) a,(z + 1)" be the Laurent series expansion of f(z) = sin(;%7). Then a_; is equal to

—00

(a)1 (b)0 (c) cos(1) (d) - sm(l) GATE(MA): 2009
Ans. (b).
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104.

105.

106.

107.

108.

109.

110.

111.

112.

Let u(x, y) be the real part of an entire function f(z) = u(x, y) + iv(x,y) forz = x + iy € C. If
C is the positive oriented boundary of a rectangular region R in R?, then ﬁc [uydx - uxdy]

is equal to GATE(MA): 2009
(@1 (b)0 (c)2m (d) .

Ans. (b).

For the function f(z) = m, the residue of f at the isolated singular point in the upper
half plane {z=x+iy € C, y > 0} lirr21 Resf(z) is GATE(MA): 2009
@-z ®-; ©5 @L

Ans. (a).

The Cauchy principal value of f ;(li‘z’fl") is GATE(MA): 2009

(@) =27mt(1 + 2¢71) (b) (1 - eiol) (©)21(1 +e) (d) —m(1 +e7h).
Ans. (b). Since [ SIr = (] —¢71),

x(x2+a?)

Let f(z) = cosz — % for non-zero z € C and f(0) = 0. Then f(z) has a zero at z = 0 of
order

@ao (b) 1 (c)2 (d) greater than 2. GATE(MA): 2008
@

Zm

Ans. (¢). Let us consider order m. Then find minimum value of m, for which lin(} exist.
Z—

Let f(z) = cosz — % for non-zero z € C and f(0) = 0 and let g(z) = sinh z for z € C. Then

z%,((zz)) has a pole at z = 0 of order GATE(MA): 2008
(a1 (b) 2 ()3 (d) greater than 3.

Ans. (b).

The fixed points of f(z) = 222 are

@1+ (b) 1+2i (©)2i+1 (dix1l GATE(MA): 2001
Ans. (c). For fixed points, we have f(z) = z.

For the function f(z) = 1_23_2, the point z =0 is GATE(MA): 2000
(a) an essential singularity (b) a pole of order zero

(c) a pole of order one (d) a removal singularity

Ans. (b) and (d).

zp
pz—1

The transformation w = eie( ), where p is a constant, maps |z| < 1 onto ~ GATE(MA):
2000
@) wl <1, Ipl <1 (b) lwl > 1, |pl > 1 ©lwl =1, lpl =1 (d)lwl =3, p=0

Ans. (a).

Let f(z) be an analytic function with a simple pole at z = 1 and a double pole at z = 2 with
residues 1 and -2 respectively. Further, if f(0) =0, f(3) = —% and f is bounded as z — oo,

then f(z) must be GATE(MA): 2003
@zz-3)-j+5 - (2—21)2 + (z—lz)z b) -3+~ (2—21)2 + (2—12)2

1 2 5 15, 1 2 7
(@ = - i T z2p dF+g+5- 27

Ans. (d). According to the problem lin}(z -1f(z) =1, lirrzl d%{(z - 2f(z)} = -2 and
z— z—2 %

lim f(z) is bounded.
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113.

114.

115.

116.

117.

118.

119.

120.

Let f(z) = u(x, y)+iv(x, y) be an entire function having Taylor’s series expansion as ), a,z".
n=0

If f(x) = u(x,0) and f(iy) = iv(0, y), then GATE(MA): 2003

(a) i, =0, VYn (b) ap=a1=a,=a3=0,a4 #0 (C) a1 =0, Vn (d) ap #0 but

ap = 0

Ans. (a).

In the Laurent series expansion of f(z) = -5 — -5 valid in the region |z| > 2, the coefficient
of % is GATE(MA): 2004
(@) -1 (b)0 (01 (d)2

Ans. (a). Since |z| > 2 so, I%l < % <land Ifl <1.

Therefore f(z) = L - L = %[(1 -ht-a- %)‘1] =-1-3_...

z

The principal value of the improper integral f Toadx is GATE(MA): 2003
(@ % (b) e (c)mt+e (d)ym—e

—00
Ans. (a). Since [ Sy = Ze~ma,
—00

2n

the value of f exp(e'® —i0)d0 equals to GATE(MA): 2006
0

(a) 2mi (b) 27t (o) m (d) i

Ans. (b).

Which of the following is not the real part of the analytic function? GATE(MA): 2006
(@x>-y* (b ﬁ (c) cos xcoshy (d)x+
Ans. (b). Since V*( ) # 0.

_x
x2+y?
1
1+x2+12

: S a+ly?
The radius of convergence of . —5—
n=0

@e ®f ©1 (oo,
(1+%)” e

1 w2\ 1
Ans. (b). Since % = Zlgg(%)" = lim A8 = ¢

2 is GATE(MA): 2006

The sum of the residue at all the poles of f(z) = ?ffﬂ’;)f, where a is a constant, (@ #

0,£1,£2,--+)is GATE(MA): 2006
(@)1 niw W — mtcosec’ma (b) -1 njz; W + 1t cosec’m a

(0 -1 nim (nju)z — 1t cosec’ma @1 nﬁw (n:u)z + Tt cosec*T a

Ans. (a). Since f(z) = ‘é’:gf has a poles at z = —a of order 2 and at z = n, n € Z. So Res
of f(z) (at z = —a)= —mcosec?rta and Res of f(z) (atz = n) = ii_r)ry}(z — n)sinifi(’;fa)z = n(nlﬂz)z’
Hence the sum of the residue at all the poles of f(z) = f;’frgf is 1 nim m — T cosec*m a.

Let C be the boundary of the triangle formed by the points (1,0, 0), (0,1,0), (0,0,1). Then,
the value of the line integral ﬁc —2ydx + (3x — 4y*)dy + (22 + 3y)dzis ~ GATE(MA): 2007
(@0 (b)1 (c)2 (d)4

Ans. (a).
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121.

122.

123.

124.

125.

126.

127.

128.

Let f(z) = 2z2 — 1. Then the maximum value of |f(z)l on the unitdisc D = {z € C: |z] =< 1}

equals to GATE(MA): 2007
@1 2 (©3 (4
Ans. (c).

2n )
Let f(z) be an analytical function. Then the value of f f(e") cos tdt equals to

0
(@0 (b) 27t £(0) (c) 271t f7(0) (d) 7 f7(0) GATE(MA): 2007
Ans. (c).
Let G; and G; be the images of the disc {z € C|z + 1| < 1} under the transformations
w = 8;32; and w = 8323 respectively. Then, GATE(MA): 2007

(a) Gy = {w e C:Im(w) < 0}and G; = {w € C : Im(w) > 0}
(b) G; = {w € C: Im(w) > 0} and G, = {w € C : Im(w) < 0}
()G ={w e C: Im(w) >2}and G, = {w € C : Im(w) < 2}
(d) Gy ={weC:Im(w) <2}and G; = {w € C : Im(w) > 2}
Ans. (b).

Let f : C — C be an arbitrary analytic function satisfying f(0) = 0 and f(1) = 2. Then,

(a) there exist a sequence {Z,} such that |Z,| > n and |f(Z,)| <n GATE(MA): 2007
(b) there exist a sequence {Z,} such that |f(Z,)| > n

(c) there exist a bounded sequence {Z,} such that |f(Z,)| > n

(d) there exist a sequence {Z,} such that Z, — 0 and f(Z,) — 2.

Ans. (c).

Let f(z) be an entire function such that for some constant «, |f(z)| < |z for |z| > 1 and
f(z) = f(iz), Vz € C. Then, GATE(MA): 2006
@) fz) =az’, ¥z eC (b) f(z) is constant

(c) f(z) is quadratic polynomial (d) no such f(z) exists.

Ans. (b). Since f(z) is analytic and |f(z)| < @z so, f(z) = ap + @1z + axz% + a3z3. Also
f(2) = f(iz) = a1 = ap = a3 = 0. Therefore f(z) = ao.

Let f be the entire function on C such that f(z) < 100log|z| for each z with |z| > 2. If
f(i) = 2i then f(1) must be GATE(MA): 2013
(a)2 (b) 2i (o)i (d) Cannot be determined

Ans. (b)

Let C be the contour |z| = 2 oriented in the anti-clockwise direction. The value of the
integral §. ze*dz is GATE(MA): 2013
(a) 3mi (b) 57t i (c) 7mi (d) 9 i

Ans. (d)

Let f : C{3i} > C be defined by f(z) = Z%. Which of the following statement about f is
false? GATE(MA): 2013
(a) f is conformal on C

(b) f maps circles C{3i} onto circles in C.

(c) All the fixed points of f are in the region {z € C : Im(z) > 0}

(d) There is no straight line in C{3i} which is mapped onto a straight line in C by f.

Ans. (c)
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129.

130.

131.

132.

133.

134.

135.

136.

137.

The image of the region {z € C : Re(z) > Im(z) > 0} under the mapping z - ¢ is

(a) {w € C : Re(w) > 0, Im(w) > 0} (b) {w € C: Re(w) > 0, Im(w) > 0, |w| > 1}

Q) {weC:w >1} (d){w € C: Im(w) > 0, |w| > 1} GATE(MA): 2013
Ans. (c)

Let f be an analytic functionon D = {z € C: |z| < 1}. Assume that |f(z)| < 1 foreachz € D.

Then, which of the following is not a possible value of ef)”(0)? GATE(MA): 2013
1

@2 (6 (9% (d) v2+ V2.

Ans. (b). Since (ef)”(0) = €' (0)[f”(0) + f(0)*].

The coefficient of (z — 7)? in the Taylor series expansion of

snz ity 2q

f(z):{ i_1ﬂ ifz=n

around 7t is GATE(MA): 2013
@i ®-1 ©f @-1

Ans. (c).

The function f(z) = |zI* + iz + 1 is differentiable at GATE(MA): 2014

@i (b) 1 (c) —i (d) no point in C.
Ans. (c). Since f(x,y) = x> + y? + i(x — iy) + 1. check the Cauchy Riemann equations.

The radius of convergence of the power serious ), 41221 jg GATE(MA): 2014
n=0
Ans. R = 1. Since

_J 0, n=2k-1
an = 4" =2k, k=123,

also 1 = lim sup {/ja,| = lim 4K = 2.
n—oo k—o0

The maximum modulus of ¢ on the set S = {z € C: 0 < Re(z) <1, 0 < Im(z) < 1} is

@2 (e (@e+rl (e GATE(MA): 2014
Ans. (b).

Let Q = {z € C : Im(z) > 0} and let C be a smooth curve lying in Q) with initial point -1 +2i
and final point 1 + 2i. The value of [ }Zdz is GATE(MA): 2014

(@) 4 - im2 +i% (b) -4 + 1n2 +iZ% (c)4+ 3m2—iZ (d) 4 - 1m2 +iZ%
Ans. (a)

If a € C with |a| < 1, then the value of (af) 'dzlz, where T is the simple closed curve
e T |z-+al p

|z| = 1 taken with the positive orientation is GATE(MA): 2014
Ans. 1.99 to 2.1.

If the power series ). a,(z + 3 — i) convergence at 5i and diverges at —3i, then the power
n=0
series GATE(MA): 2014

(a) converges at —2 + 5i and diverges at 2 — 3i
(b) converges at 2 — 3i and diverges at -2 + 5i
(c) converges at both 2 — 3i and -2 + 5i
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138.

139.

140.

141.

142.

143.

144.

145.

(d) diverges at both 2 — 37 and -2 + 5i
Ans. (a).

Let u(x, y) = x> +ax? + bxy* +2y° be a harmonic function and v(x, y) its harmonic conjugate.
If v(0,0) = 1, thena + b + 2v(1, 1) is equal to GATE(MA): 2016
Ans. 9.9 to 10.1.

Let {y = z € C : |z| = 2} be oriented in the counter-clockwise direction. Let I =
# fé/ z’ cos(zlz)dz. Then the value of I is equal to GATE(MA): 2016

Ans. 0.039 to 0.043.

Let (Z,) be a sequence of distinct points in D(0,1) = {z € C : |z| < 1} with %1_{2 z, = 0.
Consider the following statements P and Q:

(P) : there exist a unique analytical function f on D(0, 1) such that f(z,) = sin(z,) for all z,.
(Q) : there exist a unique analytical function f on D(0, 1) such that f(z,) = 0 if n is even
and f(z,) = 1if nis odd. GATE(MA): 2016
Which of the following statement hold TRUE?

(a) both P and Q (b) only P (c) only Q Neither P nor Q.

Ans. (b).

The radius of conver-

o0 1 : :
. . 2=, ifniseven
Consider the power series ), a,z" where a,, = { 3

n=0 5, ifnisodd
gence of the power serious is equal to GATE(MA): 2015
Ans. 3.
LetC={z€C:|z—1i] =2}. Then % fc ﬁ;idz is equal to GATE(MA): 2015
Ans. 2.

Let Let D = {z € C : |z| < 1}. Then there exist a non-constant analytic function f on D such
that foralln =2,3,4,--- GATE(MA): 2015
@FLEH=0 ®FH=0 ©f1-H=0 (@DfE-1=0

Ans. c.

in the annulus % < |z] < 5.

(]
Let )| a,z" be the Laurent series expansion of f(z) = m

—00

Then % is equal to GATE(MA): 2015
Ans. 5.
The value of 4_471 flz =4 Zc‘”ﬁ is equal to GATE(MA): 2015

Ans. 2.
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Chapter 3

Numerical Solution of Differential
Equations

3.1 Introduction

3.2 Multiple Choice Questions(MCQ)

1. A Runge-Kutta method for numerically solving the initial value ODE

d .
Yy = d—y = f(x,y) with  y(xo) = yo
X
is given by (for i small)
ri=yo+h) =yo+k
Where k = ak + Bk

ko = hf(xo, yo)
k2 = h[f(xo + mh, Yo + nkl)]

The objective is to determine the constants a, 8, m, n such that the above formula is accurate
to order 2 (that is the error is O(h®)). Which of the following are correct sets of values for
these constants ? NET(MS): (June)2013

(@a=3%p=% m=1,n=1 b)ya=2p=1m=4%n=1,
Qa=3,p=3% m=3,n=32 (da=3p=1 m=2,n=2
Ans. (a), (c) and (d). (Note: The three answers are correct.)

=Nl
1l
NI

2. Using Euler’s method taking step size = 0.1, the approximate value of y obtained corre-
sponding to x = 0.2 for the initial value problem Z—Z = x?+y?and y(0) = 1, is GATE/MA-12

(A) 1.322 (B)1.122 (C)1.222 (D) 1.110
Ans. (c)

3. Runge Kutta method has a truncation error, which is of the order CS-4, 6,10

(@) h? (b) K3 (c)h*  (d) none of these.
Ans. (b)
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4. For g—z = x+y,and y(0) = 1, the the value of y(1.1) according to the Euler method is [taking
h=01] CS-312/08
(@)0.1 (b) 0.3 (011 (d)0.9
Ans. (c) y1(1.1) = yo + hf(xo, o) =1+ 0.1(0+ 1) = 1.1

5. The ordinary differential equations are solved numerically by?

(a) Euler method (b)Taylor method (c) Runge-Kutta method (d) All of these.
Ans. (d)

6. Consider the initial value problem ¥’ = x(y + x) — 2, y(0) = 2. Use Euler’s method with
step sizes h = 0.3 to compute approximations to y(0.6) is equals to
(a)0.953 (b)0.0953 (c) 0.909 (d)-0.953
Ans.(a) The Euler method applied to the given problem gives
Yol = Yn +Hf(xn, yn),n=0,1,--- ' h=03:n=0,x=0y; =y +03[-2]=2-0.6 =14
n=1,x =03. y» =y +0.3[0.3(y; +0.3) — 2] = 1.4 — 0.447 = 0.953.

7. The approximate eigenvalue of the matrix

-15 4 3
A=| 10 -12 6
20 -4 2
obtained after two iterations of power method, with the initial vector [1,1, 1]7 is
(a)7.768 (b)9.468 (c) 10.548 (d)19.468 GATE(MA): 2012
Ans.(c)

8. Consider the system of equations

5 21 X1 -13
-2 5 2 X2 | = -22
-1 2 8 X3 14

29,0

with the initial guess of the solution [ xgo)]T =[1,1,1]%, the approximate value of

1 7 2 7
the solution [xgl), x(zl), xél)]T after one iteration by the Gauss-Seidel method is
(@)[2,—4.4,1.625]" ®)[2,-4,-3]" (c)[2,4.4,1.625]" (d)[2,—4,3]" GATE(MA): 2011
Ans.(a)

9. Consider the system of equations

5 -1 1] x 10
2 4 olly|=]|12]
1 1 5|z -1

Using Jacobi’s method with the initial guess of the solution [x©, y@,zO]T =[2.0,3.0,0.0]",
the approximate value of the solution [x?, y®,z@]T after two iteration, is
@)[2.64,-1.70,-1.12]7  (b)[2.64,-1.70,1.12]"

(©) [2.64,1.70,~1.12]T  (d)[2.64,1.70,1.12] GATE(MA): 2012
Ans.(c)

Statement for the Linked Answer Questions10/and [11.
1 11
The matrix A=|2 1 2
1 3 2

] can be decomposed into the product of a lower triangular
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10.

11.

12.

13.

14.

15.

1 0 0
matrix L and an upper triangular matrix U as A = LU where L = [ Iy 1 0 ] and
lsi Ly 1
U Uz U13
0 ux ux
0 0 Uszz

U= .Letx,ze R®and b =[1,1,1]"

The solution z = [z1, 2, z3]T of the system Lz = b is
(@)[-1,-1,-2]" M®I1,-1,2]" (©[1,-1,-21" (d)[-1,1,2]" GATE(MA): 2011
Ans.(c)

The solution x = [x1, X2, x3]T of the system Lx =z is
(@)[2,1,-2]" ®I2,1,2]" (c) [-2,-1,-2]T (d)[-2,1,-2]" GATE(MA):2011
Ans.(a)

Statement for the Linked Answer Questions (12 and [13.
h

For a differentiable function f(x), the integral f f(x)dx is approximated by the formula
0

hlag f(0) + a1 f(h) + K*[bo £ (0) + b1 f(h)]], which is exact for all polynomials of degree atmost
3.

The values of a; and by, respectively are

(a) 3 and 3 (b) 73 and (c) 3 and &5 (d) & and } GATE(MA): 2010
Ans.(a)

The values of a9 and by, respectively are

(@) 1and 1 (b) & and (c) 4 and & (d) 1 and 7 GATE(MA): 2010
Ans.(c)

h

Hint. We have ff(x)dx = hlagf(0) + a1 f(h) + K*[bo £(0) + by f(H)].
0

For f(x) =1, h=h(ap +a1) = ap+a; = 1.

For f(x) =X, % = h(alh) + hz(bo + bl) = 201 + 2b0 + 2b1 =1.

For f(x) = x%, & = h(a;h?) + h2(2b1h) = 3a; + 6b; = 1.

For f(x) = %%, & = h(ah®) + h2(3b1h) = 4ay + 12b; = 1.

Solving the above equations, we get ag = %,bo = %,al = %, b = 1—21

h
Consider the Quadrature formula f fx)dx ={af(0)+ Bf (%) + yf(h)}h. The values of a,
0

and y for which this is exact for polynomials of as high degree as possible are

@a=2,p=5y=- (Oa=3p=-1y=-12 GATE(MA): 2003
(©a=0,p=1y=-1 da=1,p=2y=3
Ans.(a)

1
If a quadrature formula % f (—%) + Kf (%) + % f(1), that approximates f f(x)dx, is found to
1

be exact for quadratic polynomials, then the value of K is
(@) 2 (b)1 (©0 (d)-1. GATE(MA): 2008
Ans.(c)
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16.

17.

18.

19.

20.

21.

22.

23.

1
Hint. We have [ f(x)dx = 3f(-1) + Kf() + 1 £(D).
-1

For f(x)=1,2=3-1+K-1+1-1=K=0.

1
The values of the constants a, 8, x; for which the quadratic formula f fx)dx = {af(0) +
0

Bf(x1) is exact for polynomials of degree as high as possible are

@a=3pf=1x=2 b a=3p=1x1=3 GATE(MA): 2005
@Qa=5p=3m=5 (@Da=35p=3x=;
Ans.(c)

1 4 3 I7 O 0 1 wup ugs
If| 2 7 9 |=|1ly I»n 0 0 1 ux; |. Then the value of A is

5 8 A Iz L3y -53 0 O 1
(a) -2 (b) -1 (01 (d) 2. GATE(MA): 2008
Ans.(a)

Using the least squares method, if a curve y = ax? + bx + ¢ is fitted to the collinear data
points (-1,-3),(1,1),(3,5) and (7, 13), then the triplet (g, b, ¢) is equal to

(@) (-1,2,0) () (0,2,-1) () (2,-1,0) (d) (0,-1,2) GATE(MA): 2008
Ans.(a)

A quadratic polynomial p(x) is constructed by interpolating the data points (0, 1), (1, ¢) and
(2,€2). If yeis approximated by using p(x), then its approximate value is GATE(MA): 2008
(a) $3 +6e —¢?) (b) (3 — 6e + 2¢?) (c) $(3—6e —¢?) (d) 3+ 6e — 2¢%).
Ans.(b)

If yir1 = yi+ho(f, xi, y;,h), i=1,2,--- ,where ¢(f,x, y,h) = af(x,y +bf [x+h, y+hf(x,y)], is

a second order accurate scheme to solve the initial value problem 7 = f(x, v), y(xo0) = yo,

then a and b, respectively are GATE(MA): 2008
(a) 27 E (b) 1/ -1 (C) %/ % (d) h/ ~h.
Ans.(a)

The least approximation of first degree to the function f(x) = sinx over the interval [-F, 7]
is

(a) 2 (b) 2% (c) 2 (d) 24x. GATE(MA): 2001
Ans (b)

The order of the numerical differentiation formula f’(xg) = 1217[—{ flxo—2h)+ f(xo+2h)} +
16{f(xo — h) + f(xo + h)} — 30f(x0)] is

(@2 (b)3 (c)4 (d)1 GATE(MA): 2001
Ans.(a)

Hint. We have f’(xo) = Tlhz[—{f(xo —2h) + f(xo +2h)} + 16{f(xo — h) + f(x0 + h)} —30f (x0)] =

= [E* — 16E + 30 — 16E™" + E~2] f(xo) which is of order 2.

The method y,11 = yu + ( 1+3k), n=0,1,2,---, where ky = hf(x,, y,) and k, = hf(x, +

%, Yn + %) is used to solve the initial value problem ¥ = f(x,y) = =10y, y(0) = 1.
The method will produce stable results, if the step size h satisfies GATE(MA): 2001
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24.

25.

26.

27.

28.

(@)02<h<05 (b)0<h<0.5 (c00<h<1 (d0<h<02
Ans.(d)
Hint. We have

1
yn+1 = yn + Z(kl + 3k2)/ n= 0/ 1/ 2/ e

1 2h 2k
= Vn + 4_:{4’/1 : f(xn/ yrl) +3h - ?fx(xnr ]/n) + 3h?1fy(xn/ ]/n) +oee }

B 3h 2h 3h 2
= (1 1Oh)y,,+4 3 0+4 3 10}
6001y,

12

= (1-10h +501%)y,

= (1-10h)y, +

Therefore, the method will produce stable results, if the step size h satisfies
[1 — 10k + 50h?| < 1. So here (d) i.e. 0 < h < 0.2 is the result.

The Runge-Kutta method of order four is used to solve the differential equation Z—Z =

f(x), y(0) = 0 with step size h. The solution at x = h is given by

@ y() = L[ fO +4f)+ f)]  b) yh) = L[£©0) + 2£(%) + f(i)]

© y) = L[fO) + f)]  @y() = L[2£(0) + £(&) +2f ()] GATE(MA): 2005
Ans.(a

Hintf )y(h) = y(0) + L2t where ky = hf(xo, yo) = hf(0), ko = hf(xo + L, yo + &) =
hE(D), ks = hf(xo + 8, y0 +2) = hf (), ka = hf(xo + h, yo + ks) = If ().

The fourth divided difference of the polynomial 3x* + 11x? + 5x + 11 over the points
x=0,1,4,6and 7 is

(a) 18 (b) 11 (©)3 do GATE(MA): 2002
Ans.(d)
The polynomial of the least degree interpolating the data (0, 4), (1,5), (2,8) and (3,13) is
(a)4 (b) 3 (0)2 (d)1 GATE(MA): 2002
Ans.(c)

0 1 -1 1

. 1 0 0 2 . . .

For the matrix 10 0 ol thebound for the eigenvalues predicted by Gershgorin’s

1 2 0 O
theorem is
(@3 (b) 1 (02 (d) 4 GATE(MA): 2002
Ans.(b)

Ans. The bounds for the eigenvalues predicted by Gershgorin’s theorem is as follows.
Fori, i =1,2,3,4-throw, |A —a;| < |aa|+ |an| +las| + |aig| — lai]. Therefore, |[A| < 3 fori=1,24
and |A| < 1 for i = 3. So the bound for the eigenvalue is |A| < 1.

5 -2 -3
Determine the LU decomposition of the matrix A = | 20 -5 -13 | with L having all
35 -5 -17

its diagonal entries 1 and hence solve the system AX = [0,2,13]".
@x1=1Lx=2x=0  Gx=x=0x=1
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29.

30.

31.

32.

33.

34.

35.

36.

©x1=1=x=x3, (d) x1 = xp = 0,x3 = arbitrary. GATE(MA): 2002
Ans.(d)

Using the Runge-Kutta method of the order 4 and taking the step size h = 0.1, determine
1(0.1), where y(x) is the solution of Z—Z +2xy? =0, y(0)=1.

(@0 (b) 1 ()2 (d)3 GATE(MA): 2002
Ans.(a)

A lower bound on the polynomial interpolation error e;(X) for f(x) = In(x), with xo =
2,x1=2,x=4and ¥ = % is given by

@ L O @0

Ans.(c)

Let li(x), k = 0,1,---,n denote the Lagrange’s polynomials of degree n for the nodes
X0,X1,* -+ ,X,. Then the value of ) I;(x) is

k=0
(@0 (b) 1 (©x"+1 (d)x" -1 GATE(MA): 2010
Ans.(b)

n .
Hint. }’ li(x) = 1and li(xj) = 65.
k=0
If f(x) has an isolated zero of multiplicity 3 at x = £ and the iteration x,41 = x,, — 3’,[ ((;):)) ,n=
0,1,2,--- converges to &, then the rate of converges is GATE(MA): 2002
(a) Linear (b) faster than linear but slower than quadratic (c) quadratic (d) cubic
Ans.(a)

The best possible error estimate in the Gauss-Hermite formula with 3 points for calculating
the integral [ x*e™dxis

(@) 0 (b)_0.30 (c) 0.65 (d)1.20 GATE(MA): 2002
Ans.(c)

Let ¢ : [0,1] — R be the three times continuously differentiable. Suppose that the
iterates defined by x,.1 = ¢(x,), n < 0 converge to the fixed point & of ¢. If the order of
convergence is three, then

@) =0,¢"©=0 OFE£0¢"E=0 (©@©¢E=0¢"©#0 (d
Q&) #0, 0" (&) #0 GATE(MA): 2009
Ans.(a)

2
Let f : [0,2] — R be a twice continuously differentiable function. If f f(x)dx = 2f(1), then
0

the error in the approximation is

@) L 1(25) for some & € (0,2) (b) @ for some € € (0,2) GATE(MA): 2009
() % for some & € (0,2) (d) @ for some ¢ € (0,2)
Ans.(d)

Let f : [0,4] — R be a three times continuously differentiable function. Then the value of
f11,2,3,4] is
(a) @ for some & € (0,4) (b) % for some & € (0,4) GATE(MA): 2009
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37.

38.

39.

40.

41.

42.

43.

44.

(c) % for some & € (0,4) (d) % for some ¢ € (0, 4)
Ans.(d)

1
Consider the quadrature formula f x| f(x)dx = %[ f(x0)+ f(x1)] where xg and x; are quadra-
-1
ture points. Then the highest degree of the polynomial, for which the above formula is

exact equals

(@1 (b) 2 (©)3 (d) 4 GATE(MA): 2007
Ans.(a)

Hint. Since the quadrature formula is exact for f(x) = 1 and f(x) = x but not exact for

fx) = x2.

Suppose that x is sufficiently close to 3. Which of the following iterations x,+1 = g(xx)
will converge to the fixed point x = 3?

(@) Xps1 = =16 + 6%, + (b) X1 = V3 + 2, GATE(MA): 2007
2_

O xr =25 () = 5

Ans.(b)

Hint. Let x, — x, then x2 = 3 + 2x satisfies by x =3 and [¢'(x)| = | \/31+T| <1.

Suppose the iterates x,, generated by x,,.1 = x, — fo g:)) converges to a double zero x = a of

f(x). Then the convergence has order GATE(MA): 2005

(@1 (b) 2 (0)3 (d) 1.6.

Ans.(b)

Consider the initial value problem(IVP) Z—)yc = f(x, y(x)), y(xo) = yo. Let y1 = yo +wiks + 3k
approximate the solution of the above IVP at x; = xo + h with ky = hf(xo, yo), ko =
hf(xo + & yo + %) and h being the step size. If the formula for y; yield a second order
method then the value of w; is

(a)-1 (b) -2 (©3 (d) 1 GATE(MA): 2006
Ans.(d)

In solving the ordinary differential equation i’ = 2x, y(0) = 0 using Euler’s method, the
iterates y,, n € N satisfy GATE(MA): 2004
@uyn=x3 O y=2%  @Yu=xXn1 (D) Yy = X010 + Xy

Ans.(c)

To find the positive square root of a > 0 by solving x*> — a = 0 by the Newton-Raphson

method, if x, denotes the nth iterate with xo > 0 x # /a, then the sequence {x,, n > 1} is

(a) strictly decreasing (b)strictly increasing (c) constant (d) not convergent

Ans.(b) GATE(MA): 2004
1

For what values of a and f3, the quadrature formula f f(x)dx = af(-1) + f(B) is exact for
-1
all polynomials of degree< 1? GATE(MA): 2009

@a=1p=10b)a=-1,=1(a=1,p=-1(d)a=-1,=-1
Ans.(a)

An iterative method to find the n-th root (n € N) of a positive number a is given by
Xpp1 = %(xk + %) A value of n for which this iterative method fails to converge is
“k
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45.

46.

47.

48.

49.

50.

(@)1 (b) 2 (c)3 (d)8 GATE(MA): 2005
Ans.(a)
Hint. For n=1, the {x;} is monotonic increasing, so it is not convergent.

Suppose the function u(x) interpolates f(x) at xop,x1, %2, -+ ,x,—1 and the function v(x)
interpolates f(x) at x1,x2,- -+, Xu—1, X,. Then a function F(x) which interpolates f(x) all the
points xg, X1, X2, -, Xy-1, Xy is given by

(a) F(x) = Lot boso) () Fy) = Qs GATE(MA): 2005
() F(x) = (xn—x)v(;fjtg—xo)u(x) (d) F(x) = (x,,—x)v(;)’:s(c]—xg)u(x)
Ans.(d)

An iterative scheme is given by x,,.1 = %(16 - }C—f), n € N |_|{0}. Such a scheme with suitable
xo will GATE(MA): 2004
(a) not converge (b) Converge to 1.6 (c) Converge to 1.8 (d) Converge to 2
Ans.(d)

Let M be the length of the initial interval [ag, by] containing a solution of f(x) = 0. Let
[x0, x1, x2 - - - ] represent the successive points generated by the bisection method. Then the
minimum number of iterations required to guarantee an approximation to the solution

with an accuracy of € is given by GATE(MA): 2003
log(3) log(4) log(M log(£)
(a) -2 - £4 (b) -2+ 22 ©) -2+ 01‘7’);;) (d) (@) -2 - otk
Ans.(a)
2 a -1
Suppose the matrix M = | a 2 1 [has a unique Cholesky decomposition of the
-1 1 4
form M = LLT, where L is a lower triangular matrix. The range of the values of « is
@2<a<2 b)a>2()-2<a< % (d) % <a<?2 GATE(MA): 2005
Ans.(c)
The smallest degree of the polynomial that interpolates the data

x -2 -1 0 1 2 3
fx) -58 —21 -12 -13 -6 27
@3 (b4 (95 (D6
Ans.(a)

Hint. Since A®f(x) is constant. Hence polynomial must be of degree 3.

is GATE(MA): 2005

Let the following discrete data be obtained from a curve y = y(x):
x: 0 025 0.5 0.75 1.0

y: 1.0 0989 0.9589 0.9089 0.8415
Let S be the solid of revolution obtained by rotating above curve about the x-axis between
x =0and x =1 and let V denote its volume, the approximate value of V, obtained using
Simpson’s 1 rule — — — — — — —— . GATE(MA): 2014
Solution: Here h = 0.25, yo = 1.0, y1 = 9589, y, = 0.9089, y, = 0.8415.. Then the

1

required volution of the solid generated V = [ mydx = ”Th[(yg +y3) + A+ ) + Zy%] =

0
0251 [(1 + (0.8415)2) + 4((0.9896)* + (0.9089)%) +2(0.9589)] = 0.2618 x 10.77 = 2.82.
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51.

52.

53.

54.

55.

56.

57.

Find the value of p such that the integration method f fx)dx = ’%[ flxo) + f (xl)] +
Xo
ph3[ f"(xo0) + f”(xl)] where x; = x9 + h provides exact result for highest degree poly-
nomial. Find also the order of the method and the error term. GATE(MA): 2001
Ans. p = —21—4
The smallest value of x(|x| < 1) correct to two decimal places satisfying the equation
x- L4 a T . = 04431135 is GATE(MA): 2000
(a) 0.58 (b) 0.47 (c) 0.44 (d)0.88
Ans.(b)
The Jacobi’s iteration method for the set of equations
Xp+ax; =2  2ax1+x =7, (a+ %i)converges for
(a) all values of a ba=1 (c) la] < % (d) % <a< /2 GATE(MA):2000
Ans.(c)
The interpolating polynomial of highest degree which corresponds the functional values
f(-1)=9, f(0)=5, f(2) =3, f(5) =151is GATE(MA): 2000
@x+x2+2x+5 (b)x>-3x+5 (c) x* +4x3 +5x>+5 (d)x+5
Ans.(b)
4
. _ _ x, 0<x<2 . .
Let the integral I = Of f(x)dx where f(x) = { i-y 2<x<4 Consider the following
statements P and Q:
(P): If I, is the value of the integral obtained by the composite trapezoidal rule with two
equal sub-intervals, then I, is exact.
(Q): If I3 is the value of the integral obtained by the composite trapezoidal rule with three
equal sub-intervals, then I5 is exact.
Which of the above statements hold TRUE? GATE(MA): 2016
(a) both P and Q (b) only P (c) only Q (d) Neither P nor Q.
Ans.(b)
Hint. Here f(x) is linear with two sub-intervals.
For the fixed point iteration x41 = g(xx), k = 0,1,2,--- consider the following statements
Pand Q:
P):Ifgx)=1+ %, then the fixed point iteration converges to 2 for all xq € [1, 100].
(Q): If g(x) = V2 + x then the fixed point iteration converges to 2 for allx, € [0, 100].
Which of the above statements hold TRUE? GATE(MA): 2016
(a) both P and Q (b) only P (c) only Q (d) Neither P nor Q.
Ans.(a)
Hint. Here |g’(x)| < 1 in both the cases.
1 21 x 1
Let | be the Jacobi iteration matrix of the linear system | 2 1 2 (| y | =| 2 |.
-4 2 1 z 3

Consider the following statements
(P): One of the eigenvalues of ] lies in the interval [2, 3].
(Q): The Jacobi iteration converges for the above system.
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58.

59.

60.

61.

62.

63.

64.

Which of the above statements hold TRUE? GATE(MA): 2017
(a) both P and Q (b) only P (c) only Q (d) Neither P nor Q.

Ans.(b)

Hint. Here |¢’(x)| < 1 in both the cases.

Using the Gauss-Seidel iteration method with the initial guess {x§0) =3, x(zo) =225, xgo) =
@ ,2 .2

1.625}, the second approximation {x;”, x5, x;"} for the solution to the system of equations
21 —xp =7
—x1 +2x2 — x3 = IGATE(MA) : 2014
X +2x3 =1

is (a) x\?) = 5.3125, 2 = 44491, 2 = 2.1563
(b) 2 = 53125, x{ = 4.3125, 27 = 2.6563
() x? = 53125, & = 4.4491, 2 = 2.6563
(d) x? = 54991, 2 = 4.4491, +¥ = 2.1563

Ans.(b)

The third order divided difference of the function f(x) = % with arguments a,b, c, d is

(a) ﬁ (b) —Lﬁ (c) —ﬁ (d) —uﬁ SET(MA): 2014
Ans.(c)

If a points x1, xp, x3, - -+ , X, are distinct, then for arbitrary real values y1, y2, 3, -+ , y» the
degree of the unique interpolating polynomial p(x;) = yi(1 <i < n)is NET(MA): 2013
(@n (b) n-1 (cg<n-1 (d)<n

Ans.(c)

The value of @ and g such that x,,41 = ax,(3 — Xu—%) +p(1+ x%) has 3" ordered convergence
to a are NET(DEC): 2016
@a=3p=1 (Ma=ip=} ©a=}p=3 (@Da=1p=}

Ans.(b)

The maximum step size h such that the error in linear interpolation for the function

y = sinx in [0, 7] is less than 5 X 107° is GATE: 1999
(a) 0.02 (b) 0.0002 (c) 0.04 (d) 0.06
Ans.(a)

The second order Runge-Kutta method is applied to the initial value problem y’ =
-y, ¥(0) = yo, with step size h. Then y(h) is GATE:1999
(@) yo(h —1)2 (b) L(h? - 2h +2) (c) 2(n* -2h +2) @ yo(l-h+%+5
Ans.(b)

Consider the iterative x,,,1 = %(xn + %), n > 0 for a given x # 0. Then

(a) x, converges to V2 with rate of convergence 1. (b) x, converges to V2 with rate
of convergence 2.

(c) The given iteration is the fixed point iteration for f(x) = x* — 2 (d) The given
iteration is the Newton’s method for f(x) = x> - 2

Ans.(b) and (d) NET(Jun): 2014
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65.

66.

67.

68.

69.

70.

71.

The iterative scheme x,,1 = %(xn + x%), n > 0 for a given x # 0 is an instance of
(a) fixed point iteration for f(x) = x2 —2 (b)Newton’s method for f(x) = x? —2
(c) fixed point iteration for f(x) = £ +2 (d) Newton’s method for f(x) = x* + 2

Ans.(b) and (c¢) NET(DEC): 2015
The iterative scheme x,,;1 = %(1 + J%) converges to Va. The convergence is

(a) linear (b) quadratic (c) cubic (d) bi-quadratic GATE(MA): 1999
Ans.(b)

Let f(x) = Vx+3 for x > —3. Consider the iteration x,+1 = f(x,), xo = 0, n < 0. The
possible limits of the iteration are

@-1 ®3 (©0 () \/3 + A3+ V3t NET(Dec): 2016

Ans.(d)

Consider the function f(x) = Vx + 2forx > -2 and theiterationx,+1 = f(x,), xo =1, n <0.
What are the possible limits of the iteration ?

@) \/2+ N2+ V24 -1 (92 ()1 NET(Jun): 2014

Ans.(a) and (c).

The following numerical integration formula is exact for all polynomials of degree less
than or equal to 3

(a) Trapezoidal (b) Simpson’s %rd rule NET(JUN): 2015
(c)Simpson’s %th rule (d) Gauss-Legendre 2 point formula.
Ans.(b), (c) and (d).

Consider the Runge-Kutta method of the form

Yns1 = Yn + aky + bky

ki =hf(xn, yn)
k2 = hf(x,, + (Xh, Yn + ﬁkl)

to approximate the solution of the initial value problem

d
, % = f(x, y(x)), y(x0) = yo.NET(MS) : (June)2016

Which of the followmg choices of 4, b, a, B yield a second order method?
(@a=%1b=%1a=18=1 (ba=10b=1, a—% p=1
(c)az%,bzi,az%,ﬁz% (da=3b=1, ,B=1

Ans. (a) and (c).

Let f : [0,3] — R be defined by f(x) = |1 — |x — 2|| where | - | denotes the absolute value.
3

Then the numerical approximation of f f(x)dx, which of the following statements are
0

true? NET(MS): (June)2016
(a) The composite trapezoid rule with three equal subintervals is exact.

(b) The composite midpoint rule with three equals subintervals is exact.

(c) The composite trapezoid rule with four equal subintervals is exact.
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(d) The composite midpoint rule with four equal subintervals is exact.
Ans. (a) and (b).

72. The fourth order Runge-Kutta method given by uj,1 = u; + K[Kl + 2K, + 2K3 + K4] j=

0,1,2,--- ,isused to solve the initial value problem % du — 3 4(0) = a. If u(1) = 11is obtained
by takmg the step size h = 1, then the valued of Ky is GATE(MA): 2014
Solution: Given initial value problem is ‘jff‘ =u,ul0) =aand h = 1lie, f(t,u) = uand
to =0, u(0) = a.

kl = hf(tO/ MO) = U(O) =a,

_ 1 ST ! 3a
kz—hf(f0+—,uo+§)—1 f( o+ ) f(2 2
3a
:>k2— 2,
- 1 ko, o o] _ ol 7y
kS—hf(t0+§,M0+§)_1 f(Z' ) f(z 4
7a
ﬁk:;:zl
7 11
ki =hf(to+hu + k) = 1- f(La+ 75) = f(1, =),
11
=>k4=—4
1 70 11
Uy =ug+ — [k1+2k2+2k3+k4]—a+—[a+3a+?+z]

65
1=ﬂa=>a=0.37

ks = 2 0.37 =1.02

73. Let the polynomial x* be approximated by a polynomial of degree < 2, which interpolates

74.

x*atx = -1, 0 and 1. Then, the maximum absolute interpolation over the interval [-1, 1]
is equal to GATE(MA): 2016
Solution: The maximum error in quadratic interpolation for three equally spaced points
is given by |f(x) — p(x)| < ?fg where | (x)| < M3, Vx € [xo, x2]

=24-x <Mz, Vxe[-1,1]=> M; =24

Therefore, Error < 193'—2\/§ =1.539

Thus, the maximum interpolation error over the interval [-1, 1] is equal to 1.539.

Solve XZ =x dz , ¥(0) =3, ¥’(0) = 0 to approximate y(0.1) by using fourth order Range-
Kutta method. GATE(MA): 2000

Solution: Substltutmg % =z = f(x,y,2), then equation becomes Zx{ =xz-y=gxyz2).
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75.

76.

77.

78.

The initial conditions arex =0, y =3, z=0. Alsoh = 0.1.
So, ki=hf(x,y,2)=hz=01x0.0=0

k2—hf(x+h,]/+k21

k3_hf(x+h,y+k2 +—)—h( +—) 01(—030075)_—000150375

ky=hf(x+hy+ksz+ m3) =h(z + m3) = 0.1(—0.298498125) = —0.0298498125
my = hg(x,y,z) = h(xz—y) =0.1(0-3) = -0.3

+ 2 =hz+ 21 =010~ 0.15) = 0015

my = hg(x + ﬁ,y + ]ﬂ,z + @) = h[ (x+ ﬁ)(y+ Iﬂ) —(z+ ﬂ)] = —-0.30075

msy == hg(x + ,y+ 2+ 50 = [(x+ )y + —) - (z+ )] = ~0.298498125
my = hg(x +h,y+ k3,z +m3) = B(x + )(y + ks) — (z + m3)| = 03014812312

~ y(0.1) = y(0) + [k1 + 2k + 2ks3 + k4]

=3+ %[0 +2 % (=0.015) +2 X (~0.0150375) + (—0.0298498)| = 2.9887625
So,z(0.1) = z(0) + %[ml + 2my + 2m3 + my]

1
=0+ g[ = 0.3 +2 X (~0.30075) + 2 x (~0.2984981) + (~0.301481)] = ~0.300163

Using the fourth order Range-Kutta method and taking the step size & = 0.1, determine
¥(0.1), where y(x) is the solution of Z—Z +2xy? =0, y(0) = 1. GATE(MA): 2002
Hint. Substituting % = = f(x,y) = —2xy* with initial conditions y(0) = 1. Also i = 0.1.

Using the Newton-Raphson method with the initial guess x¥) = 6, the approximate value
of the real root of xlog,, x = 4.77, after the second iteration is -. GATE(MA):2014
Solution: Given xo = 6, f(x) = xlog,;x —4.77 so, f'(x) = 1 +logx. Then by Newton
Raphson method, we get,

f(xn)
Xp41 = Xy —
H ()
6log6—4.77
C1+logb

6% 0.778 — 4.77 4.67 — 4.77
=0 o7 0T iz~ 60%
fla) 4.67 —4.77

= 6.056 — ——— = 6.07.
F(x1) 1.778

Xy = X1 —

Let @ € R. If ax is the polynomial which interpolates the function f(x) = sinmx on [~1, 1]
at all the zeroes of the polynomial 4x® — 3x, then a is ——. GATE(MA): 2014
Ans. The values of « lies between 0.46 to 0.48.

Let p(x) be the polynomial of degree at most 3, that passes through the points (-2, 12), (-1, 1),
(0,2) and (2, -8). Then the coefficient of x* in p(x) is equal to ? GATE(MA): 2015
Ans.
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79

80.

81.

82.

83.

84.

85.

. Suppose that the Newton-Raphson method is applied to the equation 2x2 + 1 — ¢ = 0
with an initial approximation xj sufficiently close to zero. Then for the root x = 0, the
order of convergence of the method is equation to ? GATE(MA): 2015
Ans.

If the trapezoidal rule with single interval [0, 1] is exact for approximating the integral

? GATE(MA): 2015

1
[(x® = cx®)dx, then the value of ¢ is equal to
0

Ans.

2
If for some o, § € IR, the integration formula f p(x)dx = p(a)+p(p) holds for all polynomials
0

p(x) of degree at most 3, then the value of 3(a — f)? is equal to ——? GATE(MA): 2015
Ans.

5 -2 -3

Determine the LU decomposition of the matrix A = | 20 -5 -13 | with L having all
35 -5 -17

its diagonal entries 1 and hence solve the system AX = [0 2 13]". GATE(MA): 2002

Ans.

Consider the (Cholesky’s) algorithm given below for LLT decomposition of a Symmetric
Positive.

(i) Definite matrix A:
1

(ii) Compute L1; = A}, GATE(MA): 2003

(iii) Fori = 2 to N, Compute L;; = %

j=1 1
(iv) Fori=2toN, ComputelL;; = (Aj,]- - mZ:H sz}m)2
Right alternative for filling the shaded box to complete the above algorithm is
j-1
(1) Fori=j+1toN, ComputeL;; = #(A,;j - mZ:‘1 Li,mL];m)

-1

(2) Fori= ] to N, Compute Li,j = i(Al’] - 21 L,'/mL]',m)
m=
-1

(3)Fori=jtoN, ComputeL;; = %(Ai,j - 21 Li,ij,m)
] =

-1
. 9

(4) Fori=j+1toN, ComputeL;; = E(Ai,j - mZ:H Liz,m)

Ans. (4)

If the fourth order divided difference of f(x) = ax* +5x3 +3x + 2, a € R, at the points
0.1,0.2,0.3,0.4,0.5 is 5, then o equals —? GATE(MA): 2017
Solution: Fourth order divided difference of f(x) is

1 . 4\
flxo, x1,x2, %3, %4] = a ?01)=5= Tl 5=>a=5
2
If the quadrature rule f f(x)dx = c1 f(0)+3f(c2), wherecy, c2 € R, is exact for all polynomials
0

of degree < 1, then c; + 3c; equals ——? GATE(MA): 2017
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86.

87.

88.

Solution: Making the method exact for polynomials of degree < 1. We obtain for f(x) = 1,,
then2:cl +3-1=>c¢ =-1.
For f(x) =x, then2 = (-1)-0+3c; = ¢, = 5. Thereforec; +3c; = -1+3- % = 1.

Let p(x) be the polynomial of degree at most 2 that interpolates and data (-1, 2), (0,1) and
(1,2). If q(x) is a polynomial of degree at most 3 such that p(x) + q(x) interpolates and data
(-1,2), (0,1), (1,2) and (2, 11), then g(3) equals——-" GATE(MA): 2017
Solution: By Lagrange interpolation, we have

p(x) = xzz_x -2+x2__11 -1+x22+x 2=2+1
_x(x=1)(x - 2) x+Dx-D(x-2)
and PO IO =TT D) 2T ey

(x+ Dx(x —2) o (x+1D(x—-1)x ‘
@M1 ©)[eAley)

= P+l -x+1

.~ gx) =x® —x
S0, q(3)=3*-3=24

1 21 X 1

Let ] be the Jacobi iteration matrix of the linear system [ 2 1 2 ] [ y | = [ 2

-4 2 1 z 3
Consider the following statements: GATE(MA): 2017
P: One of the eigenvalues of | lies in the interval [2, 3].
Q: The jacobi iteration converges for the above system.
Which of the above statements hold TRUE?
(a) Both P and Q (b) Only P (c) Only Q (d) Neither P nor Q.
Ans. (b)
Hint. Iteration matrix of the given linear system

100][0 2 1 0 -2 -1
J=-l0 10l 2 0 2|=|-—2 0 -2
00 1]|-420 4 2 0

For the eigenvalues of J:

-A -2 -1
J-All=0=| -2 -A -2 |=0=2A%-41-12=0
4 -2 -2

Let f(A) = A% — 44 — 12, then f(2) - f(3) < 0. Hence one of the eigenvalues of | lies in the
interval [2, 3]. So statement (P) is true.

Next by the theorem, a necessary and sufficient condition for convergence of an iteration
method is that the eigenvalues of iteration matrix satisfy A;(J) < 1. So statement Q is not
true.

For the composition of Vx + 1 -1 atx = 1.2345678 X 107> using a machine which keeps 8
significant digits, which of the following equivalent expressions would be best to use
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89.

90.

91.

92.

2

1 3
@ Vx+i-1  O(1-Z5)V+1 O 55 Di-5+%-
Ans. (d) NET(DEC.): 2011
Hint. Wehave Vx+1-1=(1+x} -1=(1+5+3d-DE+-)=5-5+%---.

Consider the interpolation data given below

; é 9150 ; The interpolating polynomial corresponding to this data is given by
() p(x) = -3(x - $)(x = 3) = 8(x — 1)(x = 3) + 3(x = 1)(x — 3) NET(DEC.): 2011
(b) g(x) =3 +26(x — 1) = Z(x - 1)(x — 3)
(©r(x) = —Px? + Lx - 2B
(d) p(x) +q(x) + r(x)

Ans. (a), (b) and (c)

1.01 0.99 ] - [ 2

LetA = [ 099 101 2

] and xg be the unique solution of the equation Ax = b,

Let #; and £, be the two approximate solutions [ }8} and [ 3 ] Finally let r; =

Axyg — A% = b— A% and 1, = Axg — A%y = b — A%, be the corresponding residues. Which
of the following is / are correct ?

(a) £1 is a good approximation to xo and rq is small. NET(DEC.): 2011
(b) %, is not approximation to xp and r is small.

(c) %1 is not a good approximation to x but r, is small.

(d) £, is not a good approximation to xg but r; is small.

Ans. (a), (d)

Given that, an upper triangular matrix (UTM) is invertible if and only if all its diagonal
2x1+3x, —x3=5

elements are different from zero, consider the linear system 4x; +4x, —3x3 =3 . Then
—2x1 + 3x7 — X3 = 1

the above system

(a) can be transformed into an UTM but is not invertible because the diagonal entries of

the UTM are non different from zero NET(Jun): 2012

(b) is invertible though can not be transformed into an UTM

(c) can be transformed into an UTM because above diagonal entries are all different from

Zero

(d) can be transformed into an UTM and the solution of the UTM is the solution of above

system

Ans. (d)

Consider the function f(x) = x* —x — 2 = 0. Let x = g(x), so that any fixed point of g(x) is
a solution of f(x) = 0. Then NET(Jun): 2012
(@) g(x) =x- %, m € [—a, a] is a possible choice, where 4 is a positive constant.

(b) g(x) = x* — 2, g(x) = 1 + 2 are possible choices

(c) g(x) = x — =22 K # 0, K € R is a possible choice

(d) gx)=x2-3,g(x)=1+ % are only possible choices

Ans. (b) and (c).

Hint. Given that f(x) = x> —x —2 = 0. Let g(x) = x, so that any fixed point of g(x) is a
solution of above equation.
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93.

94.

95.

96.

(@) gx) =x— xz‘n’z‘_z is not defined at m = 0 but m € [—a, a] where a is a positive constant.

Hence (a) is not correct.

(b) We have g(x) = x2 — 2. Hence the fixed point of g(x) = x? — 2 are the solution of the
equation g(x) =xasx* —2=x=>x>—x-2=0.

Also g(x) =1+ 2 is again a solution of f(x) =0as1+2 =x= x> —x-2=0.

(c) We have, g(x) = x - J‘Z*T"*Z, k # 0, K € R and Hence the fixed point of g(x) = x — ’%

x2—x-2
K

are solution of equation g(x) = x as x — =x=>x2-x-2=0.
(d) g(x) = x*> — 3iis not a solution of f(x) =0as g(x) =x = x> —x -3 =0.

Let f be continuous map from the interval [0,1] into itself and consider the iteration

Xn+1 = f(x,). Which of the following maps will yield a fixed point for f? NET(Dec.): 2012
2 2 2 2

@fx=537 ®Gf=%5 ©@©fN=% @Af0=%3

Ans. (a), (b), (c) and (d).

Consider the ordinary differential equation

Wy t50, y0) =1
dx ~ Y P Y=

and the Euler scheme with step size h,

Yn+1h— Yo _ AY,, n>1Yy=1. NET(Dec.) : 2012

Which of the following are necessarily true for Y; which approximates Y(h) = e*"?
(a) Yy is a polynomial approximation (b) Y1 is a rational function approximation

(c) Y; is a trigonometric function approximation (b) Y7 is a truncation of infinite series
Ans. (a) and (d).

Let f(u) =u®—u—1. NET(Dec.): 2012
(a) Starting with the initial guess u® = 15, the fixed point iterates of the equation u = g(u),
where ¢(u) = u® — 1 converge

(b) Starting with the initial guess u® = 15, the fixed point iterates of the equation u = g(u),
where §(u) = V1 + u3 converge

(c) If u* is a root of the equation f(u) = 0 and u* > 1 is a stable fixed point of the equation
u = g(u)

(d) f(u) = 0 has a root between 1 and 2.

Ans. (d). (See MCQ92)

To compute the value of ¢! in the interval [0, 1], pickt; =0, t, =0.5and t3 = 1. Let p be the
quadratic polynomial that interpolates e, ie,p(t)=¢,i=1,2,3. Then NET(Dec.):2012
(a) the polynomial p can be written in the form L, (t) + e%LZ(t) + eLs(t) for some choice of
quadratic polynomials Ly, Ly, L3.

(b) If the polynomial p is written in the form L;(¢) + e%Lz(t) + eL3(t) where Ly, L, L3 are
polynomials, then L1, Ly, L3 are uniquely determined.

(c) If p is written in the form Ly (t) + e%Lz(t) + eL3(t) then one of Ly, L, or L3 must be linear.
(d) the polynomial p is uniquely determined.

Ans. (a), (b) and (d).
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97.

98.

99.

100.

101.

102.

Consider a sufficiently smooth function f(x). A formula for estimating its derivative is
given by & = ﬁ[ flx+2h) — f(x — Zh)] + error term, where h > 0. Let f™ denote the n-th
derivative of f and let £ be a point between x — 2k and x + 2h. Which of the following

expressions for the error term are correct? NET(Jun): 2013
2 é hZ 2 3 *’5 h2 4 5 h4

@-57- m-TE ©-fler @-H

Ans. (b).

Consider the initial value problem

Wty y0) =1
dx_x y/y()_

Then the approximate value of the solution y(x) at x = 0.2, using improved Euler method,

withh =021is NET(Dec): 2013
(a) 1.11 (b) 1.20 (c)1.24 (d) 1.48.
Ans. (c).

Let y(x) satisfy the differential equation

Wy 650, y0) =1
ix Y P Y=
and then the backward Euler Method forn > 1 and /& > 0.
% = Ay, n=1,y=1. NET(Dec.) : 2014

yields

(a) a first order approximation to e'"
(c) a rational function approximation to e
tion to e

Ans. (a) and (c).

h h

(b) a polynomial approximation to e
Anlit—(b) a Chebyshev polynomial approxima-

Let f : [0, 00) — [0, 00) be a continuous function. Which of the following is correct?

(a) There is xg € [0, o0) such that f(xo) = x¢ NET(Dec.): 2015
(b) If f(x) < M for all x € [0, c0) for some M > 0, then there exists xy € [0, o) such that
f(xo) = xo.

(c) If f has a fixed point, then it must be unique
(d) f does not have a fixed point unless it is differentiable on [0, o).
Ans. (b)

Let f : R — R be a smooth function with non-vanishing derivative. The Newton’s

method for finding a root of f(x) = 0 is the same as NET(MS)(Dec)-2014
(a) fixed pount iteration for the map g(x) = x — ;,((?)

(b) forward Euler method with unit step length for the differential equation % +49 -9

() fixed point iteration for g(x) = x + f(x) o

(d) fixed point iteration for g(x) = x — f(x)

Ans. (a) and (b).

Consider the iteration function for Newton’s method g(x) = x — J[,((’;)) and its application
to find (approximate) square root of 2, starting with xo = 2. Consider the first and second
iterates x; and x, respectively, then NET(MS)(Jun)-2011
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103.

104.

3.3

2

((@)15<x; <2 (b)15<x1 <2 (0)x1 <15, x <15 (d)yx;=15x <1
Ans. (c).

Let f(x) = ax + b fora,b € R. Then the iteration x,,.1 = f(x,) starting from any given x for
n > 0 converges NET(MS)(Jun)-2014
(a)foralla e R (b) fornoa € R (c) fora € [0,1] (d) only fora = 0.

Ans. (c).

Let f(x) = ax+100 for a € R. Then the iteration x,,.1 = f(x,) forn > 0 and xy = 0 converges
for NET(MS)(Dec)-2015
(a)a=5 (b)a=1 (c)a=0.1 (d)a =10.

Ans. (c).

Review Exercises

Solve by Euler’s method the following differential equation

4y _ +y+ 0)=1
dx Yy Y=
and taking & = 0.02. calculate y at x = 0.1.

[Ans. 1.12] CS-312/12
Solve by Euler’s method the following differential equation Z—Z = xy,y(0) = 1 and taking

h =0.02. calculate y at x = 1.
[Ans. 1.4593 ] CS-312/08, 09

Find the values of y(0.10), ¥(0.15) using Euler’s method Method taking i = 0.05, given
that

d
d—z =x*+1%y(0)=0
[Ans. 0.000125, 0.000625 ] CS-312/07
Compute y(0.2)
W vy =1
dx =X ]// y( ) -
using Runge Kutta Method of 4th order correct up to three decimal places, taking step
length i = 0.1.
[Ans. 1.2205 | WBUT-07

Solve the initial value problem

dy _ 5 o -
105—9( +y°,y0)=1

For x = 0.1, 0.2 by using Runge-Kutta Method of 4th order correct up to d decimal places.
[Ans. 1.0067, 1.0172] WBUT-04
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6 Compute (0.2), 1(0.4)

dy _ 2 _
a_l-’-y/y(o)_o

using Runge Kutta Method of 4 th order correct up to three decimal places, taking step

length i = 0.1.

[Ans. 0.851, 0.780] CS-312/10
7 Find the value of y(0.1), ¥(0.2) and y(0.3)

dy_ 2 _
=0 =1

using Runge Kutta Method of 4th order correct up to three decimal places, taking step
length i = 0.1.
[Ans. 1.1138, 1.2689, 1.4856] CS-312/9

8 Solve by Taylor’s series method

dy 1
dx  x2+y

,y4) =4

Compute the values of (4.1).
[Ans. 4.004] M(CS)-312/11
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