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Preface

With the remarkable advancement in various branches of science, engineering and technology,
today more than ever before, the study of differential equations has become essential. For,
to have an exhaustive understanding of subjects like physics, mathematical biology, chemical
science, mechanics, fluid dynamics, head transfer, aerodynamics, electricity, waves and electro-
magnetic, the knowledge of finding solution to differential equations is absolutely necessary.
These differential equations may be ordinary or partial. Finding and interpreting their solutions
are at the heart of applied mathematics. A thorough introduction to differential equations is
therefore a necessary part of the education of any applied mathematician, and this book is
aimed at building up skills in this area.

This book on ordinary / partial differential equations is the outcome of a series of lectures deliv-
ered by me, over several years, to the undergraduate or postgraduate students of Mathematics
at various institution. My principal objective of the book is to present the material in such a way
that would immediately make sense to a beginning student. In this respect, the book is written
to acquaint the reader in a logical order with various well-known mathematical techniques in
differential equations. Besides, interesting examples solving JAM / GATE / NET / IAS / SSC
questions are provided in almost every chapter which strongly stimulate and help the students
for their preparation of those examinations from graduate level.

Organization of the book

The book has been organized in a logical order and the topics are discussed in a systematic
manner. It has comprising 21 chapters altogether. In the chapter ??, the fundamental con-
cept of differential equations including autonomous/ non-autonomous and linear / non-linear
differential equations has been explained. The order and degree of the ordinary differential
equations (ODEs) and partial differential equations(PDEs) are also mentioned. The chapter ??
are concerned the first order and first degree ODEs. It is also written in a progressive manner,
with the aim of developing a deeper understanding of ordinary differential equations, includ-
ing conditions for the existence and uniqueness of solutions. In chapter ?? the first order and
higher degree ODEs are illustrated with sufficient examples. The chapter ?? is concerned with
the higher order and first degree ODEs. Several methods, like method of undetermined coeffi-
cients, variation of parameters and Cauchy-Euler equations are also introduced in this chapter.
In chapter ??, second order initial value problems, boundary value problems and Eigenvalue
problems with Sturm-Liouville problems are expressed with proper examples. Simultaneous
linear differential equations are studied in chapter ??. It is also written in a progressive manner
with the aim of developing some alternative methods. In chapter ??, the equilibria, stability
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and phase plots of linear / nonlinear differential equations are also illustrated by including nu-
merical solutions and graphs produced using Mathematica version 9 in a progressive manner.
The geometric and physical application of ODEs are illustrated in chapter ??. The chapter ??
is presented the Total (Pfaffian) Differential Equations. In chapter ??, numerical solutions of
differential equations are added with proper examples. Further, I discuss Fourier transform in
chapter ??, Laplace transformation in chapter (1, Inverse Laplace transformation in chapter 2.
Moreover, series solution techniques of ODEs are presented with Frobenius method in chapter
3, Legendre function and Rodrigue formula in Chapter 4, Chebyshev functions in chapter ??,
Bessel functions in chapter 5/land more special functions for Hypergeometric, Hermite and La-
guerre in chapter ?? in detail. Green function and application of ODE are developed in Chapters
20 and 21 respectively.

Besides, the partial differential equations are presented in chapter ??. In the said chapter,
the classification of linear, second order partial differential equations emphasizing the reasons
why the canonical examples of elliptic, parabolic and hyperbolic equations, namely Laplace’s
equation, the diffusion equation and the wave equation have the properties that they do has
been discussed. Also all chapters are concerned with sufficient examples. In addition, there is
also a set of exercises at the end of each chapter to reinforce the skills of the students.

By reading this book, I hope that the readers will appreciate and be well prepared to use the
wonderful subject of differential equations.

Aim and Scope

When mathematical modelling is used to describe physical, biological or chemical phenomena,
one of the most common results of the modelling process is a system of ordinary or partial
differential equations. Finding and interpreting the solutions of these differential equations is
therefore a central part of applied mathematics, Physics and a thorough understanding of differ-
ential equations is essential for any applied mathematician and physicist. The aim of this book
is to develop the required skills on the part of the reader. The book will thus appeal to under-
graduates/postgraduates in Mathematics, but would also be of use to physicists and engineers.
There are many worked examples based on interesting real-world problems. A large selection
of examples / exercises including JAM/NET/GATE questions is provided to strongly stimulate
and help the students for their preparation of those examinations from graduate level. The
coverage is broad, ranging from basic ODE , PDE to second order ODE's including Bifurcation
theory, Sturm-Liouville theory, Fourier Transformation, Laplace Transformation and existence
and uniqueness theory, through to techniques for nonlinear differential equations including
stability methods. Therefore, it may be used in research organization or scientific lab.
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Significant features of the book

e A complete course of differential Equations

e Perfect for self-study and class room

e Useful for beginners as well as experts

e More than 500 worked out examples

e Large number of exercises

e More than 600 multiple choice questions with answers

e Suitable for GATE, NET, JAM, JEST, IAS, SSC examinations.

Use of software

The software package Latex version 5.3 was used to write the book. Mathematica version 9 was
used to obtain the phase curve, eigenvalue for checking the stability of a dynamical system and
solve the different equations. Lingo version 8 was also some time used to obtain the numerical
results. All these packages were able to solve problems in material requirements planning and
project management techniques easily.
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Chapter 1

Laplace Transformation

1.1 Introduction

Laplace transform, one of the most important integral transforms is essentially a mathematical
tool which can be used to solve several problems in engineering and science. The said transform
was first introduced by Pierr Simon de Laplace (1749-1827), a French mathematician, in the year
1790 in his work on probability theory. This technique become popular when Heaviside applied
to the solution of an ordinary differential equation referred hereafter as ordinary differential
equation, representing a problem in electrical engineering. Furthermore, the method of Laplace
transform is preferable and advantageous in solving linear ordinary differential equations with
the right-hand side functions involving discontinuous and impulse functions. It also has appli-
cations in quantum mechanics, fractional calculus, etc.

In this chapter, we have presented the formal definition of the Laplace transform and calculate
the Laplace transforms of some elementary functions directly from the definition. The basic
operational properties of the Laplace transforms including convolution and its properties and
the differentiation and integration of Laplace transforms are discussed in some detail. The
Heaviside Expansion Theorem for the Laplace transform are discussed.

1.2 Definition of Laplace transformation

Definition 1.1 Let f(f) be defined for 0 < t < co and let s denoted an arbitrary real variable.
The Laplace transform of f(f), designated by either L{ f (t)} or F(s), is
L{ f(t)} — F(s) = f e F(Ddt, Vs > 0, (1.1)
0

such that the improper integral converges. Convergence occurs when the limit exists i.e.,

X
)%imf e f(t)dt exists. (1.2)
)

If the limit does not exist, the improper integral diverges and f(t) has no Laplace transform.
When evaluating the integral in equation/1.1, the variable s is treated as a constant because the
integration is with respect to ¢.
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Comment: Laplace transform is defined for complex value function f(t) and the parameter s
can also be complex. But we restrict our discussion only for case in which f(f) is real value
and s is real.

1.3 Existence of the Laplace Transform

Theorem 1.1 Existence Theorem

Let us consider a functions f(t) which possess finite discontinuities, because in the applications
of Laplace transforms to physical problems these frequently arise. Examples are the unit
Heaviside step function and the unit rectangular wave function illustrated in Fig.-1.1. Such
functions are said to be piecewise continuous.

f(t)
f(t)
! '
i | !
| i i
! ! =
0 : »t 0 e : — 1
a a b
0 0<t<a 0 0<t<a
f(t) = f(t) = 1 a<t<b
1 t>a 0 t>b
Heaviside Step Function Rectangular Wave Function
Figure 1.1:

Definition 1.2 Piecewise continuity; A function f of t is piecewise continuous in the closed
interval a < t < b when the interval can be subdivided into a finite number of subintervals,
a<t<t;,tj Lt<t, - ,t,-1 <t <bsuch that

(i) f(t) is continuous in each open interval

t, <t <t r=0,1,---,n—1,tg=a,t, = b.

(i) f(t) tends to a finite limit as ¢ tends to each end point from within the interval, i.e. for

small € > 0
lin(} F(t,+B) = F(tr+),1iﬁ(;f (tr1 — €) = F(ty41—)

exist forallr=0,1,--- ,n—1.

A function which is piecewise continuous in a finite interval is integrable over that inter-
val. The next step is to obtain sufficient conditions on f(t) in order that L{f(t)} exists. Since
me e~=9tgdt, (T > 0) converges for s > g, we can use this fact to explore the convergence of the
Laplace transform integral fooo e~ f(t)dt when |e™ f(t)] < M for allt > T, T and M being positive
constants.



LAPLACE TRANSFORMATION 3

Definition 1.3 Exponential Order A function f of t is of exponential order ¢ as t — oo if
constants g, M(> 0) and T(> 0) can be found such that

le™? f(t)] < M or |f(t)| < Me”, forallt > T >0

Equivalently, we write
F(t) = O(e"") as t — 0.

Existence of the Laplace Transform

A function f has a Laplace transform whenever it is of exponential order. That is, there must
be a real number B such that

lim lf(he | =0 (1.3)

As an example, every exponential function Ae* has a Laplace transform for all finite values of
A and a. The canonical form of an exponential function, as typically used in signal processing,
is

alt) = Ae'*, t>0

where 7 is called the time constant of the exponential. A is the peak amplitude. The time
constant is the time it takes to decay by 1/e, i.e.,

a(r) _ 1

a(0) e’

Sufficient Condition for existence of Laplace transform:

Let f be a piecewise continuous function in [0, &) and is of exponential order. Then Laplace
transform F(s) of f exists for s > ¢, where c is a real number that depends on f.

Proof. Since f is of exponential order, there exista, M, o such that |f(f)| < Me“* fort > A. Now we
o A 0o

write ] = fo f()e™stdt = [ +I, where; = fo f(H)estdtand I = fA f(t)e™'dt. Since f is piecewise

continuous, I; exists. For the second integral I, we note that for t > A, |e™ f(t)| < Me=6-0t,

Thus [, |[f(he!ldt < [} etdt < [T e ='dt = M s> 0. Since the integral in I, converges

absolutely for s > o, I, converges for s > ¢. Thus both I; and I, exist and hence I exists for s > o.

Comment The above condition is not necessary. For example consider f(t) = % which is not

—st

. . . . 00
piecewise continuous in [0, o). But fo % = %, 5>0.

Example 1.1 If f(#) = 1 for t > 0 and then L{1} = %,s > 0.

Solution: From the definition of Laplace Transform, we have

L{ f(t)} - fo " e

X e 111
= L{l} lim et 1dt = lim | — + —] =-,5>0
X—00 0 X—o00 S S S
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- 1
=,s>a

Example 1.2 If f(t) = " for t > 0 and then L{e‘”}

Solution: From the definition of Laplace Transform, we have

L{ f(t)} - f e £(b) dt
0
X
= L{e‘”} = lim et e dt
X—o g
X —(s—a)X
= lim et = Jim | = & ! ]: ! ,os>a
X—o ) X—0o0 S—a S—a S—a
Example 1.3 If f(f) = t for t > 0 and then L{t} =%,5>0.
Solution: From the definition of Laplace Transform, we have
L{ f(t)} - f et F(b)dt
0
X —sX —-sX 1 1
Sifth = dm [Cetrar=Jim |- xS - S 5] = 50
X—00 0 X—o0 S S S S
Example 1.4 If f(t) = t" for t > 0, then L{t”} = F(sﬁfll),n >-1,5s>0.

Solution: From the definition of Laplace Transform, we have

Lif) = f e f(t)dt
0
X
= L{t”} = lim et " dt
X—o0 0
sX _n
= lim — e d_z[ putting st = z, then dt = d_z]
X—oo Jg S S S
_ L foo 21072 gy
Sn+1 0
I'n+1 0
= (n ),s >0,n> -1, [Since I'(n) = f e dx]
Sn+1 0

Example 1.5 If f() = sinat, where a is a real constant, then, L{ sin at}

= s> 0.

=L
s2+a?’
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Solution: From the definition of Laplace Transform, we have

i) = [ o
0
X X plat _ p-iat
= L{sinat} = lim “Stsinat dt = lim e‘St—. dt

X—00 X—o0 21

— Z%l_l};f [6 t(s—ia) _ e t(s+1u)] dt
—X(s zu) 1 —X(s+m) 1

e |

2i X—soo (s — zu) s—ia (s + za) s+ia
_ l[ 1 1 ] _a s> 0
" 2ils—ia  s+ial s2+a?’ ’

Example 1.6 If f() = cosat, where a is a real constant, then,

5
L{ Cosat} =——,5>0.
s +a?

Solution: From the definition of Laplace Transform, we have

Lif(h) = f e f(t)at
0
X X elat 4 p—iat
= L{cosat} = lim e cosat dt = lim et ——— dt
X—o00 X— 2
— E%T:of —t(s ia) +e—t(s+m)] dt
E—X(s ia) 1 —X(s+itl) 1
= = lim [— — + — — — + - ]
2 X—o0 (s—ia) s—ia (s+ia) s+ia

BTN I
T 2ls—ia s+ial 2 +a2’

Example 1.7 If f(t) = sinhat, where a is a real constant, then, L{ sinh at} = 33,5 > |a|.

Solution: From the definition of Laplace Transform, we have

Lif(h) = f e f(t)dt
0
X X et — pat
= L{sinhat} = lim e*sinhat dt = lim et ——— dt
X—o00 X—>00 0 2
- - t(s—a) _ ,—t(s+a)
5 %13}10 f [e” e ] dt
| —X(s u) 1 —X(s+a) 1
B E){l_r)r;[ (s—a) - (s+a) s+a]

__[l_l]_ a s>
T 2ls—a s+al s2-a?’
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Example 1.8 If f(t) = coshat, where a is a real constant, then, L{ cosh at} = 52+112’S > |al.

Solution: From the definition of Laplace Transform, we have

L{f(t)y = f e_Stf(t)dt
0
X X t —at
e’ +
= L{coshat} = lim et coshat dt = lim et
X—o00 0 X—00 0 2
= hm [e7H67) 4 o~H+D] gt
2 X—o0
—X(s u) e~ X(s+a) 1
T
2X—>oo (s—a) —a (s+a) s+a

s ] S s>l
= = = s> |al.
2ls—a  s+al s2-a2’

1.4 Basic Properties of Laplace transformation

Theorem 1.2 Uniqueness of Laplace transform Let f(t) and g(t) be two functions such that
F(s) = G(s) for all s > k. Then f(t) = g(f) at all  where both are continuous.

Property 1.1 Linearity Property:
Hafi®+ah®) = al{io}+ol{p0] = aRie +oke.

Proof: By the definition of Laplace Transformation

Hafio+apo) = fo ) {1ty + cafott e

= fo ) {c1 fl(t)}e‘“dt+ fo ) {cz fz(t)}e‘“dt
= fo ) {fl(t)}e‘“dt+cz fo ) {f2(t)}e-5fdt

ClL{fl(f)} + CzL{fz(t)}

c1F1(s) + c2Fa(s) (Hence proved)

Property 1.2 Change of scale property: If L{ f (t)} = F(s), then

s} = ()
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Proof: By the definition of Laplace Transformation

L{f (t)} = f Fbedt
ﬁL{f(at)} = hmf Flatye™dt putat = y,dt_d—y
= %I—I»rc}ofo f(y)e—iya
= %j:o f(y)e~ivdy = %F(z) (Hence proved)

Property 1.3 First shifting property: If L{ f (t)} = F(s), then

L{e’” f(t)} — F(s—a) fors > a

Proof: By the definition of Laplace Transformation

L{f(t)}: fo " fpetat :L{e“ff(t)}: Jim fo i {e“ff(t)}e-sfdt

X 0o
= lim f f(He =t = f f(He ™ dt,s —a >0
= F(s—a) (Hence proved)

1.5 Operational Rules of Laplace Transforms

Theorem 1.3 Division rule:
It L{ f (t)} = F(s), then L{@} = fs “ F(s)ds, provided tlim 10 exists finitely.

Proof: By the definition of Laplace Transformation
F(s)=L{f(t)}= f Fedt = f F(s)ds = f { f f(t)e*sfdt}ds
0 s s 0
Interchanging the order of integration, we get
f F(s)ds = f f f(t)e’“ds dt = f £ f *Sfuzs}d
s 0 0
0o 0o oSt
- f f(t){ lim f Sfds f f(t){ im ] }
0 X—00 —00
[0 =L{&}
ot t

= L{@} = foo F(s)ds (Hence proved)
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Theorem 1.4 Multiplication rule for t":
It L{ f (t)} = F(s), then L{t” f (t)} = (—1)”;%(1—"(5)), where 7 is positive integer

Proof: By the definition of Laplace Transformation

F(s) = L f(t) = f ) f(e'dt

d
= SO & [ o= [ oo

=- j(; {tf(t)}e‘s’*dt = —L{tf(t)}

= {70} = —%

Hence the theorem is true for n = 1,2. Let the theorem is true for n = m. Then

o) = 12 (F)
f {t’” }-sfdt_ 1)’” (F(s))
00 dm+1 (

= & [ {rrofera = cor s (Fe)

= fo t){tmf(t)} ‘sfdt=(—1)m;n:+1(P )
o - f t'““f(t)} St = (1) 4 (F(s))

m+1

e =y (F(s))

This shows that the theorem is true for n = m + 1. Hence by Mathematical induction, we can
say that the theorem is true for all integer #.

Theorem 1.5 Laplace transform of first order derivative:

If L{ f@); s} = F(s), then L{ f'(@); s} = sF(s) — f(0), provided f(t) is exponential order.
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Proof: By the definition of Laplace Transformation

fo ) f(t)e™at

fo " et = Am fox fyeat

_ %1_1320 {[e—stf(t)]: +5 fOX f(t)e_“dt}

_ %i_r&{[e_sxf(x) _ f(())] + sj(;x f(t)e‘Stdt}

= 0 £(0) + sF(s) [ Jim e ¥(X) = o]
= sF(s) - £(0)

L{f (t);S}

= 1{f®is}

Theorem 1.6 Laplace transform of n-th order derivative:

If L{ f(t);s} — F(s), then

fris) = RO -sfO- FO)
L{ftis) = $FO-50)-sf0) - f/©)
reis) = SFO-s O -2 O - 70)

provided f(t) is exponential order.

sF(s) = £(0)

Proof. Since L{f’(t); s}

SL{f (5} - £/(0) = SGFE) - FO) - £(0)
= $°F(s)—sf(0) — f(0)

rois) = si{@is)- 10 = R0 - sf0) - FO) - 70)
= $°F(s) — s*£(0) — sf'(0)) — f(0)

L wys)

Thus in general,

L{f"(t)/ S} — SHF(S) _ Sn—lf(o) _ Sn—Zf/(O) L fn_l(o)
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Theorem 1.7 Laplace transform of partial derivative:
If u is a function of two variable x, t and U(x, s) = L[u(x, t); s], then prove that

O Z5s) = sUitos) - u0)

(zz)L{ 82,5} = A ) — s D) e 0)

) - oo

] - Sl

()L{ = &t's} - du;i .5) d”;’;’ Y oniited ) o cepmitel auds

Proof: By the definition of Laplace Transformation, we have

N [Ou B Cou . o __St
(z)L{E,s} = jo‘ FTi dt—)gr;o e dt

= %1_11}0{[ “Stu(x, t)] +s£ u(x,t)e‘“dt}
= —u(x,0)+s fw u(x, e *dt
0

Therefore,L{g—?;s} = sU(x,s) —u(x,0)

%u dv du
2] - o

= S{L(U;S)} —-o(x,0) = s{sU(x, s) — u(x, 0)} —u(x,0)

2
Therefore, L{(?_u ; s} s?U(x, s) — su(x, 0) — u(x, 0)

o2’
ar [O1 _ “ du ot
(”Z)L{ﬁ’s} = % dt
_ 4 - dU(x,s)
= ﬁj; eu(x, Hydt = =
Therefore, L{ 8_u ; 5} M
ox dx
%u © 32, S
(lv)L{& 27% } —Jo 8x2 dt
_ 27 _ d*U(x,s)
= ﬁfo eu(x, f)ydt = -7

2%u d*U(x, s)
Therefore, L{ ) ; s} = 2
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&2 az —st
(”)L{a ot } B b o’
— &M —st
B dx 0 E at
d
= d—[sll(x, s) — u(x, 0)]
3 dU(x s) du(x, 0)
B dx dx
Pu dU(x,s)  du(x,0)
Therefore, L{M,s} 5 i

Thus, we show that from the above results that the partial derivatives are transformed into
ordinary derivatives.

Theorem 1.8 Laplace Transform of Integrals: If L{ f (t)} = F(s), then

1 [ e} =22,

provided f(t) is exponential order.

Proof: Let G(t) = fot f(&)dE. Therefore G'(t) = f(t) and G(0) = 0. Taking Laplace Transformation
in both sides of G'(t) = f(t), we get

{G (t} {f(t)}:scs) GO)=F(s) [ G()=0]

= G = —:Lff(é)dé i

Theorem 1.9 Laplace transform of Periodic function:
If f be a periodic function with period T(> 0), then

L{ f(t)} - % fo o Fbyat.
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Proof: By the definition of Laplace Transformation

0o T 2T T
L{f(t)} fo F(tyedt = fo floeas | - foear + E F(tyedt + -

iT

f(etdt,  putting t = u + (i — 1)T,dt = du
= Ji-nT

© AT
Z f flu+ @G- 1)T)e—5(u+(i—1)T)du
0

i=1

© T
Y fo fu+G-1De 00y fu+ (- DT) = f(u)
i=1

o] o)

T
. . 1
—s(i—-1)T - .. —s(i—=1)T
2 e—s6=1) )j(; Fu)e Sy, ) Z e—S-1T) — —

i=1 i=1

1 T
= 1—oT L f(u)e_sudu

Example 1.9 Given that
sint, 0<t<m

f(t):{O, n<t<2m

and extended periodically with period 27. Find L{ f (t)}?.

Solution: We know that

T i 271
L{f(t)} ﬁ f f(u)e_Stdt = ﬁ{ f (sin t)e_Stdt + f (O)E_Stdt}
0 0 b
= ;{ fﬂ (sin t)e‘“dt} = ;[ e { —ssint — cos t}]n
o 1-esl Cl-ems[s241 0

S O 1
T-e2t” 241  (1-em™)(s2+1)

Theorem 1.10 Convolution theorem: If f + ¢ = fou f(u—t)g(t)dt, then

L{ I g} = F(s) - G(s).

Proof. From the definition of the Laplace transform, we know that

* —st * —Sv
[ fo et | fo ¢(©) o]
f f et £(f) g(v)dt dv
0 0
—s(t+v) dotd
fo < fo e (o) do) di

F(s) G(s)
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Let t + v = u in the inner integral. Then

—su —Odu\dt = ~ ! —su _ dnd
fo S f e Flu — 1) du) b fo ( fo e Flu— Dg(t)dt) du

I) e—su{jo‘ f(u — t)g(t) dtydu = L[]O‘ f(u - t)g(t) dt; M]

F(s) G(s)

Theorem 1.11 Initial and final value theorem: If f(f) and f’(t) are Laplace transformable and
F(s) is the Laplace transform of f(t), then the behavior of f(t) in the neighborhood of t = 0
corresponds to the behavior of sF(s) in the neighborhood of s = co. Mathematically,

ltin(}f(t) = lim s F(s).

Proof. Since L{ () s}

So f ) f(tye'dt
0

s{f@ys} - £

sF(s) = f(0)

Taking the limit as s — oo on both sides of the above equation, we have

00

lim e S (t)dt = lim sF(s) - lim £(0) (1.4)

— 00
s 0

Since s is independent of ¢, so we take the limit before integrating the left-hand side of equation
(1.4), thus getting

00

lim e f(t)dt = fm[lim e f/(1)]dt = 0 (1.5)
0 0 S§—00

S§—00
and using equation (1.5), the equation (1.4) becomes

tlim sF(s) = f(0) = ltlrrol f(t). Hence the theorem.
t

Example 1.10 Verify initial value theorem for the function f defined by f(t) =1 +e™".

Solution: Given f(t) =1+ ¢, we have

Il
h
—_
<
©
—_——
+
—
—_—
>
&
~
©
—_——
Il
©» |

L1
s+1

Fs) = L{ f(ts|

So,sF(s) = 1+

S limsF(s)=2= f(0) = ltirrol f(#). Hence the result.
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Theorem 1.12 The Final value theorem states:

If f(t) and f’(t) are Laplace transformable and F(s) is the Laplace transform of f(t), then
the behavior of f(t) in the neighborhood of t = co corresponds to the behavior of sF(s) in the

neighborhood of s = 0. Mathematically,

lim f(f) = lim s F(s).
t—o0 s—0

Proof. Since L{f’(t); s} sL{f(t); s} - f(0)

So foo f(tye'dt sF(s) — £(0)
0

Taking the limit as s — 0 on both sides of the above equation, we have

lim e f/(tdt = lin(} sF(s) — lin(} £(0)
0 5— 5—

s—0

But f lin(} e f/(tdt = f f'(tdt = tlim f@) - f(0)
0 5 0 —00
Using the equations (1.6)-(1.7), we get’ lirr(}sF (s) = lim f(t).
S—

t—oo

Example 1.11 Verify final value theorem for the function f defined by f(f) = e™".

Solution: Given f(t) = ¢”f, we have

FO) = L{ fys} = Lfe s} = =5

So, sF(s) = %

lirr(}sF(s) =0 and tlim f@=0.

So, lir%sF(s) = tlim f(#). Hence the result.

1.6 The Heaviside Step Function

The Heaviside step function is denoted and defined by

0, t<a
H(t—a):{ 1, t>a,a>0

where 7 is a real number, and is depicted in Figure 1.2l

The Laplace transform of H(t — a) is given by

L{H(t—u)} - fo " TH(E — oyt = j: et — a)dt + f " TH(E - )it

X e—st X i
fe-sf-Odtﬂim e-sf-1dt=o+1im[—] -
0 X—o0 2 X—>o | —S a S

(1.6)

(1.7)
(1.8)
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H(t-a)
| ----—

Figure 1.2: Heaviside step function

Property 1.4 (Second Shifting property:) If L{ f (t)} = F(s), Prove that

L{f(t —a)H(t - a)} =¢ ®F(s),s >a > 0.

Proof. L{ F(t—a)- H(t - a)}

f et f(t—a) - H(t — a) dt
0
f oS +a) f(x)H(x) dx, taking t —a = x

e fo ) e f(t) dt = e ™F(s)

Example 1.12 The Heaviside step function is very useful in dealing with functions with
discontinuities or piecewise smooth functions. The following are some examples:(i - iv)

W f0) = { 1o,

= fi]1 - H - 1)

AN

Figure 1.3: Graph of function i

t<ty
t>tp

0, <ty
f(b), t>t

= f(OH(t - to)

(i) f(t) = {

—
=
—

2

Figure 1.4: Graph of function ii
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t<a

0/
(i) f(t)={ gg; :;g (v) g(t) = g(t), i< £<b

ft) + [fz(f) —f1(t)] -0, t<t
filt) + [fz(t) - fl(t)] ‘1, t>t

- G(t)[H(t —a)— H(t - b)]

= /i) +| 0 - AO]HE - 1)

‘,_
—
Ny

=
—
=
wg

2

Figure 1.5: Graph of function iii Figure 1.6: Graph of function iv

If function f has nonzero values only in the range of 2 < t < b as shown in the following
Figure-1.6| than it can be expressed as since

0, t<a
H(t-a)—-H({t-b)={ 1, a<t<b
0, t>b

As a generalization, function f of the following form can be easily written in terms of the
Heaviside step function

0, t <ty
f1, hh<t<th
f(t) _ fz, h<t<tb

fnr tnfl <t< tn
0/ tZ tn

FiO[HG )~ it = )] + ) HG - 1) = HG = )] o0+

+fuO[HE =t = HE = )]
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1.7 Some Important Results

o | o) =Fe | o {f(t)} F)
1 1s>0 t 1,5>0
et n,s>a e ri'f,:l),s>0n> =1l
sinat oy az,lsl >q cos at = ﬂz,lsl >0
sinh at o, sl > a coshat 5,5l >a

1.8 Worked Out Examples

Example 1.13 Find L[f(#)],

ANV
SRR

where f(t) = { sin (t - %)/ !
t

7

Solution: Using the second shifting property of LT,

o(t) = {f(t t>a

t<a

Then, L{g(t)} = ¢ ®F(s), where L{f(t)} = F(s), herea = g

e_gsL{ sin t} =¢3°
s2+1

- 0<t<?2

Example 1.14 Find L[f()], where f(t) = { 8 otherwise

Solution: By the definition of LT

L{ f(t)} - fo " e
f: e Stetdt = jj e~y

e~ M)t 5 _ p=2(1+s)
- [_ 1+s ] BEET
Example 1.15 Find L[f(t)],
0, t<1

where f(t) =< t, 1<t<2
0, t>2
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Solution: By the definition of LT

L{ro}

f e f(t)dt
0
2 st —st 12
f e Sttdt = [te— _¢ > ]
1 s R |

(s+1)es—(2s+1)e >
32

Example 1.16 Using the linearity of the Laplace transform, calculate

the Laplace transform of

F(t) = sinh(at) = ="
Solution: L(sinh(at)) = Lf”;w _;@%—%ufm
_ 11 11
1576-62%
T 2T g-2 2o (1.9)
Example 1.17 Using the shift theorem find the Laplace transform of
F(t) = P
Solution: By the first shift theorem,
L(e™f(t)) = F(s — a) (1.10)
where L(f) = F(s). Now, we know that
L(#) = % = 533 (1.11)
so, by the shift theorem
L&%ﬂz(SEQB (1.12)
Example 1.18 Find the Laplace transform
Yy’ +4y +8y = cos 2t (1.13)

Given that y =2 and y’ =1 when ¢ = 0.

Solution: Applying Laplace transform in both sides with respect to ¢
obtain {s?Y(s) — sy(0) — i’ (0)} + 4{sY(s) — y(0)} + 8Y(s) = . Using the

s2+4°

in the equation (1.13), we
initial conditions, we get,

S2Y(s) =25 — 1 +4s5Y(s) =8+ 8Y(s) = =5~ or (s> +4s+8)Y(s) = o5 +25+9.

s2+4 s2+4

1
Therefore Y(s) = 20 %+4 5°%+4 207 (s

1 2s+2)—4

s 1 1 1 (s+2)-2
+2)2+22

9

2
- =X + +
57 (s+2)2+22 (s+22+22 (

s +2)> + 22
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Example 1.19 Find the Laplace transform of both side of the identity

4 cosh 3t = 3sinh 3t

dt
and verify that you get the same answer on each side. The idea is that you do the right hand
side using the table entry for sinh(3t) and the left hand side using the formula for f* with
f = cosh(3t). cosh(0) = 1 by the way.

Solution: We know that

S

a
m, L(COSh at) = r

L(sinhat) = = (1.19)

and cosh0 =1 so

L (% cosh 3t) = L (3sinh 3¢)

3
L h3t)—1=3——
sL (cosh 3t) 332_9
S 3
32_9

s
9 9
9

s s2 —
s% — s2-9

= 1.15
2-9 s2-9 (1.15)

Example 1.20 Find the Laplace transform of both sides of the differential equation

A _

dt_l

with initial conditions f(0) = 4. By solving the resulting equations find F(s). Based on the
Laplace trasforms you know, decide what f(t) is?

Solution: Using linearity of L, plus the property of Laplace transforms of derivatives, we get

L(Z%) - L) = 2L(ﬂ) - %

dt

1
2sF(s) — 8 = S (1.16)

This means that F(s) = Z—L + i

T s 22

and, since, L(t") = n!/s"*
Lof) =4+ 1i,‘ (1.17)

2

Example 1.21 Find the convolution (f = ¢)(t) when f(t) = t, g(t) = * (t > 0).
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Solution: From the definition of convolutions

t ¢
(f=)t) = f f(0)g(t — 1) dt = f 72t g
0 0
t ¢
0 0

Letu =1, do=e>"dr then du=dt, v=—-je 2. Use integration by parts, we get,

¢ ¢
e2tf wdo = é* ([uv]g - f vdu)
0 0
t t
2t T -2t 1 o
= (|-Zex| - | —zed
e ( 5¢ ]0 fo 5¢ T)

B t e 1_2T]t

= 2+2[2e 0
toetr 1, 1

= 3+5 (37 *3)

_ b1 1y

= T2T1tre

Example 1.22 Use the convolution theorem to find the function f with

1

L(f)=m-

Solution: We know L(t)) = slz and L(e*) = s—%l' From the convolution theorem, we see

L(f) = —— = LOL(E") = L(t +¥)

s%(s — 4)

so that f(t) is the convolution ¢t = e*.

¢
fy = f 7e=0 dr
0

t t
= f tette™ " dr = & f e " dt
0 0

(1.18)



LAPLACE TRANSFORMATION 21

Let U=1, dV =e*drthen dU=dt, V =-}e* . Useintegration by parts, we get

t t
e‘“f UdV:e4f([UV]g—deu)
0 0

toeMr 1,
- _Z+Z[_Ze ]o
Pt 1 1
= i+ 7l
_ b1 1
= 71776 16°

Example 1.23 Find the Laplace transform to one dimensional Heat equation % = 2‘327‘2‘ with

BCS: u(0,t) =0, ub,t)=0,t>0
IC: u(x,0) = 10sin4mnx, 0 <x <5

Solution: Applying Laplace transform in both sides in the equation % = 2%, we get

ou u
5} -2{5)
2
= ZM =sU(x,s) — u(x,0)

dx?
42
= 2PUCS) e 5) — 10 sin 4
dx?
d’u
o FUS) 51106 = —5sindny (1.19)
dx? 2
.. the Laplace transform of the given heat equation is % - 5U(x,s) = —5sin4nx.
Example 1.24 Find the Laplace transform
dx . dy . i
Y= e, I + x = sint. Given that x(0) = 1 and y(0) = 0. (1.20)

Solution: Applying Laplace transform in both equations and using the notations X = L[x;s], Y =
Lly;s], we get, sX —x(0) = Y = L, sY — y(0) + X = . Using the given initial conditions, the

5-17 2+1°
Laplace transform of the given equations is

S
sX-Y = m (121)

X+sY =

S (1.22)
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1.9 Multiple Choice Questions(MCQ)

1. Given that F(S) is the one side Laplace transformation of f (), then Laplace transformation

of L{ fot f (T)d’(} is equals to GATE(CE)-2009
(A)sF(s)- f(0)  (B)IF(s) (O [ f(mdr (D) 1F(s)- £(0)
Ans. (B)
2. If Laplace transformation of f(t) = 1= is equals to
@log(=t)  ®og()  (© log(g) (D) log %
Ans. (A)
1 1
Hint. L{l - = L{l} - L{et} =< iT7" F(s) (say)

L{l_tet} LﬁP(s)ds

1
(=) p)
w
—
[
|
195}
| [ =
[uy
~—
20
@0
I}
—_
@)
aQ
—_—
195}
—_
S—

sint
Tt

(A (— —tan! ) (B)%(% +tan~! s) (@) (% —tan~! s) (D) (— —cot™! )

3. If Laplace transformation of L{ L } is equals to

Ans. (A)
Hint. Since
1
fom] = L
sm s2+1
L{sint} _ foo 1 ds= 2 ytanls = F(s) (say)
t Bl s 2+17 7 2 ) ’

ETR R

4. If L{]o(t)} \/7 then L{]o(St)} is equals to

1 1 D)——
(A V52425 (B) \/524-725 © Vs2-25 (D )\/5275
Ans. (A)

Hint. If L{ f(t)} = (s), then

L fan)
L{jon}

5. Laplace transformation of f(t) , where

-1,1<t<2
f6 = { —t2<t<3
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is equals to

(A) e—sslz _ 26—25512 + e—’:‘»ssl2 (B) e—sslz + 26_255% + e—Passl2
Qe s —2e7%% — 6‘355% (D) e‘sslz —2e5% + %5
Ans. (A) Since
L{ f(t)} = (- 1){H(t _ 1) H(t - 2)} G- t){H(t _2) 4+ H(t - 3)}
- (- l){H(t - 1)} _o(t - 2){H(t - 2)} (- 3){H(t - 3)}
—S 1 —2s 1 —3s 1
= e 5—2 —2e 5_2 +e S_Z
. The Laplace transformation of (#* — 2¢)H(t — 1) is GATE(EE)-98
(A) 2 -2 (B) % -2
2 | 2 2e7% es’s
O F ++ D) & - %

Ans. (D)
Hint. Since L{ ft—a)H(t - a)} = ¢ ™F(s). Therefore

L{(tZ—Zt)H(t—l)} - L{((t—l)z—l)H(t—l)}

S

- L{((t - 1)2)H(t - 1)} - L{H(t - 1)} —e2 o
s s
. Consider the function m, where F(s) is the Laplace transformation of the function f
the initial value of f(t) is equals to GATE(EE)-04
@5 ®3 ©3 OO
Ans. (D)

Hint. By applying initial value theorem

O = lmare) = fim el )
. Consider the function 77—, where F(s) is the Laplace transformation of the function f
the initial value of f(t) is equals to

@2 ®; ©O1 OO

Ans. (C)

Hint. By applying initial value theorem

. . . s?

O = RO =i e

. If Laplace transformation of f(t) is g + szz—jg, Then f(0) is equals to

A5 B)7 o (D)

Ans. (B)

Hint. By applying initial value theorem

. . . 5
lim ) = JimsFe) = ims( +

s 52+9)=5+2=7
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10. If Laplace transformation of f(t) is F (s) = 735 +1) Then f(co) is equals to

11.

12.

13.

14.

A)0 (B)2 O1 (D) o< GATE(ECE)-03
Ans. (B)
Hint. By applying final value theorem

lim f(f) = limsE(s) = li ( 2 )

tg?of =t s(s+1)

If F(s) = 251 Then the initial and final values of f(t) are respectively GATE(ECE)-11

s2+4s+7

(A)0,2 (B)2,0 (©)0,2/7 (D)2/7,0
Ans. (B)
Hint. By applying initial value theorem
. : 2(s+1) ) _
lggf(t) = 11m sF(s) = Sh_)rglos(s2 1 17) "
By applying final value theorem
. o L[ 2s+1)
im f(t) = TimsF(s) = lsl—rgs(sz +4s + 7) -

IfL[f(1)] = s(s++4)' If tll)rglo f() =1, then k is given by
(A)4 (B) zero C)0<k<12 D)5<k<12
Ans. (A)

Hint. By applying final value theorem

lim (1) = lim sF() :hms( ):1 Sk=4

(s> +4)

The Laplace transformation of f(t) is given by F(s) = As t — oo, the value of f(t)

tends to S(S+1) ECE-2003
Ao ®1  ©2 De
Ans. (C)
Hint. By applying final value theorem
1 f) = limsF(s) =1li 2 =
tl»r?of( I (®) _sl—r>rt)ls(s(s+1))_

Use Laplace transformation the value of fow te™! sin tdt is
A) = B) 2 Q) = D) =

Ans. (D)

Hint. Since L{sint} =

52+1

and L{tsint} = —%(#) = (Szi—sl)z = f(s). Now from the

definition of Laplace transformation

2Xx2 4
—st —2t —
f(; f(tydt = f(s) = f tsinte 2dt = f(2) = CEEET
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15. Let y be the solution of the initial value problem
#y

P 6cos2x, y(0)=3, y =1

Let the Laplace transformation of y be F(s). Then the value of F(1) is GATE(MA)-11
17 13 1 9

ANE B2 OF D:

Ans. B)

Hint. Applying Laplace transform in both sides with respect to t in the equation (??),

we obtain {s>F(s) — sy(O) v () + Fs) = & Using the initial conditions, we get,

2+4°
$2F(s) —3s — 1+ F(s) = &, (s? + 1)F(s) = 3s + 1 + 2. Therefore, F(1) =

16. If Y(s) is the Laplace transform of y(t) which is the solution of the initial Value problem

d*y 0,0<t<2m
S +tylt)=1 .
dx? sint, t > 2n

, with y(0) = 1 and y'(0) = 0, then Y(s) equals GATE(MA)-04
A) sy o2ms B) s+l C) n o2ms D) s(1+52)+1
1+s? (1+52)% 1+s? 1+52 (1+52) (1+s%)?
Ans. A)
Hint.

d?y 0, 0<t<2m
S tyt)=1 .
dx? sint, t>2mn

Taking Laplace in both sides

00

PPy(s) = sy(0) — v (0) + y(s) = f e sin tdt

2n
L (P4 D)y) =5 = 0— e (0—1) = y(s) = P
! V1 +s2 / 1+ (1+52)3

17. Given that the Laplace transform, L{e“t f (t)} = F(s —a), s > a, then L{3e5t sin St} =

A) 523510 A) s2 lOs C) sz+105 D) (s— 5)2+25 GATE(AE)-2013
Ans. (D)
5 5 15
Hint. L{sin5t} = L5f't}:>< =
" {sm5} 2425 {36 S A ol ey S P,

18. Given that the Laplace transform, L{e“t f (t)} =F(s —a), s > a, then L{ez‘t cos 3t} =

—3 3
A) (5—53)2+9 A) (s—3s)z+9 O (5-3)2+9 D) = 3)2+16
Ans. (A)

s—3

Hint. L{ cos Bt} = % o L{e3t cos 3t} = Gario

5249
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1.10 Review Exercise

—_

10.

11.
12.

13.

14.

15.

. Prove that L{et cos t sin t} =1

§2-25+5

If L{ f (t)} ==t then prove that by change of scale property

(s—-1)(2s+1)2”
—2s+4
{f( ! } 4(5 + 1)2(5 -1

Use the formula for the Laplace transform of a periodic function with period c: L(f) =
# foc f(t)e™stdt. Prove that —% [—% e™+1)+ %I] is the Laplace transform of a half-

. _J sint sint>0
rectified wave f(t) = { 0 sint <0

Prove that
s[(s* — a® — 1?]

L(coshat cosh bt) = 2= (a—b)2)(s2 — @+ b))

Find the Laplace transform of both sides of the differential equation 2% = 1 with initial

conditions f(0) =
Ans. F(s) = % + 21?]
Find the Laplace transform of both sides of the differential equation y”" —4y’ + 3y = 6t -8
with initial conditions y(O) y(©0)=0
Ans. Y = 52(s? 64s+3) s(s2— 4s+3)
Find the Laplace transform t y”’ + iy’ + ty = Owith y = 1and ¥’ = 0 when f = 0.
Ans. (s> + 1)dY(S) +5Y(s) =0].
Find the Laplace transform of Jo(t) by using IVP.
Ans. L{] O(t)} \/274—1
Ju(t)

Hint. J,(t) is the solution of Bessel function of order n i.e. i,‘”ldt2 + td]"(t) +(t>=n?)],(t) = 0.

Find the Laplace transform of ¢/,(t) by using IVP. Ans. L{tJi(t)} = - 1) .

Using Laplace transform, show that f te S sintdt = >
0

Show that L{e % (3 cos 6t — 5sin 6t)} = 5222

) s2+45+40°
Given that L{s} = tan~!(1), find L{s8%},
Ans. L{s04} = tan~(2).

t (o]
If f(t) = f%du, show that L{f(#)} = %fG(u)du where G(u fg(u)e ut gy
0 s
If f(t) = f%du, show that L{f(H)} = 1 [ G(u)du where G(u fg(u)e—utdt
t 0

t

Evaluate L{ f Si%du} by the help of Initial Value Theorem.

0
t

Ans. L{f sndgy) = Ltan71(1).
0



Chapter 2

Inverse Laplace Transformation

2.1 Introduction

In this chapter, we have presented the formal definition of inverse Laplace transform. The
basic operational properties of the inverse Laplace transforms including convolution theorem
are discussed in detail. Also, the solution of the differential equation can be obtained by
determining the inverse Laplace transform. The chapter is systematically developed with
proper examples.

Definition 2.1 Inverse Laplace Transformation: If Laplace transform F(s) of the function f
int, ieF(s) = L{ f (t)}, the inverse Laplace transform is f(t) = L™ {F(s)} where L‘l{F(s)} is the

inverse operator of the Laplace transform i.e. it restores the Laplace transform to the original
function. Examples are,

I
N
2
Y
.
o
L

= sinat, L~ } = cosat
a

2 — g2

L‘l{ a } = sinhat, L! L}:coshat‘

L Lil{ > }—coshat
T I(n+1) 2—a2)

Definition 2.2 Null Functions and Uniqueness We define a null function N in t as one for

which fOT N(t)dt = 0 for all positive T. A null function cannot be a continuous function unless
it vanishes for all + > 0. A theorem due to Lerch states that if L{f(t)} = F(s) = L{g(#)} then

f() = g(t) = N().
Consequently, given F(s) for which we find a continuous inverse f(t) over a given closed
interval, this function is the unique continuous solution for the inverse over that interval.

2.2 Properties of Inverse Laplace transformation

Property 2.1 Linear property of Inverse Laplace Transformation:

If L’l{Fl(s)} - fi(®), and L’l{Fg(s)} = fo(#), then L’l{chl(s) ; cze(s)} = cLfilt) + 2 fold).
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Proof: Since L*l{Fl(s)} — (), and L’l{Fz(s)} = f(t), then L{ fl(t)} — Fy(s) and L{ fz(t)} -
Fx(s).
SO/L{lel(t) + szz(f))} = C1L{f1(t))} + CzL{fz(f))} = c1F1(s) + c2F2(s)

= L‘l{chl(s) + cze(s)} =c1fi(t) +c2fa(t)  (Hence proved)

Property 2.2 Shifting property of Inverse Laplace Transformation:
1f L’l{F(s)} — f(t), then L1 {F(s - a)} ot f(t)

Proof: Since L_l{F(s)} = f(), then L{ f (t)} = F(s). By first shifting property, we know that
L{e”tf(t)} =F(s—a) = L‘l{F(s - a)} = e‘”f(t) (Hence proved)

Property 2.3 Change of scale of Inverse Laplace Transformation:

Tf L-l{F(s)} = f(¢), then L-l{F(as)} =1 f(g)

Proof: Since L‘l{F(s)} f(t), then L{ f(t)} F(s)
(

LA Sl - () -
|

Hence, L‘l{F(as)} = % (L—tl (Hence proved)

2.3 Operational Rules of Inverse Laplace Transforms

Theorem 2.1 Multiplication by s":
If L’l{l—"(s)} = f(t), and £(0) = 0, then L-! {sF(s)} - £

Proof: Since L‘l{F(s)} = f(t), then L{ f(t)} = F(s). Therefore

L{ f’(t)} — sF(s) — f(0) =sF(s),  Since f(0) =

= L_l{sF(s)} = f'(t) (Hence proved)

Example 2.1 Find
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Solution:
Since L—l{F(s)} - ft
1 #
S 175} = I
“{rigl =<
(s+1)° 41
it
fty=e a

Also we have L{f’(t)} =sF(s) — f(0)

SO’L_l{(stS}:;t{ 4'} o=

1
= Z(fz‘télt3 —e'tt) =

Theorem 2.2 Division by s:
If L*l{P(s)} = £(t), then 1:1{%5)} = [ flupdu

Proof: Let ¢(f) = [ f(u)du. Therefore ¢'(H) = f(t) and ¢(0) = 0. I L~ { } F(t), then

L{f(t)} = F(s). Therefore

Lo/} = 526) - 6(0) = 5009)
N L{ f(t)} = sD(s) = @ - L{q>(t)}
{F(s)

=L

¢(t)—ff(u)du (Hence proved)

Theorem 2.3 Inverse Laplace Transformation of Integral:

It L‘l{F(s)} = f(t), then L~ { [~ F(u)du} -
Proof: Since L—l{F(s)} — £(t), then L{ f(t)} _ F(s). Therefore

L{@} = fswl—“(u)du

:>L_1{f F(u)du } f() (Hence proved)

Theorem 2.4 Convolution Theorem:

If Lil{F (5)} = f(t), and L*l{G(s)} = g(t) then L*l{l-"(s) : G(s)} = f() * g(t) = [ flu— gyt
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Proof. From the definition of the Laplace transform, we know that

[ f ) f(he™tdt] [ f ) g(v)e™"do]
f f e~ £(1) g (0)dt do
ﬁ Ol f e f(v) dv}d

Let t + v = u in the inner integral. Then

F(S)G(S)ZL g(t){f e f(u —t)du} dt

Then we have F(s) G(s) = foo fu e f(u—t)g(t)dtydu

=f S“ffu—t )g(t) dt} d ff(u—t)g(t)dt u]

Using inverse Laplace transform, we get L—l{F(s) - G(s)} = F(t) % g(t) = f Fu - gyt
0

F(s) G(s)

24 Worked Out Examples
Example 2.2 Applying Convolution theorem, verify that
t
. . 1 .
sint % cost = f sinu cos(t — u)du = Etsmt
0

Solution: Let f(t) = sint, g(t) = cost. Then L[sint] = ﬁ = F(s), LIg(H)] = 2°5 = G(s).
By convolution theorem, L‘l[F(s) . G(s)] =fxg= fot f(u)g(t — u)du.

¢
. ] s
fo sinucos(t—u)du = L [ = 1)2]

udu
= tL7! 2.1
f (u2+1)2 @1)
“u < 2udu
" gy = = _Lrar
Now fs w2+ 1™ 2 L w@r1p
B llun B 2udu
- 2 B s (1/[2+].)2
= Lim[- 2 ]3_1;
T 2Bl w2+1l 2s82+1
“ udu t 1 1
I AN [ N W 2
L 2ty 27 @+l =2 22)
t
1
From (2.1)-(2.2), we get, f sinu cos(t — u)du = Etsint. Hence verified. (2.3)
0
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Example 2.3 Evaluate by Convolution theorem, L™ [m]

Solution: Let L’l[(si—z)] =e? = f(b), Ifl[ﬁ] =sint = g(f).

L_l[m] - 4[&2)&%]
= f(t)*g(t)

¢ ¢
= f f)g(t —u)du = f e sin(t — u)du

0 0

t

= f 62“{ sintcosu — cost sin u}du

0

t t
= sintf e* cos udu — cos tf e sin udu
0 0

1
= g[em —2sint — cos t]

X

ﬁ(asinbx—bcosbx)+c & fe“xcosbxdx = /ﬂi—m(acosbx+bsinbx)+c]

[Note f ¢ gin bxdx = =&

Example 2.4 Apply Convolution theorem to evaluate L‘l{m}.

1 1 1
Solution: L) 3 557 5 @+5+5) @r2s+5) L \FOFE
1
here F(s) = —————
where F(s) 212575
so f(t) = L—%ﬁ}, [By applying the inverse of Laplace Transform]

_ 1 L 1 . \prs
- L 1{m} =e¢'L 1{m}, [ by First shifting property]

ot sin 2t
2
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By convolution theorem,

L—l{F(s) . F(s)}

[ s
)

f(w)
=) s

1
-y :
(s2+s+5)? 0 !

—t t

= e_f sin2u - sin2(t — u) du
4 Jo
L cosa d

= — .- —2t) — cos2
1 2](; [cos( u — 2t) — cos t] u
e~trsin(4u — 2t) !

= | cos2t
| ) 1 Cos ]0
et [sin(2t) sin(—2t)

_e'Tsin(2t)

= 31 —tcosZt]

Example 2.5 Prove that the n-fold repeated integral

[ [ [ reaer= [T

Solution: L{ ]: f(E)ch} - 1?

t t L t é dé .
L fo { fo f(é)dé}dg}: M _F)

)
and 1 f f f fede) =2

Now, L’l{P(s)} f(t)and L™ { } = (; = g(f) (say). Hence by convolution theorem,

vH{ro-cof = soxs0= [ Pt o
o) - [

From the equations (2.4) and (2.5), we have fot fot “ee fot f(E)EE)' = Ot %dx.

Example 2.6 For the Beta function B defined by

1
B(m, n) = f X" 11 - x)"dx,m>0,n>0
0

L(m)I(n)
T(m+n) *

prove that B(m,n) =

(2.4)

(2.5)
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Proof: Let M(t) = fot x"1(t — x)""1dx and using the convolution rule we have

L{M(t)} - L{ f U x)"-ldx}
0
= L{t’”_l} -L{t”‘l} = % . Fs(nn),m >0,n>0
_ I'(m)-T'(n)
SHH—I’!

Taking the inverse transform, we get M(t) = %t’”*”‘l = fot x"1(t — x)""dx. Hence putting
t =1, we get M(1) = B(m,n) = T

T'(m+n) *

Solution of differential equations by Laplace Transform:

Example 2.7 Solve the equation using the Laplace transform method
Yy’ +4y’ +8y = cos 2t (2.6)

Given that y =2 and y’ = 1 when t = 0.

Solution: Applying Laplace transform in both sides with respect to t in the equation (2.6), we
obtain {s?Y(s) — sy(0) — i’ (0)} + 4{sY(s) — y(0)} + 8Y(s) = 7 Using the initial conditions, we get,
s2Y(s) —2s—1+4sY(s) — 8+ 8Y(s) = 7 or (s> +4s+8)Y(s) = 25 +25+9.

s2+4

1 s 1 1 1 (s+2)-2
Therefore Y(s) = 20 2+4 57 F+4 20><(s+2)2+22

1 2s+2)—4 9
(s+22+22 (s+2)2+22 (s+2)2+22

2 X
5
Taking the inverse Laplace transform, we obtain

1 1 1 1
Therefore y(t) = 35 %08 2t + T sin 2t — Ee‘” cos 2t + 2—06_2t sin 2t

2 9
- Ee_” sin 2t + 2¢ 2 cos 2t — 2¢ % sin 2t + Ee_Zt sin 2t

On simplification, we get y(t) = %(39 cos 2t + 47 sin 2t)) + zl—o(cos 2t + 2sin 2t).

Example 2.8 Solve the equation using the Laplace transform method

ty" +y +ty=0 (2.7)
Given that y =1 and y' = 0 when ¢ = 0.

Solution: Applying Laplace transform in both sides with respect to ¢ in the equation (2.7), we
obtain —4{s?Y(s) — sy(0) — y'(0)} + {sY(s) — y(0)} — £{Y(s)} = 0. Using the initial conditions,
we get, —L{s2Y(s) — s} + {sY(s) — 1} - MO = 0 or (2 + 1)% +5Y(s) = 0 which is a first

ds
order ODE. Integrating, we get In Y(s) + % In(s>+1) = Incor Y(s) = «/siﬁ Taking the inverse
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Laplace transform, we obtain y(t) = c Jo(t), where Jo(t) is a Bessel function of order zero. Since
y(0) =1 = ¢ Jo(0) = ¢, the required solution is y(t) = Jo(t).

Example 2.9 Solve the simultaneous equations using the Laplace transform method

dx o, dy .
i =&, E+x—smt (2.8)

Given that x(0) = 1 and y(0) = 0.

Solution: Applying Laplace transform in both equations and using the notation Y = L[y;s],,
we get, sX-x(0)-Y =2, sY —y(0) + X = Z5. Using the given initial conditions, the
above equations reduce to

S

X-Y-= 2.9
s p— (2.9)
1
X+sY=——— 2.10
T e (210
Solving equations (2.9) and (2.10), we get
s 1
X = +
(s=1)(s*+1) (s> +1)?
1,1 s 1 1
= = 2.11
iterite) ey @11)
y - s L5 s
(s—1)(s2+1) (s2+1)2 s-1
s 1,1 s 1
= - = - 2.12
@r17 2G-1 1t ae1) 212)
Again, taking the inverse Laplace transform of (2.11), we obtain
1, . .
x(t) = E[e + cos t+sin t + (sin t — f cos t)] (2.13)
Again, taking the inverse Laplace transform of (2.12), we obtain
1. . ¢ .
y(t) = E[t sin t —¢' + cos t —sin t] (2.14)
Equations (2.13) and (2.14) constitute the solution of the given system.
Example 2.10 Solve one dimensional wave equation
*u ,0%u
— = = 2.15
o ~ or @15)
Subject to the
du
ICS: u(x,0) =0, E(x, 0)=0,x>0 (2.16)

BCS: u(0,t) = F(t), u(x,t) - 0,asx - o, £ >0 (2.17)
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Solution: Applying Laplace transform in both sides with respect to t in the equation (2.15), we

get
u ’u
Y5} =5z
2
= czm = s*U(x, s) — su(x, 0) — us(x, 0)[Where L{u(x, t)} = U(x, s)]

dx?
d?U(x, 2
= ﬂ =2 U(x, s) [From the given conditions] (2.18)
dx? c? ‘ ‘
Solving the equation (2.18),we get U(x,s) = Ae<* + Be™* (2.19)
Since u(0,t) = F(t), u(x,t) — 0 asx — oo, t > 0. Their Laplace Transformations are
U(0,s) = f(s) [where L{F(t)} = f(s)] (2.20)
U(x,s) = 0 asx — oo (2.21)
From the equations (2.19) and (2.20), we get A + B = f(s) (2.22)
From the equations (2.19) and (2.21), we get A =0 (2.23)
Solving (2.22) and (2.23), we get B = f(s) (2.24)
Now from (2.19), we get U(x,s) = f (s)e™ ¥ (2.25)
Taking inverse Laplace Transformation, we get the general solution as
_ - _ -1 s ] FE=3), £2520
u(x,t) = L {U(x,s)} =L {f(s)e } —{ 0, F<t
X X X 1, t2220
= F(t - E)H(t - E), where H(t - E) = { 0’ t< E
Example 2.11 Solve one dimensional wave equation
*u ,0%u
ZE = - 2.2
2 - o (2.26)
Subject to the
BCS: u(0,t) =0, u(1,6)=0,t>0 (2.27)
ICS: u(x,0) = sin 7x, uy(x,0) = —sinmx, 0 <x < 1 (2.28)

Solution: Applying Laplace transform in both sides in the equation (2.26), we get

Pu\ _ (Pu *U(x,s)
L{ﬁ} = L{ﬁ} = e - s“U(x, s) — su(x,0) — u(x,0)

d*U(x,
= dg(:zc—s) = sU(x,s) — ssin7x + sintx = s2U(x, s) + (1 — s) sin 7x (229)

(1 —s)sinmx

Solving the equation (2.29), we get U(x,s) = Ae™* + Be™ — " (2.30)
Since u(0,t) = 0,u(1,t) = 0,t > 0. Their LT are U(0,s) =0 (2.31)
and U(1,s) =0 (2.32)
From the equations (2.30) and (2.31), we getA+ B =0 (2.33)

From the equations (2.30) and (2.32), we get Ae® + Be™* =0 (2.34)
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Solving (2.33) and (2.34), we get, A = B = 0 and so, U(x,s) = _{-gsinmx |

2452
Taking inverse Laplace Transformation, we get the general solution as

u(x, t)

L‘l{l,l(x,s)} = sin TDC[L_l{ 2 i_ 52} - L_l{ﬁ}]

sin nt]

=u(x,t) = sinnx[cosnt—

Example 2.12 Solve one dimensional Heat equation

u *u
= = == 2.
ot 0x2 (2.35)
Subject to the
BCS: u,t)=1Lul,t)=1, t>0 (2.36)
IC: u(x,0)=1+sinmx, 0 <x <1 (2.37)
Solution: Applying Laplace transform in both sides in the equation (2.35), we get
du u d*U(x, s)
L{E} = L{ﬁ} = Qe - sU(x,s) — u(x,0)
2
= % =sU(x,s) — 1 —sinmnx
2
o PUES)  1es) = —(1 + sin ) (2.38)
dx?
1 s
Solving the equation (2.38), we get U(x,s) = Ae V** + Be™ V¥ + St :?fz (2.39)
Since u(0,t) = 1,u(1,t) = 1,t > 0. Their LT are U(0,s) = - (2.40)
and U(1,s) = % (2.41)
1 1
From the equations (2.39) and (2.40), we get A + B + il (2.42)
. N v, 11
From the equations (2.39) and (2.41), we get Ae¥* + Be™ V* + I3 (2.43)
Solving (2.42) and (2.43), we get A = B = 0and so U(x,s) = % + :?fz (2.44)

Taking inverse Laplace Transformation, we get the general solution as

u(x,t) = L‘l{U(x, S)} _ L_l{é} N L_l{sin nx}

2 +s

Su(x,t) = 1+sinmxe ™!
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Example 2.13 Solve one dimensional Heat equation

du *u

ot Tox?
Subject to the
BCS: u(0,t) =0, u5,t)=0,t>0
IC: u(x,0) = 10sin4mx, 0 < x <5

Solution: Applying Laplace transform in both sides in the equation (2.45), we get

u 821/[ dZu(x’ S)

L{E} a ZL{ﬁ} =2 dx2 = Su(x/ S) - u(x, 0)
2
= zd He, S‘) =sU(x,s) — 10sin4mx
dx?

d*U(x,s) s

a4 “\s) s — _5sind
= ) ZU(X,S) 5sin4mnx

Solving the equation (2.48), we get U(x,s) = Ae\/%_x + Be™
Since u(0,t) = 0,u(5,t) = 0,¢t > 0. Their LT are U(0,s) = 0
and U(5,s) =0

From the equations (2.49) and (2.50), we get A+ B =0

3212 +s

From the equations (2.49) and (2.51), we get Ae V35 + Be™ Vi5 - 0
Solving (2.52) and (2.53), we get A=B =0
10 sin4mx
32m% +s
Taking inverse Laplace Transformation, we get the general solution as

So from (2.49), we get U(x, s) =

u(x, ) Ijl{ll(x,s)} = (10sin 4nx)L’1{ ! }

3212 +s

= u(x,t) = 10sin4mxe "1,

Example 2.14 Using the Laplace transform solve the differential equation

f"—4f +3f=1
with initial conditions f(0) = f’(0) = 0.

Vix N (10 sin47x)

(2.45)

(2.46)
(2.47)

(2.48)

(2.49)

(2.50)
(2.51)
(2.52)

(2.53)
(2.54)

(2.55)

(2.56)

Solution: First, take the Laplace transform of the equation. Since f'(0) = f(0) = 0, if L(f) = F(s)

then L(f") = sF(s) and L(f”’) = s*F(s). Thus, the subsidiary equation is

1
st—4sF+3F=%andso(sz—4s+3)13= S

1 1 1
F= gm and SiI’lCGS2 —4s+3 = (S - 3)(5 - 1), this giVQS F= m
Before we can invert this, we need to do a partial fraction expansion.
1 A B C

t—= A(s—3)(s—1)+Bs(s—1)+Cs(s—-3) =1

s(s=3)(s—1) =§+m s—1
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So substitutingins =0 we get A =1/3,s =3 gives B=1/6 and s = 1 gives C = —1/2. Hence

1 1 1

F= st 6623  26-1

and taking inverse LT we get,

_1 15 1
f(t)—3+6e 26

Example 2.15 Using the Laplace transform solve the differential equation
f—4f +3f =2¢ (2.57)
with initial conditions f(0) = f’(0) = 0.

Solution: This time we have L(2¢') = 2/(s — 1) on the right hand side. This means that the
subsidiary equation is

2 2
(s?—4s+3)F=——  soF

] @5

We need to do partial fractions again, but this is one of those cases with a repeated root:

1 A B C 2
G-126-3) 5-1 + 1) + p— = As-1)(s-3)+B(s-3)+C(s—-1)"=1 (2.59)
Sos =1gives B=—-1/2and s = 3 gives C = 1/4. No value of s gives A on its own, so wee try
s=2 11
1=-A+-+-
T27

which means that A = —1/4. Hence

I S SR |
26-1) (-12  2(5-23)

=

and taking inverse LT, we get,

1 1
ft) = —Eet —tel + §e3t

Example 2.16 Using the Laplace transform solve the differential equation

fr=4f +3f=0 (2.60)
with initial conditions f(0) = 1 and f’(0) = 1.
Solution: In this example there are non-zero boundary conditions. Since

L(f) = sF-f(0) (2.61)
L(f") = sF=sf(0)~ f'(0) (2.62)

the subsidiary equation in this case is

’F—s5—1—-4sF+4+3F=0  so(s*—4s+3)F=s-3.

1
Hence F = o1 and taking LT, we get, f(t) = ¢'
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Example 2.17 Using the Laplace transform solve the differential equation
Y’ —2ay +a’y =0 (2.63)
with initial conditions y’(0) = 1 and y(0) = 0. a is some real constant.

Solution: Taking the Laplace transform we get

1
(s —a)

SY-1-2aY +a*Y=0= Y = (2.64)

Taking Inverse Laplace tranformation, we get, y = te” (2.65)

Example 2.18 Using the Laplace transform solve the differential equation
f// + f/ _ 6f — ef3t (266)

with initial conditions f(0) = f’(0) = 0.

Solution: So, the subsidiary equation is s2F + sF — 6F = % = F(s) = _(S+3)%(s—2)' We do partial
fractions
1 A B C
= + + = A6 +3)(s=2)+B(s=2)+C(s+3)>=1 267
(s+3)%(s—2) s+3 (s+3)> s-2 (s +3)(s =2) + B(s = 2) + C(s +3) (2.67)

Taking s = -3 gives B = —1/5 and s = 2 gives C = 1/25. Putting in s = 1 we find

1 16
A+ -+ —-=1 A =-1/25. 2.
+5+25 and so /25 (2.68)
1 1 1
Putting the val fA F(s) = — - 2.
utting the values of A, B, C, we get F(s) 35G613) 56137 + 35G6-2) (2.69)
1 1
Taking Inverse Laplace transformation, we get, f(t) = —Ee_3t - ée_3t + %eﬂ (2.70)
Example 2.19 Using the Laplace transform solve the differential equation
f"+6f +13f=0 (2.71)
with initial conditions f(0) = 0 and f’(0) = 1.
Solution: Taking the Laplace transform of the equation we get,
1
F-1+6sF+13F=0=F = 5——. 2.72
i 6E+BF=0=F= e+ 13 272)
Now, using minus b plus or minus the square root of b squared minus four a c all over two a,
we get
P65 +13=0m s 0E V6752 “236_52=—34_rzi 2.73)
which means s? + 65 + 13 = (s + 3 — 2i)(s + 3 + 2i) (2.74)
Next, we do the partial fraction expansion,
1 A B
= A(s+3+2i)+B(s+3-2i)=1. (2.75)

2+65+13 s+3-21 s+3+2
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Therefore we choose s = -3+ 2itoget A= £ = —fands = -3 -2itoget B= -1 = { and so

i1 i1
P32t 1513+ (2.76)

Then by taking inverse Laplace transform, we get

—3t(e—21t

1
flh=- 46‘(3 2 4 4e‘<3+2’>t ) = s sin2t 2.77)

4

Example 2.20 Using the Laplace transform solve the differential equation
f’+6f +13f =¢ (2.78)
with initial conditions f(0) = 0 and f’(0) = 0

Solution: Taking the Laplace transform of the equation gives

1 1
F+6sF+13F = —— = F = . 2.79
sEr6sE+13F = 9 = P = e 3 )+ 3-2) 279)

1 B A N B N C
(s—1)(s+3+2i)(s+3-2i) s+3-2i s+3+2 s—1
= A(s—1)(s+3+2))+B(s—1)(s+3-2))+C(s+3-2i)(s+3+2i)=1.

We wrrite,

Putting s = =3 + 2i we get A(—4 + 2i)(4i)) = A(-8 - 16i) =1s0 A = 8+161 = ﬁ% = —11—02".

In the same way, s = -3 — 2i leads to B = — 1% 2’ and finally, s = 1 gives C = 5;. Putting all this
together we get
1+2i 1 1-2i 1 1 1
F(s) = - - — 2.80
()=""10 533-2 40 s+3+2i T 205-1 (2:80)
1+2i e 1-2i ; 1
- -(3-2) _ —@+20t , L
and so f(t) 40 10 e + 206
1
_ _t 2it -2it t
= - e [@+ 20 + (1 - 2072 + 55¢ (2.81)

We then substitute in 62” = cos2t + isin2t, e72 = cos2t —isin2t to end up with f(t) =
3~ [2sin 2t — cos 2t] +

Example 2.21 Use Laplace transform methods to solve the differential equation

O<t<c

f// + 2f’ _ 3f = { (1): ¢ Z_C (282)

subject to the initial conditions f(0) = f'(0) =0

Solution: Taking Laplace transforms of both sides and using the tables for the Laplace transform
of the right hand side function, leads to

1—e 1—e
2 — = =
(s“+2s—3)F =F N
1 A B C
— _ pCs e — _ pCs . - - 2
(1-e )s(s—l)(s+3) (1-e )(s +s—1+s+3) 283)
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Concentrating on the partial fractions part, we have

1 A B C
sG-1)(+3) —g+s_l+S+3=>A(s—1)(s+3)+Bs(s+3)+Cs(s—1)—1
s=0: -3A=1 :>A:—%
s=1: 0+4B+0=1 :B:i
1
s=3:  0+012C=1 =C=o

11 1 1 1 1
_ —e S o — 4
Hence we have F=(1-e )( 3S+45_1+125+3)

1 1 1 11 1 1 1 1
From the tables, we know that L (—— + et - —e_St)

372 0% )T T3 T as—1 T 125+
and then using the second shift theorem
1 1, 1 ( 1 14y, 1 —3(t—c))
f) = T Hc(t) R GRET T (2.84)

Example 2.22 Use Laplace transform methods to solve the differential equation

0, 0<t<1
f"+2f =3f=<1, 1<t<2 (2.85)
0, t=>2

subject to the initial conditions f(0) = 0 and f’(0) = 0.

Solution: Remember the definition of the Heaviside function:

Ha(t) = { 5 s (2.86)

so the Heaviside function is zero until 2 and then it is one. The right hand side is zero until
t = 1 and then it is one until ¢t = 2 and then it is zero again. Consider H;(t) — H»(t), this is zero
until you reach t = 1, then the first Heaviside function switches on, the other one remains zero.
Things stay like this until you reach ¢ = 2, then the second Heaviside function switches on as
well and you get 1 —1 = 0. Thus

0, 0<t<1
Hi()—Ha(t) =4 1, 1<t<2 (2.87)
0, t=2
Now, using
L(H, (1) = © (2.89)
we take the Laplace transform of the differential equation:
2 _ _i_e_zs _; -5 _ =25
SF+25F=3F = — — — = F(s) = S(S_l)(s+3)(e e )
1 1 1 1
N have that —— = —— + +
owwehave At S +3) 3s  4s-1)  12( +3)

1 1, 1 1 1 1
dwek thtL(—— e —‘3*)=—-
and we know tha 3726 T ¢ 37461 12643
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In other word, if it wasn’t for the exponentials we’d know the little f. However, we know from
the second shift theorem that the affect of the exponential ™ is to change t to t — a and to
introduce an overall factor of H,(t). Thus

_ 11, 1 —3t+3)_ (_1 1,, 1 —3t+6)
f(t)—Hl(t)( 3+4e +12€ H»(t) 3+4e +12e .

Example 2.23 Use Laplace transform methods to solve the differential equation
f+2f =3f=0(t-1) (2.89)
subject to the initial conditions f(0) = 0 and f’(0) = 1.
Solution: We take the Laplace transform using
Lo(t—a)=e® = (s>+25s—3)F-1=¢"" (2.90)

Now, if we do partial fractions on 1/(s? + 2s — 3) we get

1 1 1
=- + 2.91
s2+25s—3 4s+3) 4(s-1) (2:91)
HenceF = |- ! + ! 1+e™) (2.92)
"\ 4G+3) 4(s-1) ’
1 1 1 1
ince L[—~e™ —f)=— 2.
Since ( 46 +4e 4(s+3)+4(s—1) (2.93)
then, by the second shift theorem we have
(1 1 f) (_1 343, 1 H)
f—( 4e + 46 + Hq(t) 46 + 46 (2.94)
Example 2.24 Consider the Laplace transform to solve
f7+2f'+5f=1 (2.95)
with initial conditions f(0) = f’(0) = 0.
Solution: Taking the Laplace transform of each side we get
(52+25+5)F—1$F—; (2.96)
T s  5(s2 + 25+ 5) '
We now need to factorize s> + 2s + 5. Solving using the formula gives
5= ‘Zif V420 _ 1,0 (2.97)
S0 82 +25+5 = (s + 1 +2i)(s + 1 — 2i) (2.98)

Next, partial fractions. This part is no different from the examples without complex numbers,

but it is trickier.
1 A B C

= — 4 +
s(s+1—-2)(s+1+2)) s s+1-2i s+1+2i

(2.99)
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Multiplying across by the denominator gives
AGs+1-2i)(s+1+2i))+Bs(s+1+2)+Cs(s+1-2i) =1 (2.100)

Choosing s = 0 gives 1 = 5A and hence A = 1/5. Next, s = =1 + 2i gives 1 = B(—1 + 2i)(4i) =
—8 —4i s0 B = —glp;. Finally, s = —1 — 2i gives C(~1 — 2i)(—4i) = -8 + 4i = 1 giving C = —g.

Putting all this together we get

1 1 1 1 1
P S " Braisvi-2 B disti+ai (2.101)

and, using the tables, this gives

f — é _ 3 —i 4ie—(1—21)t _ ﬁe—(1+21)t (2102)
Although this does tell us what f is, it does it in a complicated way. For a start, this makes it
look like f is complex, when we know that f satisfies a real differential equation and should
be real. To rewrite this in a real form we need to do two things, we change the fractions with
complex numbers on the bottom to fractions with complex numbers on the top and we expand
the exponentials using the formula

cos 0 +isin O
—i0 cosB —isin6 (2.103)

Y
Y
1

Note that the second of these formulas follows from the first using

cos(—60) = cosfB
sin(-0) = —sinB (2.104)

First the fractions, remember there is a standard method for dividing by a complex number:
you multiply above and below by the conjugate. Hence

1 1 8-4i

8+4i 8+4i8—4i (2.105)

which makes sense because the second fraction is equal to one. Now
(8 +4i)(8 — 4i) = 8” — (4i)* = 64 + 16 = 80 (2.106)
and so 1 _8-4 = 21 (2.107)

8+4i 80 20
You can do the same with the other complex fraction, it is quicker just to note it is the same as
the one we just did except the sign of i is different, so,
1 8+4i 2+i
8+4 80 20

NOW we have f(t) = % — Z__ie_(l—zi)t _ Z_He_(l+2i)[

20 20
and so f(f,‘) = 1 _ l [(2 _ l‘)e%t _ (2 + i)e—Zit] e—t
5 20
Le. f(t) = é - % [(2 - i)(cos 2t +isin 2t) — (2 + i)(cos 2t + isin 2t)] e”*

1
or f(t) = = — E(Z cos 2t + sin 2t)e™

1
5
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Example 2.25 Use the Laplace transform to solve the differential equation:

ef df
— +2— 1+ 2f =1 2.1
Tz T2yt f (2.108)
L . af
with initial conditions f(0) = E(O) =0.
Solution: Taking the Laplace transform of both sides we get.
1 1
2
25+2)F === F(s) = —5——7—— 2.109
(5" +25+2) s:' ©) s(s2 + 2s + 2) ( )
and we can factor the denominator using the roots
s -2+ V4-38 _ -2+ V-4 e VT 14
2 2
of the quadratic. So complex partial fractions take the form
E B 1 _A N B C
a s6—(=1+i)s—(-1-1) s s+1—-i s+1+i
= A(s+1—-i)(s+1+i)+Bs(s+1+i)+Cs(s+1-1)=1
= A(s® +25+2) +Bs(s + 1 +1i) + Cs(s + 1 — i)
Putting s=0: 2A=1 :A:%
Putting s=-1+i: 0+B(-1+9)(i)+0=2B(-i—-1)=-2(1+i)B=1 (2.110)
N B 1 _ 1-1
T 21 +4) 2 +40)(1-d)
R ek S
- 4 4 4
Putting s=-1-i: 0+0+C(-1-9)(-2))+0=2C(i—-1)=2(-1+7)C=1
c B 1 B -1-i
B 2(-1+14)  2(-1+i)(=1-1)
: 1+di 1 i
- 4 4 4
= B
11 1 i 1 1 i 1
I Y Frn i o B e e @11D
Using inverse Laplace transform, we have
1 1 i , 1 i .
- = _ ) (14t S PN G Bl
0 = g+(-grg)e e (3-g)e

1 i - 1 i ,
S e

1 i 1 i
+ (—— + 1)e_t(cost +isint) + (_Z - i)e_t(cost —isint)

—t —t

t

_e
2

1
2
1
2
1
2
1 .
5 (cost +sint)

e . , e . .. .
+ I(—cost—sint—zsmt+zcost)+ Z(—cost—smt+zsmt—1cost)

(2.112)
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Example 2.26 Consider the differential equation:

0 t<3
f"+f —-6f=3 2 3<t<5 (2.113)
0 5<t

with initial conditions f(0) = f”(0) = 0.

Solution: The first thing to do is to rewrite the right hand side in terms of the Heaviside
function. The key point is that the Heaviside function H,(t) is zero until you get to a and then
it is one after that. Now the function on the right hand side is zero until we get to three and
then it is two, so it behaves like 2H3(t), however, at five it goes back down to zero, so we have
to take away 2H5(t), in short:

0 t<3
2H3(t) —2Hs5() =4 2 3<t<5 (2.114)
0 5<t

The first Heaviside function switches on at t = 3 and brings you up to two, the second switches
on at five and brings you back down to zero.

Now, the differential equation is
f” + f —6f =2H;3(t) — 2Hs(t) (2.115)

with f(0) = f’(0) = 0 and we take the Laplace transform of both sides:

$2F + sF — 6F = % (7 —e™) (2.116)
or
F= m (e —e™™) (2.117)
Now, partial fractions has
m:_%-kéﬁ-kéﬁ (2.118)
Now,
- % + %% + %S}—z = L(—% + %e‘3t + %eZt) (2.119)

Now, in the expression for F this gets multiplied by various exponential factors, the effect of
this is to delay the answer:

fe(-g+ e %eZt‘6)H3(t) " (—% b %eZHO)H5(t) (2120)

Now, here is a similar problem, but with a Dirac delta function:
"+ f —6f=05(t—-4) (2.121)
with f(0) = f’(0) = 0. Using L[56(f — a)] = e this gives

s?F + sF — 6F = ¢* (2.122)
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or

645

By partial fractions we have

1 11 11 1, 1
L T —3t) 2.124
5+3)(5-2) 55-2 5543 (56 5° (2.124)

so, the ¢* causes a delay of four and we have f(t) = (%eZt‘S - %E_SHH) Hy(t).

Example 2.27 Consider

y' =4y +3y=6t-8 (2.125)
with initial conditions y(0) = y’(0) = 0.
Solution: If we write Y = L(y) the Laplace transform is

sZY—4sY+3Y:g—§=>(sz—4s+3)Y: s _
2 s 2

_ 6 8
Cs2(s2—4s+3)  s(s2 —4s+3)

« |

=Y

(2.126)

Now we have to put this into a form which allows us to take the inverse transform. The second
term isn’t so bad. Since s> —4s + 3 = (s — 1)(s — 3) we write
1 A B C
_— = - —  — -1)(s-3)A -3)B -1HC=1 2.127
G-DE-3) s+S_1+S_3=:»(s )s—3)A+s(s—3)B+s(s—1)C ( )
Thus, choosing s = 0 gives A = 1/3, s = 1 gives B = —1/2 and choosing s = 3 gives C = 1/6.
Thus

1 1 1 1
- = _ + 2.128
s(s2—4s+3) 3s 2(s—-1) 6(s—23) ( )
The other expansion is harder because it has a repeated root: in
! (2.129)

s2(s —1)(s — 3)

the s factor appears as a square. To deal with this you have to include a 1/s term and a 1/s?
term in the partial fraction expansion.

1 —A+B+ C N D
2(s-1)(s-3) s 2 s—1 s-3
=565-1)(s-3)A+(s-1)(s=3)B+s*(s—3)C+s*(s—1)D=1

Now taking s = 0 gives B = 1/3,s = 1 gives C = —=1/2 and s = 3 gives D = 1/18. There is no
convenient choice of s that gives A on its own, so we just substitute in any other value, s = 2
say and by putting in the values of B, C and D we get

1 2
—2A--+2+-=1 2.1
3+ +9 (2.130)

__ 1 _s4 1 __1 . _1
2(s—1)(s—-3) 9s 352 2(s—1) 18(s-3)

and hence A = 4/9. Thus (2.131)
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Now we can put everything together

4 1 1 1
Y = 6/=+—-
6(95 32 T 26-1) T 186 —3))

11 1
_8(§ T26-1) 65— 3)) (2.132)

. . 2 1 1
and if we do the algebra we find Y(s) = 2 + T1 5.3

Using inverse Laplace transform, we get, y(t) = 2t + ¢’ — ¢

2.5 Multiple Choice Questions(MCQ)

1.

The inverse transformation of %. GATE(MA)-14
A) (L+ e+ Ze™ B) § +tet +2t C) Zed — = — e D) e — & — e
Ans. (C)

If F(s) = tan"'(s) + k is the Laplace transform of some function f on t > 0, then k =
GATE(MA)-07

A)n B -7 OO0 D)Z

Ans. B)

Hint. L(f(t)) = tan™'(s) + k = f(t) = L7 (tan"}(s) + k) = =t
= L{-1sint}=tan"'s - %

Given two continuous time signals x(t) = e and y(t) = e, which exist for t > 0, the
convolution z(t) = x(t) * y(f) is GATE(EE)-11
A)et—e2 B) e73 C)et D)et +e72

Ans. (A) Taking Laplace transformation, we get

1 1
L =L * Z(s) = X(s)- Y(s) = .
e} = L{x) % v} = 26) = X0 YO = 7 =
1 1
Lfzo) =1 )
= ©) s+1 s+2
1 1 1 1
R
=) s+1 s+2 s+1 s+2 ¢ ¢
. Consider the Laplace equation in polar form :
‘(9;7’2‘ + %% + rlz% = 0,0<r<a, 0<0 <27 subject to the condition u(a, 6) = f(6), where

f is the given function. Let ¢ be the separation constant that appears when one uses
the method of separation of variables. Then for solution u(r, 0) to be bounded and also
periodic in Owith period 27, NET(MS): (June)2013
(a) 0 can not negative, (b) 0 can be zero and in that case the solution is a constant
(c)o can be positive and in that case the solution must be an integer (d) the funda-
mental set of solutions is {1, " sinn0, 1" cos n0}, where n is a positive integer.

Ans. (a), (b), (c) (d). (Note: All answers are correct.)
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5.

10.

The differential equation

U= %y =y(x,t), 0<x<m, t>0withu(0,f)=0=u(rt), t>0

u(x,0) = sinx +sin2x, 0 <x < . Then

(@) u(x,t) > 0ast — 0 forall x € (0, )

(b) t*u(x,t) » 0as t — 0 for all x € (0, n)

(c) e'u(x, t) is a bounded function for x € (0, 1), t > 0

(d)é?(x,t) = 0 as t — 0 for all x € (0, 1) NET(MS): (June)2012
Ans. (a), (b), (¢).

The solution of the ODE = & £ +y=0,x>0with y(0) = 1, ¥(0) = 0 is equivalent to the
Volterra integral equatlon NET(MS): (Dec.)2012
where (@) y(x) = 1+ [ (t—x)y(hdt  (b) y(x) =1+ [ (t +x)y(b)dt

©uy@) =1+ [ xty®dt  (d) y(x) =1+ [ (x—tyy(t)dt

Ans. (a).

Let y(x) be a continuous solution of the initial value problem y" + 2y = f(x), y(0) = 0,
where

flx) = 1,0<x<1
= 0, x>1

. Then y(%) is equal to NET(MS): June)2015
(a) sin};(l) (b) cosh(l (C) sin}21(1) (d) cos};(l)'
Ans. (c).
If Laplace transformation of f(t) is 2 sZ =5, Then f(0) is equals to
As ®7 Q0 (D)oo
Ans. (B)
Hint. By applying initial value theorem

. . . 5 _ _

1t1_r)r(}f(t) = Slggsl-“(s) —}Lrgos(g + 52+9) =5+2=7

If Laplace transformation of f(f) is F (s) = Then f(co) is equals to

s(s+1)
A)0 (B) 2 O1 (D) « GATE(ECE)-03
Ans. (B)
Hint. By applying final value theorem
lim f(t) = limsF(s) =lin (2)
Hm () = limsEe) = lims| 775y
If F(s) = sffzs 1)7. Then the initial and final values of f(t) are respectively GATE(ECE)-11
(A)0,2 (B)2,0 (©)0,2/7 (D) 2/7,0
Ans. (B)
Hint. By applying initial value theorem
) L L 2(s+1) \
im0 = msr) = lims( 7 0) =
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11.

12.

13.

14.

15.

By applying final value theorem

. L L 26s+1) \
tlggf(t) B ?E(}SF(S) B £1_r)r(}s(sz +4s + 7) B
IfL[f()] = ﬁ. If tlirn f(#) =1, then k is given by
(A)4 (B) zero C0<k<12 (D)5<k<12
Ans. (A)

Hint. By applying final value theorem

k
hmf(t) = hmsF(s) = hm (m) =1=k=4.
The Laplace transformation of f(t) is given by F(s) =
tends to ECE-2003
(A)O B)1 ©)2 (D) o
Ans. (C)
Hint. By applying final value theorem
. o e 2 _
i ) = timsr©) = lims( 75 ) -

Use Laplace transformation the value of fooo te™! sin tdt is

Az By Ox Dy

Ans. (D)

Hint. Since L{sint} = 52% and L{tsint} = _%(52%) = (52+1)2 = f(s) Now from the
definition of Laplace transformation

—st -2t 2X2 _i
foe fHdt = s =>f tsinte™“'dt = f(2 —(22+1)2_25

The inverse Laplace Transform of 3)3 can be written as & [Aif2 + Bt + C]. The values of

A, B and C, respectively are GATE(AE)-11
(A)3,5and 7 (B) 2,10 and 12 (C)10,12and 4 (D) 9,12 and 2.
Ans. (D)

2 _ _A B C
Hint. L{5 [At +Bt+C]} = o T 5o t o

The Green function G in x,t of the boundary value problem dg }(Z; =1 with y(0) =

y(1) = 0is

G(x, 1) filx, t), x <t

fleb), t<x

where NET(MS): (Dec.)2011
@) filx, ) = =31 - x?), folx,t) = —3x*(1 - tz)

(b) filx, t) = -1 = x3), folx,t) = ——xz(l %)

© filx,t) = =321 = 1), folx, t) = —5:t(1 — x?)

(d) ilx, 1) = ——x2(1 - 12), falx,t) = %tz(l —x3).

Ans. (a) and (c).
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16.

17.

18.

19.

20.

21.

53 +452+(k—3)s
(A)1 (B)2 3 D) 4
Ans. (B)
Hint. By applying final value theorem

If £(f) = L*l[L]. If lim £() = 1. Then value of k is ECE-2010

lim f() = limsFG) = lims( Sl ; ):1

5s—0 S3+4SZ+(k—3S
1
or m =1 = k=2

The boundary value problem —z f(x), x € (0,1) with y(0) = y(1) = 0 is given by
y(x) = fo (x, &) f(&)dE NET(MS): (Dec.)2012

where @) G(x,&) = x(&-1), x<¢& (b) G(x, &) = 2*(E-1), x<&

= &x-1), x>¢& = Ex-1), x>¢&

©) Gk, &) = x(E2-1), x<& @) G(x,&) = sinx(E-1), x<& Ans. (a).

= &(x*-1), x>&
The solution of the initial value problem
y’ +2y" +10y = 65(1), y(0)=y'(0) =

Where 6(t) denotes the Dirac-delta function , is

(a) 2¢'sin3t, (b) 6¢'sin3t (c)2e~tsin3t, (d) 6e~fsin3t. GATE(MA)-12
Ans. (c).

Let y(t) be the continuous function on [0, c0) whose Laplace Transform exists. If y(f)
satisfies

siné(x—1), x> ¢

f(l — cos(t — u))y(u)du = t*,
0

then y(1) is equal to

(A) 20 (B) 24 (C) 28 (D) 30 GATE(MA)-15
Ans. (C)

Hint. Using convolution Theorem, we get, L{1—cos t}-L{y(t)} = L{t*} = (— -27)Y(s) =

Using inverse Laplace transform, we get, y(t) = 24t + 4t3

t ¢
Let y(t) be the continuous function on [0, o) if y(t) = #(1 - 4 f y(x)dx) + 4 f xy(x)dx, then
0 0

[ y(Hdt is equal to GATE(MA)-16
0

Ans. 1.

Hint. Using Laplace Transformation, we get, Y(s) = & + 44 ( S)) + 4L”y(t) =1 +4X0
Y Y’

450 4 Y0 = y(5) =]

2° 52+4

Using inverse Laplace transform, we get, y(t) = $32.

The solution of the integral equation y(x) = x + f sin(x — t)y(t)dt, is GATE(MA)-13
0
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22.

23.

24.

2.6

. Prove that L‘l{

. Prove that L—l{ 45+5 } — tsint
. ) .
. Using Convolution theorem, prove that fo sinx cos(t — x)dx = =5

. Prove that L‘l{

(AP +% B)x-% Ox+% D2+5%.
Ans. (C)

Consider the integral equation y(x) = x> + f sin(x — t)y(t)dt, x € [0, ©t]. Then the value of
0

y(1)is NET(JUNE)-16

wWE ®1 O O

Ans. (D)

Let y1(x) and y»(x) be solutions of

Py +y +(sinx)y=0

which satisfy the boundary conditions y1(0) = 0, y,(1) = 1 and 12(0) = 1, y,(1) = 0
respectively. Then, GATE(MA)-03
A) y; and y, do not have common zeros B) 1 and y, have common zeros

C) either y; or 1, has a zero of order 2 D) both y; and y, have zeros of order 2

Ans. B)

The initial value problem

&y dy dy
xﬁ + = +xy=0, y(0)=1, <£)x=0 =0
has GATE(MA)-06
A) a unique solution B) no solution
C) infinitely many solution D) two linearly independent solutions.

Ans. B)

Review Exercises

1 _ At 1At 37
—(574)2(“3)}—31%3 —7(e —e™).

(2+9)2 2

tsint

1 _ bsinat—asin bt
(s2+a2)(s2+D2) [ = ab(b*-a?)

. Find the boundary solution of ZTEPIN 0, t > 0 given that y(0, ) = 1 and y(x, 0) = 0.

of — oxZ/
Ans. y(x,t) = erfc(frz)

%y

. Find the boundary solution of % -5 =1-¢",0<x<1,t>0given that y(x, 0) = x.

Ans. y(x,f)=x+1-¢"

. Show that the integral of the equation (D? + 1)y = 0 with y(0) = 1, Dy(0) = 0 is given by

y(t) = cos t where D = 4.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Solve (D? — 4D + 4)x — y = 0, (D? + 4D + 4)y — 25x = 16¢'.

Ans. x = ¢16% + ce™ + c3cos t+cgsin t —e!, y = 1% + 25267 + (3c5 — 3cq) cos £+ (3cq +
4c3)sin t— et

Show that the integral of the equations Dx + 2y = 0, Dy = x is given by x* + y* + 2¢ = 0.
C.U(Hons.)-1989.

D>+ 1)x+(D+1)y=t 2x+(D+1)y =0, given thatx =y = 0 at t = 0. B.U(Hons.)-1999
Ans. x = =2¢' + 2¢7 —t, y =2(e! = 2te™ + £ - 1).

Use Laplace transform to solve % = 33;2’, where u(7,t) = O,gﬁx o = 0 and u(x,0) =
30 sin 5x.

Ans. u(x,t) = 30 cos 5xe” "%,

Use Laplace transform to solve ‘;té’ = uzgié‘, t > 0,x > 0 where u(x,0) = 0, a”xo) =0,
u(x,t) =0asx — oo and u(0,t) = 0.
Ans. u(x,t) = (t — )H(t - 2).

Use Laplace transform to solve y - gtg = xt where y(x,0) = ay(x 0

xt3

Ans. y(x, t) = ==

and y(0,t) =

Use Laplace transform to solve ?sz = 9% where y(0,t) = 0, y(2,t) = 0, and y(x,0) =

5sin 2my, 250 = o,

Ans. y(x, t) = 5sin 2mx cos 67t

Use Laplace transform to solve g—z =y+ 2% given that y(x, 0) = 673 which is bounded
forx>0,t>0.

Ans. y(x,t) = e C¥+20)

d]/(o) =0.

Use Laplace transform to solve e 4 + 4y = sin 2x given that y(0) = 1,
Ans. y(x) = cos2x +1 g sin2x — }lx cos 2x.

Use Laplace transform to solve x Z_Z - 3xdy + 4y = 2x% given that y(1) = 1, dy D - .
Ans. y = (1 - 3logx)x* + x*(log x)2

Use Laplace transform to solve ﬁ -2 y + vy = xe* given that y(0) =1, dy (O) =0.
Ans. y=(1—-x)e* + x

Use Laplace transform to solve ng% +4x=s dy + 2y = ¢* given that y(1) = dyil) 0.

Ans. y(x) = - + %
Use Laplace transform to solve y”’ —4y’ +3y = 6¢—8 with initial conditions y(0) = y’(0) = 0.
Ans. y=2t+el - ¢

y—OMx—O

7 dx

Use Laplace transform to solve (D* = 7D + 6)y = 2¢** with y = 1

Ans. y = Ze¥ — e — 105,



Chapter 3

Series Solution of Ordinary
Differential Equations

3.1 Introduction

Various analytical methods have been discussed so far for solving ordinary differential equa-
tions to obtain exact solutions. However, in applied mathematics, science, and engineering
applications, there are a large number of differential equations, especially those with variable
coefficients, that cannot be solved exactly in terms of elementary functions, such as exponential,
logarithmic, and trigonometric functions. For many of these differential equations, it is possible
to find solutions in terms of infinite series. The main objective of this chapter is to present the
essential techniques for solving such ordinary differential equations, in particular second-order
linear ordinary differential equations with variable coefficients. A linear differential equation
of order 2 can be written as

2

a7y

d
=+ p1(x)d—z + Py = 0 @3.1)

Where po(x), p1(x) are functions in x.

3.2 Review of Power Series

A power series is an infinite series of the form

(o)

Z a,(x — x0)" = ag +a1(x — xg) + ap(x — xo)2 +az(x — xo)3 + .- (3.2)
n=0

where ag,a1,a,,a3 - -+ are constants and x is a fixed number. This series usually arises as the
Taylor series of some function f(x). If xg = 0, the power series becomes

(o8]

n o_ 2 3
Zanx =ag+aXx+ax- +azx” +---
n=0
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3.3 Convergence of a Power Series

Power series (3.2) is convergent at xy if the

N
lim Z a,(x — xp)"
N—-oo

n=0

exists and finite. Otherwise, the power series is divergent. A power series will converge for
some values of x and may diverge for other values. Series (3.2) is always convergent at x = xo.
If power series (3.2) is convergent for all x in the interval |x — xo| < r and is divergent whenever
|x — x9| > r where 0 < r < oo, then r is called the radius of convergence of the power series.
Therefore, the radius of convergence r is given by

I

¥ =—=——-orr= lim|
lim|ay,|» =00y

if this limit exists. Three very important power series are

o)

1
= X', -l<x<1,
1-—x
n=0
(o)
n
v X
e_Z—'/—Oo<x<00,
n=0
s 2n
0 X
cosx:Z(—) , —00 < x <00
< (an)!
n=|

3.4 Operations of Power Series

Suppose functions f(x) and g(x) can be expanded into power series as

(o8]

flo) = Z an(x —xo)", forlx —xol <ry,

n=0

g(x) = Z bu(x —x0)", forl|x —xg| < 1.
n=0
Then, for [x — xg| <7, ¥ = min(ry, 17),
F) = 8() = Y (@n £ bu)(x - x0)",
n=0

i.e., the power series of the sum or difference of the functions can be obtained by termwise
addition and substraction. For multiplication,

[e9)

fwge) = | Y ant - x@”][i b~ 0" | = 3 (Y b0y
m=0

n=0 n=0 m=0
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and for division

f (X — x0)"

f(x) n=0 n
07 iy &Y
m=0
where i ay(x —xp)" = [i b,(x — xo)”][ i Cnlx - xo)”] ,
n=0 n=0 n=0

in which ¢, can be obtained by expanding the right-hand side and comparing coefficients of
(x—x0)",n=0,1,2,---.

If the power series of f(x) is convergent in the interval |x — xo| < r1, then f(x) is continuous and
has continuous derivatives of all orders in this interval. The derivatives can be obtained by
differentiating the power series termwise

(o]

fx)= Z nay(x — xo)"", forlx —xo| <7y,

n=1
The integral of f(x) can be obtained by integrating the power series termwise

& _ n+1
ff(X)dX:Zan(xn% + C, forl|x — x| <1,
n=0

3.5 Analytic Function

Definition 3.1 (Analytical Function) A function f defined in the interval I containing xy is

said to be analytic at xg if f(x) can be expressed as a power (Taylor) series f(x) = ), a,(x—x0)",
n=0

which has a positive radius of convergence.

Example 3.1 Prove that if a function f defined in the interval I containing x, is said to be
analytic at xp, then lim f(x) exist and finite.
X—Xp

Proof: Since the function f(x) is analytic at xo, then f(x) = ), a,(x — x0)", |x — x| < r, for some
n=0

r> 0. So, lim f(x) = lim ). a,(x — x)" = ao. Hence lim f(x) exist and finite.
X—Xo X—X0 =0 X—Xo

D138

Example 3.2 Determine the radius of convergence for %

n=0

an
An+1

Solution: r = lim |-2~| = lim |2| = 1.
n—oo n—oo

Example 3.3 Determine the radius of convergence for ¥, £
n=0

n

Solution: r = lim | (”:'1)!| -
n— :

oo An+1

| = lim
n—oo
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3.6 Ordinary Point

Consider the n''-order linear ordinary differential equation
Y0 + Pua ()Y () + Paa(X)y" @) + -+ po(0)y() = f(0).

Definition 3.2 (Ordinary Point) A point x is called an ordinary point of the given differential
equation if each of the coefficients po(x), p1(x), -+, pn-1(x) and f(x) are analytic at x = xy, i.e.,
pi(x), for i = 0,1,---,n — 1, and f(x) can be expressed as power series about x( that are
convergent for |x —xo| <7, r> 0, i.e,

P9 = ) P —x0)", f() =) fulx = x0)".
n=0 n=0

3.7 Singularity at finite Point
Consider the n''-order linear homogeneous ordinary differential equation

Y () + puc1 ()Y ®) + puma ()Y R) + -+ + po(x)y(x) = 0.

Definition 3.3 (Singular Point)A point xy is called a singular point of the given differential
equation if it is not an ordinary point, i.e., not all of the coefficients po(x), p1(x), - - - , pu—1(x) are
analytic at x = xo.

Definition 3.4 (Regular Singular Point)A point x is a regular singular point of the given
differential equation if it is not an ordinary point (i.e., not all of the coefficients pi(x) are
analytic) but all of (x — x0)" *pi(x) are analytic fork =0,1,--- ,n— 1.

Definition 3.5 (Irregular Singular Point) A point xj is an irregular singular point of the given
differential equation if it is neither an ordinary point nor a regular singular point.

Alternative Text for second order ODEs

A point x = x of the differential equation (3.1) is called ordinary point then all lim pi(x), k =
X—Xo

0,1 are exist and finite. Otherwise the said point is called singular point.

A singular point x = xj of the differential equation (3.1) is called regular singular point if all
lim (x — x0)?>*pi(x), k = 0,1 are exist and finite. A singular point which is not regular called
X—Xo

irregular singular point.

Example 3.4 Discuss the ordinary and singular point of the differential equation
2
2x227z + 7x(x + 1)% -3y =0.

2
Solution: The given differential equation 2x2ZTZ + 7x(x + 1)% -3y = 0, can be written as
2
ZTZ 7x§$1)5__;/ — 55y = 0. The given differential equation is compare with the differential
7x(x+1) 3

equation (3.1) then p;(x) = =7 and po(x) = —55. Since neither lin(} p1(x) nor lirr(} po(x) does

exist. So p1(x) and po(x) are not analytic at x = 0. Hence, x = 0 is the singular point of the
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said differential equation. Now }1_{{(10 (x = xp)p1(x) = }(iir(}(x - 0)% = % and )}1_{{(10 (x — x0)?po(x) =

lin(}(x - 0)? (2*—9(32) = —2 are both exist and finite so the point x = 0 is a regular singular point. All

points x (x # 0) are ordinary points.

3.8 Singularity at infinity

Singularity Test at Infinity: To determine whether the point at infinite is a singular point or
not, we transform the equation by x = 1. Then

2 2
d—y—tzd—y and dy—t4d—y+2t3d—y

dx —  dt @ de dt
Then the differential equation (3.1) becomes

d? 2 1 dy 1
a * (7 - @)+ ) =0 63

If t = 0 is a singular point of equation (3.3) then the origin equation (3.1) has a singularity at
X = oo,

Example 3.5 Show that the equation

d? d
Y 2x dy nn+1) -0 (3.4)

A2 1-x2dx = 1-22

has a singularity at x = co.

Solution: Substituting x = 1 to the given equation. Then

ﬂ— tZd_y

dy  ,d%y ,dy
o a e V2

and oG =t R dt

Using these substitution the given equation reduces to

t4d2y 283 dy  n(n+ 1)

2 2 —1dt 21

y=0 (3.5)

Since t = 0 is a singular point of equation (3.5), so x = oo is a singular point of the given
differential equation (3.4).

3.9 Series Solution about an Ordinary Point

Theorem 3.1 (Existence Theorem for Analytic Coefficients) Let xo be any real number and
suppose that the coefficients po(x), p1(x), - -+ , pr—1(x) in
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f(D)y = ¥"(%) + pra (Y"1 (X) + puoa ()Y (x) + - + po(x)y(x)

have convergent power series expansions in powers of x — xp on an interval
lx — x| <7, ¥>0.
If a1, a,- -+, @, are any n constants, there exists a solution ¢ of the problem

f(D)y = Or y(xo) =, y,(xo) =ap, ", }/(n_l)(xo) = Qy,

with a power series expansion

(o]

$) = ) exlx—x0)"

k=0

convergent for |x — xg| < R where the radius of convergence R > r.

Theorem 3.2 Suppose that xq is an ordinary point of the n''-order linear ordinary differential
equation

Y'(0) + Pty (1) + pu2 ()Y HR) + -+ po()y(x) = f(0).
where the coefficients po(x), p1(x), - - - , pn—1(x) and f(x) are analytic at x = xy and each can be
expressed as a power series about xo convergent for [x — xg| < #, ¥ > 0. Then every solution
of this differential equation can be expanded in one and only one way as a power series in
(x = xo)

o)

yi(x) = Zﬂi,n(x -x0)", Ix—x| <R

n=0

where the radius of convergence R > 7.

In particular, the series solution about the ordinary point x = x; of second order ODE

Theorem 3.3 Suppose that x is an ordinary point of the second order linear ordinary differ-
ential equation (3.1), i.e., the coefficients py(x), p1(x) are analytic at x = xg and then it has two
non-trivial linearly independent power series solutions of the form

o)

Y anx—x0)", Ix—x0l <R, (3.6)
n=0

for some R > 0, where a, are constants and these power series converge in some interval

[x —xo| < R, (R > 0) about xj (R being the radius of convergence of the power series).

Proof.: In order to get the coefficient a,,’s in (3.6) we take

(o)

y() =Y an(x = x0)", v —xol <R (3.7)

n=0
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Differentiating twice in a succession (3.7) gives

(]

Y@ =) naye—xo)', - xol <R

n=1
(o]

y”(x) = Z n(n — Da,(x — x0)" 2, |x —xo| <R.

n=2
Putting these values y, ¥ and y" in (3.1) we get an equation of the form
Ag +A1(x - XO) +A2(x - x0)2 + - +An(x - xo)” +---=0 (38)

where the coefficients Ag, A1, -+ ,A,, - -+ are some function of the coefficient of ag, a1, -+ ,a,,- -
Since (3.8) is an identity, all the coefficient Ay, A1, -+ , Ay, - -+ of (3.8) must be zero, i.e

A0:01A1:0/"'1An:01"' (39)

Solving (3.9) we obtain the coefficient of (3.6) in terms of a9 and a;. Substituting the coefficients
in (3.7) we get two independent series solution of (3.1) in powers of (x — x) in |x — xo| < R.

Theorem 3.4 The power series representation y(x) = Y a,(x — xp)" about an ordinary point

n=0
x = xp of the differential equation ao(x)% + a1 (x) +ax(x)y(x) = 0 always converges. The

maximum possible radius of convergence R is the distance from xy to the nearest singular
point of the differential equation and the interval of convergence is (R — xg, R + x).

ce)
dx

Example 3.6 Solve in series the equation

2y d
2+ 1)% + x% —y=0 (3.10)

Solution: The given differential equation can be written as
Py, x by _
A x2+1dx x2+1

Comparing the above differential equation with (3.1) we have p1(x) = &5 and po(x) = —ﬁ.

Since, all the coefficients po(x) and p1(x) are analyticatx = 0, i.e., pi(x) fori = 0,1 can be expressed
as power series about x = 0 that are convergent for -1 < x <1,i.e. for i =0, 1,

(3.11)

pi(¥) = (D)X A+ ) = (D)MA -+t -8+ -0), —1<x <1

So x = 0 is the ordinary point of the said differential equation and let

y@) =Y anx-x0)" =Y 4, ~1< x <1 (3.12)
n=0 n=0

be the series solution of (3.11). Differentiating twice in a succession (3.12) gives

y(x) = Znanx"‘l, “1<x<1
n=1
and y'(x) = Z nn—-1a,x"2, -1<x <1

n=2
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Putting these values y, y and y” in (3.10) we get

(2 +1) i n(n — 1)a,x"2 + x i na,x"" i ayx" =
n=
= Zn(n Da,x" +Z n(n — 1)a,x" +Znanx —Zanx =
= Z n(n — 1a,x" + Z(n + 1)(n + 2)a,0x" + Z na,x" — Z a,x" =0
n=2 n=0 n=1 n=0

We shift the index of summation in the second series by 2, replacing n with n + 2 and using the
initial value n = 0, and we shift the index of summation in the third series by 1, replacing n
with n + 1 and using the initial value n = 0.

2a, — ag + 6azx + z{n(n —Da, + (n+1)(n + 2)a,y + na, —ay}x" =0
n=2

Equating the coefficients of various power of x to zero, we get

2&2—ﬂo=0=>ﬂ2=a30, 6a3=0=>a3=0,

and n(n — Da, + (n+1)(n + 2)ayp + na, —a, =0

-1
= an+2=—:+2an forall n>2

Now putting n = 2, 3,4, --- successively in the above recurrence relation we get

1 1 2 1

a4 = =1 =~z a5 = —03 = 0, 6 = =504 = 700
4 5

a7 = —-as = 0, g = — 25 = — 75200 and so on

Substituting the values of ag, a1, a2, - - - in (3.12) we get the required solution as

+———+-}+ax, -1<x <1

where gy and a; are arbitrary constants.

Example 3.7 Find a power series solution of the equation

d
(> 1) +3xd—y +xy =0 (3.13)

Given that y(0) = 4 and v (0) =

Solution: The given differential equation can be written as

Py, 3 dy,
dx2  x2-1dx x2-1

=0 (3.14)
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Comparing the above differential equation with (3.1) we have, p1(x) = x;’fl and po(x) = Z5.

Since, all the coefficients py(x) and p1(x) are analyticatx = 0, i.e., pi(x) fori = 0,1 can be expressed
as power series about x = 0 that are convergent for -1 < x <1,ie. for i =0, 1,

pi(x) = Byl -2 =31+ P+t +x0+-0), 1< x <1

So x = 0 is the ordinary point of the said differential equation. Since the initial value of (3.13)
are prescribed at x = 0 and x = 0 is an ordinary point, hence we shall find the required solution
near x = 0, i.e in powers of x. So let

y(x) = Zan(x —x)" = zanx”, -1<x <1 (3.15)
n=0 n=0

be the series solution of (3.14). Differentiating twice in a succession (3.15) gives

1

[ i1

Yy (%) na,x"!, -1<x <1 (3.16)

nn—1Dax"2, -1<x <1

and ' (x)

Il
N

n

Putting these values y, y and y” in (3.13) we get

oo (o) (o]
(x*=1) Z n(n — 1)a,x"2 + 3x Z na,x"t + xz a,x" =0
n=2 n=1 n=0
(ee] (o) (o) oo
= Z n(n — ax" — Z n(n —1)a,x" > +3 Z na,x" + Z a,x" =0
n=2 n=2 n=1 n=0

= Z;‘ n(n — a,x" — Z;)(n +1)(n + 2)ay0x" +3 Z; nax" + Z{ a,-1x" =0
n= n= n= n=

We shift the index of summation in the second series by 2, replacing n with n + 2 and using the
initial value n = 0. We shift the index of summation in the fourth series by -1, replacing n by
n — 1 and using the initial value n = 1.

—2a; — 6azx + 3ayx + apx + Z {n(n —Da, — (n+1)(n + 2)a,o + 3na, + a,,_l}x" =0.
n=2

Equating the coefficients of various power of x to zero, we get

3a1 + ag

a =0, —6a3 +3a1+ay=0=>a3 = 6

n(n + 2)a, + a,—1 >0

and n(n — Da, — (n+ 1)(n +2)ayp +3na, +a,1 =0 = a4 = T )nT2) n>

This last condition is called Recurrence formula. Given that y(0) = 4 and y'(0) = 6. Hence
putting x = 0 in (3.15) and (3.16) we get

a0=4, a1=6

and 4 3a1 + ag 3X6+4 11
3 = = = —.
6 6 3
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Now putting n = 2, 3,4, - - - successively in the above recurrence formula we get

by o Btm _8x0+6 1 a5:15a3+a2=15><%+0:E
12 12 2’ 20 20 4
a6:24a4+a3 :24X%+11 —gandsoon
30 30 90

Substituting the values of a9, a1, a2, - - - in (3.15) the required solution is

y) =4+6x+ B3+ It + U+ Zab 4+, 1< x <1

Example 3.8 Solve 25 y A x ! +y = 0in powers of (x - 1).
Solution: The given differential equation is

@y dy
23—5 +2XE; +y= 0

Since x = 1 is an ordinary point so let

yx) = Zan(x —xg)" = Zan(x -1)", —0o < x <00
n=0 n=0

(3.17)

(3.18)

be the series solution of (3.17). We can simplify the calculation of the coefficient by translating
the center of the expansion from x = 1 to t = 0. This is accomplished by the substitution x—1 = ¢

orx:t+l,then% =1ordt = dx. Now

d_y_d_yﬁ_d_y and dz_y_i(d_y)_idy) d(dy)dt dz_y
dx — dt'dx  dt dx2  dx'dx’  dx dt’  dt dt’dx  df2’
So the differential equation (3.17) transform to
d2y+(t+1) + =0
dr2 y=
So (3.18) also transform to
y(t) = Zant”, -0 <t <00
n=0
Differentiating twice in a succession (3.20) gives
y = Z na,t"! and Y = Z n(n — Da,t" 2
n=1 n=2

Putting these values y, y' (t) and y’ () in (3.20) we get

2 Z nn —Da" 2 + (t+1) Z na, "t + Z a,t" =0
n=2 n=1 n=0
= 2 2 n(n —Da,t" 2 + Z na,t" + 2 na,t" ! + Zant” =0
n=2 n=1 n=1 n=0

= 2 z(n + 1)(n + 2)a,0t" + Z na,t" + Z(n + Da,t" + Z a,t" =0
n=0 n=1 n=0 n=0

(3.19)

(3.20)
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We shift the index of summation in the first series by 2, replacing n with n + 2 and using the
initial value n = 0. We shift the index of summation in the third series by 1, replacing n by n + 1
and using the initial value n = 0.

Since we want to express everything in only one summation sign, we have to start the summa-
tion at n = 1 in every series,

4a, +a; +ag + Z{Z(n + 1)(n+ a0 + (n+ Da, + (n + a1}t =0

n=1

Equating the coefficients of various power of ¢ to zero, we get

+
dar +a1+agp=0=>a; = _M
4
and 201+ 1)(1 + sz + (1 + Vg + (1 + Ditsr = 0 = @y = — 221 RILLS VR
2(n+2) -

This last condition is called Recurrence formula. Now putting n = 1,2,3,4, - - - successively in
the above recurrence formula we get,

ay+a,
a1+ a, am— 2 3a1 —ag
[13 = —_ = — = —
6 6 24
a1+a 3a1—a
ar + asz _140_ 1240 9a1 +5a0
a, = - =- = and so on
8 8 192

Substituting the values of ag, a1, a2, - - - in (3.20) the required solution is

y(t) = ag+at+mt> +ast> +agtt +---, —0 < t <0
3a1 — 911 +5
Syl = aprat- D0A SRR TR et <o0
1 1 5 1, 1 9
) = agl— =2+ =+ —t'—-.. t— =t — P+ —thH -,
=y = al =g+t Jrm(t= gt =gt + 15t
in —oo <t <oo. Now putting t = x — 1, we get
1 1 5
= y(x) = ao{l—zl(x—l)2+ﬂ(x—1)3+@(x—1)4—~-}
+a{(x—1)—1(x—1)2—1(x—1)3+i(x—1)4— }—oo<x<oo
! 4 8 192 ’

where gy and a; are arbitrary constants.

3.10 Series solution about regular Singular point x = x( (Frobe-
nius Method)

Theorem 3.5 If the point xj is a regular singular point of the differential equation ag(x) L) 4

dx?
a1(x) d%ix) + ax(x)y(x) = 0, then it has at least one non-trivial solution of the form y(x) =

lx — xo[™ Y. ¢,(x — x0)", and this solution is valid in some interval 0 < |x — xy| < R (Where m is
n=0
a certain (real or complex) constant and R > 0).
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If x = 0, (xo = 0) is regular singular point, we shall use the Frobenius method to find the
series solution about x = 0. Consider the differential equation of the form

2
d_3/+@d_y+&2x)y=0 (3.21)

dx? x dx x

where the function P(x) and Q(x) are analytic for all |x| < R, R > 0. Then the following method
of solving (3.21) is called Frobenius method. We assume a trial solution

Y @™ ,a0#0, 0<x <R (3.22)
n=0

In order to get the coefficient a,,’s in (3.22) we take

y(x) = Zanx””, 0<x<R (3.23)

n=0

Differentiating twice in a succession (3.23) gives
Y (x) = Z(n + )axt and v (x) = Z(n +1)(n+r—1ax"?
n=0 n=0

Since P(x) and Q(x) are analytic at x = 0, we can write
P(x) = co+ c1x + 0ox* + -+ and Q) =do + dix + dox® + - --

Putting these values y, v, ¥, P(x) and Q(x) in (3.21) and then multiplying both sides by x?, we
get

[

Z(n +1)(n+r—Dax™" +(co+crx+---) Z(n +1)a, X"+ (do +dix+--+) Z a X" =0 (3.24)
n=0 n=0 n=0

Since (3.24) is an identity, we can equate to zero the coefficient of various powers of x. This will
give us a system of equations involving the unknowns coefficients a,. The smallest power of x
is X", and the corresponding equation is

[r(r = 1) + cor + dplag = 0
Since by assumption gy # 0, we obtain
?+(co—1)r+dy=0

This important equation is known as indicial equation of (3.21). Solving this quadratic equation
for r , one obtains two roots r; and r,. Then there will be four different possibilities which are
discussed in the following cases.

Case-I: Roots of the indicial equation unequal and not differ by an integer.
Let r1 and r, be the roots of the indicial equation and r; — r; is not equal to an integer. Then
the complete solution is given by

y(x) = A(Y(X))r=r, + B(y(x));=r,, 0 <x < R where A and B are arbitrary constants.
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Case-II: Roots of the indicial equation equal.
Let r1 and 7, be the roots of the indicial equation and r; = r,. Then the complete solution is
given by

y(x) = A(Y(x))=r, + B(%)r:n, 0 < x < R where A and B are arbitrary constant.
Case-III: Roots of the indicial equation unequal, differing by an integer and making a
coefficient of y infinite.
Let 1 and r, be the roots of the indicial equation are distinct and differ by an integer and
if some of the coefficient of y(x) becomes infinite when r = r;, we modify the form of y(x)
by replacing ay by bo(r — r1). We then obtain two independent solutions by putting » = r;
in the modified form of y(x) and Bg(rx)/ 0 < x < R. The result of putting » = r, in y(x) gives
a numerical multiple of that obtained by putting r = r; and hence we reject the solution
obtained by putting = r; in y(x).

Case-IV: Roots of the indicial equation unequal, differing by an integer and making a
coefficient of y indeterminate.

Let r1 and r; be the roots of the indicial equation are distinct and differ by an integer and if
one of the coefficient of y becomes indeterminate when r = r,. Then the complete solution is
given by putting = r, in y(x), 0 < x < R, which contain two arbitrary constants. The result
of putting r = r1 in y(x) gives a numerical multiple of that obtained by putting r = r, and
hence we reject the solution obtained by putting » = r; in y.

Note: If a series solution about a point x = xy # 0 is to be determined, one can change the
independent variable x to t = x — xp and then solve the resulting differential equation about
t=0.

Illustrative Example:
Case-I: Roots of indicial equation unequal and not differ by an integer.

Example 3.9 Find the power series solution of the equation
2x2y" (x) + xy (1) = (x + Dy(x) =0
in powers of x.

Solution: The given differential equation can be written as

" 1., x+1
y 0+ 5y 0 -55y0=0 (3.25)
Comparing the above differential equation with (3.1) we have p;(x) = % and po(x) )%21

Since the point x = 0 is the singular point. Now lim (x — xp)p1(x) = lirr(}(x -0z = % and
X=X X—>

% = —1 are both exist and finite so the point x = 0 is a regular

lim (x — x0)?po(x) = lins(x —-0)?
singular point i.e. both xp;(x) and x?py(x) are analytic at x = 0 and can be expanded as power
series that are convergent for |x| < oo.

Let us assume that the trial solution of equation (3.25) is

[e9] (o)

y(x) = Z a,(x — x0)"" = Z a,x"",a0 0, 0 < x < o0, (3.26)
n=0 n=0
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Differentiating twice in a succession (3.26) gives

(o8]

‘(x) = 1+ r)a,x" and ") =Y m+r)(n+r—1Dax"" 2, 0 <x < co.
y y
n=0 n=0

Putting these values y, y and y” in (3.25) we get

2x2 Z(”l + 7’)(7’1 +r— l)anxn+r—2 +x Z(T’l + r)anx”"'r_l _ (x + 1) Z anxn+r =0
n=0 =0 o
= 2 Z(" +r)(n+r = Dax™" + Z(n + )X - Z A"t — Z 4, = 0
n=0 n=0 n=0 e
= Z {2(7”! +m+r=1)+m+r)— 1}anx"+’ _ Z g, 2
n=0 bl
= Z {(Zn +2r+1)(n+r— 1)}anx”+’ _ Z 2, =

Il
o

n n=0

Equating to zero the coefficient of smallest power of x, namely x", the indicial equation is
ao(2r + 1)(r + 1) = 0 so that roots of the equation are r = 1 and —% as ap # 0. Here the roots of the
indicial equation are distinct and the difference is = 1 — (—1) = 2 which is not an integer. Now
equating the coefficient of x™*", we obtain the recurrence relation as

An-1

2n+2r+1 ~Day — a1 = - '
@n+2r+)(n+r—1a, —a,-1 =0=ay @n+2r+Dn+r-1)

Puttingn =1,2,3,---, wegeta; =
these values in (3.26), we get

1 _ 1 _ 1 ~
@0 2 = GrEem® = Grmeeaenio and soon. Putting

2
y = aox’ a a ] (3.27)

L P P P T T o P S

Putting r = 1 in (3.27), we get (y(x)),=1 = aox[l + %x + 71—0x2 +--,0<x< oo]. Next putting

r = —% in (3.26), we get (y(x))r:_% =gox"2[1 - x + %xz + -+, 0 < x < oo]. Hence the required
solution is given by
y(x) = A(y(x))r=1 + B(y(x)),=_1, 0 <x < co.
where A and B are two arbitrary constants.
Case-II: Roots of indicial equation are equal.

Example 3.10 Use Method of Frobenius to solve the following differential equation:
xy +y +xy=0
Solution: The given differential equation can be written as

’

y + y; +y=0 (3.28)

Comparing the above differential equation with (3.1) we have p;(x) = 1, po(x) = 1. Obviously,
x = 0 is a singular point. Note that xp;(x) = 1 and x*pp(x) = x>. Both xp;(x) and x2po(x) are
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analytic at x = 0 and can be expanded as power series that are convergent for |x| < co. Hence,
x = 0is a regular singular point. Let us assume that the trial solution of equation (3.28) is

y(x) = Z a,(x — x0)"™" = Z a, X", a0 #0, 0 <x < o0 (3.29)
n=0 n=0

Differentiating twice in a succession (3.29) gives
y = Z(n + 7)a, X"t and y = Z(n + 1)+ 71 —1ax" 2, 0 < x < co.
n=0 n=0
Putting these values y, ¥ and y~ in (3.28) we get

(o] [ee) (e8]
xZ(n + 1)+ 71— a2 4 z(n + a7 4 x 2 a,x"" =0
n=0 n=0 n=0

(o] 00 o
= Z(n + 1’)(1’1 47— 1)anxn+r—1 + Z(n + r)anxnﬂ’—l + Z anxn+r+1 =0
n=0 n=0 =0

Equating to zero the coefficient of smallest power of x, namely x'~!, the indicial equation is
apr(r—1)+rapg = 0 so that root of the equation is r = 0 and as ay # 0. Here the roots of the indicial
equation are equal. Next equating to zero the coefficient of x"*"*!, we obtain the recurrence
relation as

an

(n+r+2)(n+r+1)a,,+2+(n+r+2)a,,+2+u,,:O:>an+2:—m,

n=0,1,2,--- (3.30)

Next equating to zero, the coefficient of x”, we get

;m(r+172=0 so that a; =0 (Since r = 0 is a root of indicial equation).

Using a1 = 0 and (3.30), we geta; = a3 = a5 =ay =--- = 0. Puttingn =0,2,4,--- in (3.30), we
get
o = — 2] d = — a _ 2]
2T w2 T 42 (r+22(r + 4P
s a4y
ag = = and so on

(P62 (r+22(r +4)2(r + 6)2
Putting these values in (3.29), we get

2 4

al X X . ] (3.31)

y(x) = ”Oxr[l T2 T2t rr2Rr AR reR

Differentiating partially equation (3.31) with respect to r, we have

dy " {1 x? N x* X6 . }
ar N T G T 22+ 47 (r+ 22 + H%(r + 6)2
+a xr[— i X (=2) + x! { =2 __2 }
T 22 T2 r+22(r+4)2\r+2  r+4
x -2 2 2
_(r+2)2(r+4)2(r+6)2{r+2 Cr+4 r+6}+m] (3.32)
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Putting r = 0 and replacing a9 by A in (3.31), we get

Al 2 x x° )
(y)rzo - [ B ? + 22‘42 - 22-42.62 +-- ] = M(x)(say)

Next putting r = 0 in (3.32) and replacing ay by B, we get

4

ay x> x x©
(E),:O - Blng[l TRt rp T Ype +]

o« 1 x° 1 1
5 - 3w ) gt 3 4 3)
X2 4 1 6

X X
B[ulogx+ {E - @(1 + §)+ m

+

1+ % + %) + -+ }] = Bo(x)(say)

Hence the required solution is given by y = Au(x) + Bu(x), 0 < x < oo where A and B are
arbitrary constants.
Case-III: Roots of indicial equation unequal differ by an integer and making a coefficient of
y infinite.
Example 3.11 Find the power series solution of the equation
X2y +xy + (2 -1)y=0

in powers of x.

Solution: The given differential equation can be written as

LY @@=y
y + . + 2 - 0 (3.33)
Comparing the above differential equation with (3.1) we have p; (x) = %, po(x) = "i}l . Obviously,

x = 0 is a singular point. Note that ling xp1(x) =1 and lin(’)l x?po(x) = —1. Both xp;(x) and x*po(x)
x—! x—
are analytic at x = 0 and can be expanded as power series that are convergent for |x| < co.

Hence, x = 0 is a regular singular point. Let us assume that the trial solution of of equation
(3.33) is

y(x) = Z a,(x — xo)"™" = Z a, X", 090 #0, 0 <x < oo (3.34)
n=0 n=0

Differentiating twice in a succession (3.34) gives

(o) [ee)
y = Z(n + 1)axt and y = z(n +1)m+r—1)a,x""2, 0 < x < oo
n=0 n=0
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Putting these values y, y and y” in (3.33) we get

(o8]

x Z(” +1)(n+7— a2+ xZ(n + 7)™+ (2 = 1) Z a4, = 0

n=0 n=0 n=0
= Z(n +7)(n+r—Da,x"" + Z(n + 7)a, ™ + Z a, X" — Z ax"™" =0
n=0 n=0 n=0 n=0
= Z [(n +rn+r—=1)+Mn+r) — 1]anx”” + Z a, X" =0
n=0 n=0
= Z [(n +r=1)n+r+ 1)]anx”+’ + Z a,x"2 =0 (3.35)
n=0 n=0

Equating to zero the coefficient of smallest power of x, namely x" in (3.35), we obtain the indicial
equation is ao(r + 1)(r — 1) = 0 so that roots of the equation are » = —1 and 1 as ap # 0. Here
the roots of the indicial equation are unequal and differ by an integer. Next equating zero the
coefficient of x"*" in (3.35), we obtain the recurrence relation as

an-2
1 -1 o= =- .
m+r+)(n+r—-Va, +a,,=0=a, i D)nTr—1) (3.36)

r+1

Next equating the coefficient x** in (3.35) and we get

ar(r +2) =0 = a; = 0 (Since both the roots of indicial equation are r = 1 and r = —1).
Using a; = 0 and (3.36), we geta; = a3 =as =ay = --- = 0. Puttingn = 2,4,6,---, in (3.36) we
get

_ ao _ 1 _ ao d
T+ T T3 +5) D432 +5) oo

Putting these values in (3.34), we get

2

x x*
=apx"|1 - + - ] 3.37
Y =X [ Tt D) +3) T+ )+ 320 +5) (3:37)
Now if we take r = —1 in the above series, the coefficients become infinite because of the factor
(r + 1) in the denominator. To get out of this difficulty we put ag = bp(r + 1) in (3.37) and get
modified solution as
2

il i . ] (3.38)

= boxr[(”l)_ r+3) 3R +5)

Differentiating partially equation (3.38) with respect to r, we have

&y ; 52 x4
> :boxlogx{(1’+1)— "3 + ) —}

r x2 x* 2 1
oo [1+ (r+372 (7+3)2(V+5){(r+3)3(r+5) " (r+3)(r+5)2}_“'] (3.39)

Putting r = —1 and replacing by by A in (3.39), we get

(y )rz_l - Ax_l[ B XEZ + % - ] = Au(say) (3.40)
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Next putting r = —1 in (3.40) and replacing by by B, we get

oy » 2 i 2 oxt 1 1
(E)r:_l = Bliog] =+ e B 1 - (e )+
Ay ) 11

= (E)r:-l = B[ulogx + Bx {1 + %~ ﬂ(ﬁ + ?E) + }] = Bu(say)

Hence the required solution is given by y = Au(x) + Bv(x), 0 < x < oo, where A and B are
arbitrary constants.

Note: When x = xj is an ordinary point of the differential equation
Po(x)y" + P1(x)y + Pa(x)y = 0
then we can also solve this type of differential equation by Frobenius Method.

Case-IV: Roots of indicial equation unequal differ by an integer and making a coefficient
of y indeteminate

Example 3.12 Find the power series solution of the equation
1-x2)y —xy +4y=0

in powers of x.

Solution: The given differential equation can be written as

” X /+
Y 1—x2y 1-—x2

y=0 (3.41)

Comparing the above differential equation with (3.1) we have py(x) = 1_47, p1(x) = -5z and
po(0) = 4, p1(0) = 0 so the point x = 0 is the ordinary point. Let us assume that the trial solution
of equation (3.41) be

(o8] (o)

y(x) = Zan(x —x)"" = Zanx"”,ao #0, x| <1 (3.42)

n=0 n=0

Differentiating twice in a succession (3.42) gives
y, = Z(n 4 r)anxnw—l and yu — Z(n + 1’)(1’1 +7— 1)anxn+r—2
n= n=0

Putting these values y, ¥ and y~ in (3.41) we get

0o

1- xz)Z(n+r Y+ 7 — Dax™2 - Z(nJrr)a x4 Z

=0
= Z(n + 7)1+ 1 — a2

(e8]

- Z(n +r)(n+r—1)ax"" - Z(n + )" + Z

n=0

= Z(n +1) (41— 1ax" 2 —

n=0

= Z(n + 1)+ 1 —Dax"2 -

[(n +r(n+r—-1)+Mmn+r)— ]anx”” =0

3
D 1ps -

[(n +r+2)(n+r-— 2)]11,,3(”” =0

I
o

n
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Equating to zero the coefficient of smallest power of x, namely x"~2,we obtain the indicial
equation is apr(r — 1) = 0 so that roots of the equation are r = 0 and 1 as ag # 0. Here the roots
of the indicial equation are unequal and differ by an integer. Next equating zero the coefficient
of x"~2, we obtain the recurrence relation as

(r+n-4)

m+rn+r-1a,—(r+n)(r+n-4)a,,=0=a, = man—z

(3.43)

Next equating the coefficient 2~ 1and getar(r+1) = 0. If we take r = 0, then a; is indeterminate
with r = 0 and using (3.43), we can express ay, a4, 4, - - - in terms of ag and a3, as,a7, - - - in terms

of a; if we assume 4, is finite. Thus at r = 0 (3.43) reduces to

_(n—4)

a, = = 1)11,1_2 (3.44)
Puttingn =2,3,4,5,6,--- in (3.44), we get
1 ai
= -2 = —— = —— = = = ... =
az ao, a3 >0 o 04 =6 =g 0,
=2 =9 —éa = -2 andsoon
T4 87 67 16
Putting r = 0 and a5, a3, 44, - - - in (3.42), we get
_ g5 Mo ]
yx) = [ao + a1x — 2apx > X 3 X 16x +eo0, x] <1 (3.45)
3 5 7
= yx) = a0(1—2x2)+a1(x— % - % - %6 -,y < 1) (3.46)
which is the required solution, where a9 and a; are two arbitrary constants.
3.11 Worked out Examples
Example 3.13 Find the series solution of ODE
y o +xy +x%y=0
about the point x = 0.
Solution:The given differential equation is
dy dy
@+X%+Xy:0 (347)
Since x = 0 is an ordinary point so let
yx) = Z a,(x — xp)" = Z a,x", 0 <x < oo (3.48)
n=0 n=0

be the trial solution of (3.47). Differentiating twice in a succession (3.48) gives

[ (e

v (x) = Z na,x"! and Y (x) = Z nn —1ax"2, 0 <x < oo

n=1 n=2
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Putting these values y, y and y” in (3.47) we get

)

(o]
Z n(n — Dax"2 + xZ na X"+ x? Z a,x" =0

n=2 n=1 n=0
(o] (o] (o]
n-2 n n+2 _
= Zn(n—l)anx +Znanx +Zanx =0
n=2 n=1 n=0

We shift the index of summation in the first series by 2, replacing n with n + 2 and using the
initial value n = 0. We shift the index of summation in the third series by 2, replacing n with n—2
and using the initial value n = 2. Since we want to express everything in only one summation
sign, we have to start the summation at n = 2 in every series,

(o] (o] (o]
z(n + 1)(n + 2)a,0x" + 2 na,x" + Z Apox =0
n=0 n=1 n=2

= 2ap+ (6as +a1)x + Z{(n + 1)(n + 2)ayn + na, +a, o}x" =0
n=2

Equating the coefficients of various power of x to zero, we get

200 =0=>a, =0, 6a3+a1=0=>a3=—%

na, + a,_,

and n+1)(n +2)ay2 +na, +a,, =0= a0 = —m n>2

This last condition is called recurrence formula. Now putting n = 2,3,4, - - - successively in the
above recurrence formula we get

+- 2 1277°7 7720 T 20° 20 40t 20 T 40

Substituting the values of a5, a3, a4, - - - in (3.48) the required solution is

y = a0+a1x+a2x2+a3x3+a4x4+---
ar s ap 4 ai
DY = at+mx——x — —x+—=x+--
4 6" 12" "0

1 1 1
a(l— —xt+-- ) +a(x— = + —=x°

=Y iV 6" T 10

—--'),O<x<oo

Example 3.14 Find the series solution of the equation
dZ
d—g +y=0

near x = 0 such that y(0) = 1, ' (0) = 2.
Solution: The given differential equation is

Y =0 (3.49)
dx? y= ’

Comparing the above differential equation with (3.1) we have p1(x) = 0and py(x) = 1. Obviously,
x = 0isa ordinary point. Note thatboth p;(x) and py(x) are analyticat x = 0 and can be expanded
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as power series that are convergent for |x| < co. So let

y() = ) an(x—x0)' = ) @, 0<x < oo (3.50)
n=0 n=0

be the series solution of (3.49). Differentiating twice in a succession (3.50) gives

y = Z nax"! and y = Z n(n — 1)a,x" > (3.51)
n=2

n=1

Putting these values y, ¥ and y” in (3.49) we get

nn —1a,x"* + a,x" =
Z(n 1)a,x"2 Z =0

n

I
o

n=2

We shift the index of summation in the first series by 2, replacing n with n + 2 and using the

initial value n = 0.

Z(n + 1)(n + 2)a,0x" + Z a,x" =0
n=0 n=0
[(n + 1)(n + 2)a, + an]x” =0

n=0

Equating the coefficients of x" to zero, we get

m+1D)(n+2)ap2+a, =0=a,4 = —man forall n > 0.

Now puttingn =0,1,2,3,4, - -- successively in the above recurrence relation we get
1 1 1

1 1 1 1
ap = —ﬁao = —Zﬂol as = —ﬁm = —5111, ag = —Eaz = —4.3.2!010 = Zﬂo
1 =— 1 a—la a——ia—— 1 a—la and so on
ST Y e TR T

#5= 75417 T5431M T 5

Substituting the values of a5, a3, a4, - - - in (3.50) we get
2 xr b B3P
y=a0{1—g+E—a+---}+a1(x—a+a—m

Using the conditions y(0) = 1 and i (0) = 2 in (3.52) and (3.51), we getag = 1 and 4; = 2. Hence

) = y =apsinx + a; cosx

the required solution is
y=cosx+2sinx, 0 <x < oo

Example 3.15 Obtain the power series solution of the differential equation
2%y + (22 —x)y +y=0

near the point x = 0.

Solution: The given differential equation can be written as

(2x2 = x) () + & -0 (3.52)

y )+ 2x2 2x2
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Comparing the above differential equation with (3.1) we have p;(x) = 2’51;" and po(x) = 217

Obviously, x = 0 is a singular point. Note that xp1(x) = 2 and x’po(x) = 3. Both xp;(x) and
x?po(x) are analytic at x = 0 and can be expanded as power series that are convergent for |x| < co.
Hence, x = 0 is a regular singular point. Let us assume that the trial solution of of equation

(3.52) is

0o 0o

y(x) = Z a,(x —x0)"" = Zanx"”, 4070, 0<x<oo (3.53)
n=0 n=0

Differentiating twice in a succession (3.53) gives
y = z(n + 1)axt and y = Z(n + 1)+ 1 — 1)ax"2
n=0 n=0
Putting these values y, y and y” in (3.52) we get

2x2 Z(n + 1)+ 71— Dax" 2+ (2x% — %) Z(n + ) x4 Z a, X" =0
n=0 n=0

n=0

(o] (o] oo (o]
= 2 Z(n +7)(n+r—1)a,x"" +2 Z(n + P)a T - Z(n + 1)a, X" + Z a,x"*" =0
n=0 n=0

=0 n=0

=

(l
s

2m+r(n+r—1)—(n+r)+ l]anx"” +2 Z(n + a7 =0
n=0

fe=}

n=

Equating to zero the coefficient of smallest power of x, namely x”, we obtain the indicial equation
as

ao[ZT(T—l)—H‘l]:O:””:%'135’10#0

Here the roots of the indicial equation are unequal and not differ by an integer. Next equating
zero the coefficient of x"*", we obtain the recurrence relation as

Cn+2r-1)(n+r—-1a,+2(n+r—-1a,.1 =0
Zan—l

= =G (3.54)

Puttingn =1,2,4,6,---, in above recurrence relation we get

o= — 2{10 0 = — 2[11 _ 22110 I = — 2612 _ 23110
YT T T2k 43 @r+)(2r+3) 0T 2r+5 2+ 1)(2r +3)(2r + 5)

and so on. Putting these values in (3.53), we get

2 22 2 23 3
al a ad )+---] (3.55)

y=aelt- 5 Cr+1@r+3)  @r+1)2r+3)2r+5

Putting r = 1 and replacing a9 by A in (3.55), we get

2,3
(y) :Ax%[l—x+%—%+~-]:Au(say)
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Next putting r = 1 in (3.55) and replacing ay by B, we get

2 3
(y)rzl = Bx[l - %x + 41% - % + -+ | = Bo(say)

Hence the required solution is given by y(x) = Au(x) + Bv(x), 0 < x < oo, where A and B are
arbitrary constants.

Example 3.16 Use method of Frobenious to find solution of the differential equation
(-x)y +Bx-1)y +y=0

Solution: The given differential equation can be written as

, 3x—1, y()
y O+ g y@+ =0 (3.56)
Comparing the above differential equation with (3.1) we have p;(x) = i’{:}( and po(x) = ﬁ

Obviously, x = 0 is a singular point. Note that xp;(x) = 2= and x?pg(x) = 5. Both xpi(x) and

x?po(x) are analytic at x = 0 and can be expanded as power series that are convergent for |x| < 1.
Hence, x = 0 is a regular singular point. Let us assume that the trial solution of of equation
(3.52) is

y(x) = Zan(x —x)"" = Zanx””,ao 20, 0<x<1 (3.57)
n=0 n=0

Differentiating twice in a succession (3.57) gives
y = Z(n + 1)axt and y = Z(n + 1)+ 1 — 1)ax"2
n=0 n=0
Putting these values y, y and y” in (3.56) we get

(* - x) Z(n +7)(m+7—1Da, a2 + (3x - 1) Z(n + a4+ Z a, X" =0
n=0 n=0 n=0

= Z(n +7r)n+7r—Dax"" - Z(n +1)m+r—1Da,x" 43 Z(n + 7)a,x™"
n=0 n=0 n=0

(o8]

(o)
- Z(n + a4 Z a,x"" =0

n=0 n=0

gk

= i [(n +rn+r—-1)+3n+r)+ 1]anx”” +

n=0 n

[(n +r)—-m+r)(n+r-— 1)]&1,,3(“*"1 =0

Il
o

Equating to zero the coefficient of smallest power of x, namely x"~!,we obtain the indicial
equation as apr? = 0 so that r = 0 as ap # 0. Here the roots of the indicial equation are equal.
Next equating zero the coefficient of x"*"~!, we obtain the recurrence relation as

_(n+r+1)

n+r+1%a,.1—-n+7r%a, =0 =a, = Ay
( ) n—1 ( ) n ’ n (1’1+1’)2 n—1
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Puttingn =1,2,3,4,-- -, in above recurrence relation, we get

(r+2)7?

. _(r+38)* _ (r+3)
r+12"

. C(r+4? (44
r+227 T (r+ 12

32T T )™

a =

ap =

Ao, a3 =

and so on. Putting these values in (3.57), we get

(r +2)? (r+3)7° , (r+4)7 ,
- (r+1)2x+ (r+1)2x - (r+1)2x + -] (3.58)

y =apx'[1

Differentiating partially equation (3.58) with respect to r, we get

dy (r+2)? (r+3)72 , (r+4)7 ,
E_“Oxl"gx[l_(r+1)2x+(r+1)2x_(r+1)2 ]

I r+22 20042 (r+3)%2  2(r+3)  (r+42%  -2(r+2)
ﬂlox[_(rﬂ)zx>< T+12  GH1E S+ 1E 1R 1P +]

Putting r = 0 and replacing ag by A in (3.58), we get
(Y)r=0 = A[l —22x% 4 32t — 4% - ] = Au (say)
Next putting r = 0 in (3.59) and replacing ay by B, we get

dy
(W)r:O

B log x{1 — 2%x* + 3%x* — 4%x% + - -}

+ 3[1 220 x (—4) + 3247 X (—6) — 422 X (=8) + - ]

B[u log x + {1 + 16x — 54x% +128x% + }] = Bo (say)

Hence the required solution is given by y(x) = Au(x) + Bu(x), 0 < x < 1, where A and B are
arbitrary constants.

Example 3.17 Find the power series solution of the differential equation
¥ () +xy (x) + (X2 +2)y(x) =0
about the point x = 0.

Solution:The given differential equation is

dy dy 2

E'l‘?(a‘f‘(x +2)y—0 (359)
Comparing the above differential equation with (3.1) we have p1(x) = x and po(x) = x? + 2.
Obviously, x = 0 is a ordinary point. Note that both p;(x) and py(x) are analytic at x = 0 and can

be expanded as power series that are convergent for |x| < co. So let

y) =Y anx—x0)" = Y ax", 0<x <o (3.60)
n=0 n=0

be the trial solution of (3.59). Differentiating twice in a succession (3.60) gives

y = Z na,x"! and Y = ZZ‘ n(n — 1)a,x">
n=

n=1
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Putting these values y, y and y” in (3.59) we get

o0 o0
Z n(n — ax"2 + xZ na Xt + (6 + 2) Z ax" =0
n=2 n=1

o0 o0

= Zn(n Da, +2nanx”+2anx"+2+22anx” =0

n=1 n=0 n=0

We shift the index of summation in the first series by 2, replacing n with n + 2 and using the
initial value n = 0. We shift the index of summation in the third series by 2, replacing n with n—2
and using the initial value n = 2. Since we want to express everything in only one summation
sign, we have to start the summation at n = 2 in every series,

(n+1)(n+ 2)a,x" + 3 na,x ApoX" +2 Y a,x" =
Z ) Z Z

n=1
= 2ap + 2ag + (6as + 3a1)x + Z n+ 1)+ 2)au + (1 +2)a, +a,2}x" =0
=1

Equating the coefficients of various power of x to zero, we get

m
2, = —2ap = a; = —ay, 6az+3a;1 =0= a3 = —?

(n+2)a, +a,—

n+1)(n+2) 2

and (n+ D)(n+2)ay 2 +(n+2)a, +a,2=0=a,,, = —

\%

This last condition is called recurrence formula. Now putting n = 2,3,4, - - - successively in the
above recurrence formula we get

o = _4a2+a0 _ _—4a0+a0 _ 4 e = _5a3+a1 _ —la : la _ la 3 la 3a1
T2 T 12 4’77720 4P 20 8T 20T 40
and so on. Substituting the values of a,,43, 44, -+ in (3.60) the required solution is
y(x) = ap+aix+ ax® + azx® +agxt + -
> a1 3 ap 3&1 5
= = + — — + — + ...
y ag + mx — apx 2x 4x 4Ox
1 1
>y = ao(l—x2—1x4+-~)+a1(x—§x3+Ex5— ), 0<x<o0

Example 3.18 Determine the singular point of the following equation:
x(1 - x)dx2 1k (B = 1)d +y=0

Solution: Here the coefficient of ZZTZ is x(1 — x). Hence singular point is found by solving
x(1—x)=01ie. x =0, 1. Hence 0 and 1 are the singular points.

Example 3.19 Find the ordinary point and singular points of
W+ 122 + (2 - )% + 20y = 0

Solution: Here the coefficient of ZZTZ is x*(1 + x)>. Hence singular point is found by solving
x?(1+x)*> = 0i.e. x =0, —1. Hence 0 and —1 are the singular points. For all values of x for which
x%(1 + x)? # 0 are called ordinary points.
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Example 3.20 Show that x = 0 ia regular point but x = 2 is not regular singular point of the
equation
x(x — 2)3]/" +3(x — 2)3]/ +4y =0

Solution: Here the coefficient of :%Z is x(x — 2)*>. Hence singular point is found by solving
x(x —2)® = 0ie. x =0, 2. Hence 0 and 2 are the singular points. Also, the given differential

equation is compare with the differential equation (3.1) then p;(x) = ig ;;3 and po(x) x(x42 .
Now since )}1_)% (x — x0)p1(x) = }E}S(x -0) zg ;;3 =3 and lim (x - x0)*po(x) = hmx x(x Ty = Oare
both exist and finite so the point x = 0 is a regular smgular point.

Again }Lr% (x—x0)p1(x) = }(iirzr(x—Z) ig 53 =0and hm (x x0)*po(x) = hm(x 2)2 = 2); hm x(x %
which does not exist. Hence x = 2 is not a regular smgular point.

Example 3.21 Show that x = 0 is regular singular points but x = —1 is not regular singular

point of
x(x+1)3 + (% - 1)% +2y=0

Solution: Here the coefficient of ZZTZ is x(x + 1)>. Hence singular point is found by solving
x(x+1)® =0ie. x =0, —1. Hence 0 and —1 are the singular points. Also, the given differential

equation is compare with the differential equation (3.1) then py(x) = ﬁ and po(x) = ﬁ
Now since hrn (x - xp)p1(x) = hm(x - O)X(x eyl = -1 and ;}1_{2, (x — x0)*po(x) = hm (ém 0 are
both exist and ﬁmte so the pomt x=0i is a regular singular point.
Again hrn (x - xp)p1(x) = hm (x + 1)x( ) hrn x(x +1) does not exist. Hence x = -1 is not a
regular srngular point.
Example 3.22 Show that x = 0 is the ordinary point
(1+x2)dz+x -3y =0.

Solution: The differential equation can be written as

&y dy 3 . _

axZ 1-+J-(x2 T Ten YT 0.
Comparing the above differential equation with (3.1) we have p1(x) = 175 and po(x) = —%.

. . . 2 1 3 2 _ _ .

Now since }er}o(x —xo)p1(x) = hm x2+1) =0 and }Lr%(x — X0)po(x) = }g&—ﬁ =0.Sox=0is

an ordinary point of the given equatlon.

Example 3.23 Determine the singular points of the following differential equation and specify
whether they are regular or irregular

-1 - 1)E 4y =0

Solution: Here the coefficient of f% is (x — 1)*. Hence singular point is found by solving
(x—1)* = 0ie. x = 1. Hence 1 is the singular point. Let the given differential equation is

compare with the differential equation (3. 1) then p;1(x) = f’(fl;‘f and po(x) = ﬁ Now since
. Y 2x-1) . . . .
}Lrgl(x — xo)p1(x) = }Clr)r}(x -1)E= Dt hm \ Y 1 = oo is not finite so the point x = 1 is a irregular

singular point.
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Example 3.24 Assuming the solution of
1-xy +y=0

has a series expansion about x = 0 work out the recursion relation. Write out the first few
terms and show that the series terminates to give y = A(1 — x) for arbitrary A.

Solution: The first order ODE can be written as

’ y
y+1_x—0

hence x = 0 is the ordinary point. So we begin by writing

(e8]

y(x) = Z apx", x| <1

n=0

and so by differentiation we get
Y (x) = Zannxnfl, x| <1 (3.61)
n=0

and hence

(e8]

xy' (x) = Z a,nx", |x| < 1.

n=0
Thus, substituting the differential equation we get

[e9] (e8]

(o]
Zannx"‘l - Z a,nx" + 2 ax" =0, |x| <1
n=0 n=0

n=0

In order to make progress we need to rewrite the first of these three series so that it is in the
form

[e9)

Z stuff, x"

n=0
so that all three bits in the equation match. Well, let m = n — 1 in the expression for y’, (3.61), to
get

)

y(x) = Z A1 (m + 1)x™. (3.62)

m=0
In fact, this looks at first like it gives

(e8]

V) =Y G (m+ 2" (3.63)

m=-1
but the m = —1 term is zero, so that’s fine. Now m is just an index so we can rename it 1, don’t
get confused, this isn’t the original 1, we just want all parts of the equation to look the same.

In fact, we now have

(o] (o)

Z ayi1(m+ Dx" — Zannx” + Z ax" =0, |x| <1

n=0 n=0 n=0
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and we can group this all together to give

Z[an+1(n +1)+ (1 - n)a,Jx" = 0.
n=0

The recursion relation is

e = - (22)s
n+l — 1+n n

and this applies to n from zero upwards since that is what appears in the sum sign.

Starting at n = 0 we have
ap = —dp.
Forn =1 we get
ap) = 0

and the series terminates here because every term is something multiplied by the one before
and so if a, is zero the rest of the series is zero. Thus y = ay(1 — x) for arbitrary ay.

Example 3.25 Assuming the solution of
Y =3xy =0

has a series expansion about x = 0 work out the recursion relation and write out the first four
non-zero terms if y(0) = 1 and y’(0) = 1.

Solution: Since x = 0 is the ordinary point. Let the series solution of the above ODE be

(9]

y(x) = Zanx”, x| < co

n=0

This gives

(o8]

Z n(n —1)ax"2 - Z 3a,x"? =0, |x| < o0
n=0

n=0
The problem here is with the powers of x. The easiest thing is to change everything to the
highest power, in this case 7 + 2. Hence, put m + 2 = n — 2 in the first sum

Z n(n —1ax"2 = Z (m + 4)(m + 3)aypax™ 2
n=0 m=—4

and substitute that back into the equation, writing m as n:

(o)

Z (n +4) (1 + 3)a,4x" — Z 3a,x"? = 0
n=0

n=—4

and so the problem now is that the ranges are different. We need to take out the first few term
of the first sum, well, the n = —4 and n = —3 terms are zero and so

Z (1 + 4)(1 + 3)ayaX"2 = 20, + 6a3x + Z (1 + 4)(n + 3)ay4x" 2.
n=—4 n=0
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Now the equation reads

24, + 6azx + Z (1 + 4)(n + 3)ayax"2 — Z 3a,x"2 =0
n=0 n=0

= 2ap + 6azx + Z [(n + 4)(1n + 3)a,44 — 3a,] x> = 0.
n=0
3

Th = = =
us, ﬂ2 0/ a3 0/ an+4 (7’1 +4)(n +3)a7l

where the recursion relation applies for n = 0,1,---. Now, y(0) = 1 impliesap = 1 and y’'(0) = 1
implies a1 = 1, next, with n = 0, t he recursion gives
1 1 3 3

a4:Za0: 1 and withn =1, a5:Ea1:%.

Now since a4, = a3 = 0 the n = 2 recursion gives a¢ = 0 and the n = 3 recursion gives a; = 0.

However, n = 4 gives
w3, 3
®T 32T 128
and so

_ 14, 35, 3 %
y(x)—1+x+4x +20x +128x +--0, x| < 0.

Aside. In the above we made all the powers the same as the highest power, this is usually the
easiest thing, but it is just a matter of convenience. If we had decided to make them equal the
smallest power instead, we would have substituted 7 + 2 = m — 2 in the second sum to get

00

Z n(n —1)ax"2 - Z 3a,_4x"2 =0

n=0 n=4

and we would then remove the first four term from the first sum to get

2a, + 6azx + Z [n(n —1)ax"2 - 311,1_4] "2 =0
n=4

and so

3
nn—-1)

ay =0, a3 =0, a, = n-4

where now the recursion relation applies to n = 4,5,--- because that is what is in the sum.
Another way of proceeding is to define a_4 = a_3 = a_, = a_; = 0 and then rewrite the equation
as

00

Z n(n — 1)ax"2 — i 3,42 =0
n=0

n=0

and carry on from there.
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Example 3.26 Assuming the solution of
y —3xy=2

has a series expansion about x = 0, work out the recursion relation and write out the first four
non-zero terms.

Solution: Since x = 0 is the ordinary point of the above first order ODE. Also, the complication
here is that unlike the other examples we have examined, this equation is an inhomogeneous
equation. However, the thing to do is to press on with the same methods and hope for the best.

(o9
y= Zanx", x| < eo
n=0

gives, when substituted into the equation,

(o] [ee)
Z na,x" ! — Z 3a,x"1 =2

n=0 n=0

and so the first problem is with the powers of x, let m + 1 = n — 1 in the first sum to give

(o] (o]
Z na,x"™ = E (1 + 2)ayx™ !

n=0 m==2

and, noting the the m = -2 term is zero, we take out the first two terms to get

ap+ Z [(7’1 + 2)an+2 - 361n]xn+1 =2.
n=0

Now, notice that the summand starts with an x term and so we get

m =2 a —ia
1= 4 n+2—n+2 ne
3
Thus, 112:5110, a3 = a1 = 2 and so on.
3 32 33 3 32
Hence, y = a9 1+§x2+2x4x4+2><4><6x6+m +2(x+x3+gx5+5x7x7+--~), x| < co

and we see that the solution to this inhomogeneous solution has the usual structure: a particular
part and a solution to the homogeneous equation depending on an arbitrary constant.

Example 3.27 Use the method of Froebenius to find series solutions for
xy” +2y +xy=0 (3.64)

about x = 0.

Solution: The given differential equation can be written as

YW+ YWy = 0
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Comparing the above differential equation with (3.1) we have p; (x) £ and po(x) = 1. Obv10usly,
x = 0 is a singular point. Note that xp;(x) = 2 and x%py(x) = x2. Both xp1(x) and x%py(x) are
analytic at x = 0 and can be expanded as power series that are convergent for |x| < co. Hence,
x = 0 is a regular singular point. Let us assume that the trial solution of of equation (3.64) be

(e8]

Y@ =Y @™, ag £0, 0<x < oo
n=0

Now, substituting into the equation gives

Z [+ 1) +7r—1)+20m+ 1)]ax"" + Z a, X =

n=0 n=0

so, moving the first power up to the second one, this gives

Z [(M+2+ 1) +71+1)+2( + 7+ 2)|ax™ " + Z Al =
n=-2 n=0

or, taking the first two terms out

r(r + Dagx ™ + (r + 1)(r + 2)ax” + Z [+ 2+ 7)1+ 7+ 3)]aox™ ! + Z A, =
n=0 n=0

So, if r = 0 or r = —1 then there is no constraint on ay. Notice that r = —1 allows two solutions
because, if ¥ = —1 there is no equation for either ay or a;. For r = —1 the recursion is

n

2 = T T D)+ 2)

so the first few non-zero terms are
1 1 1 1
y= ;[ao(l—§x2+ﬂx4—-~-)+a1(x— gx3~--)], 0<x<oo

For r = 0 the recursion is

. R
2T T (n+2)(n + 3)
and 4; = 0, this means that the » = 0 solution is
1 1
y—ao(l—gx +mx ),0<x<00
Notice that the r = 0 solution is actually just the a; solution for » = —1. This is just as well

because there would be too many solutions otherwise. Notice the subtle way the method of
Froebenius problems often work out. There is quite a lot to this subject we have only touched
on. As an aside, notice the the solutions to the differential are cos x/x and sin x/x. Writing these
out as series will give the same thing as above.

Example 3.28 Assuming the solution of
(1-x)y —-2xy=0

has a series expansion about x = 0, work out the recursion relation and write out the first four
non-zero terms.
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Solution: Assuming the solution of
(1-xY)y —2xy=0 (3.65)

has a series expansion about x = 0, work out the recursion relation and write out the first four
non-zero terms.

Solution: Since x = 0 is the ordinary point of the above differential equation(3.65). Let the
series solution of the equation (3.65) near x = 0 be

(o]

y(x) = Z a,x", x| <1soy'(x)= Z anx 1, xzy’(x) =
n=0

n=0

anx™, |y <1

gk

o

s 5

[ee) (o)
and xy = Z a,X"*!. Then the given equation becomes Y a,nx""! - Z an(n +2)x™ = 0.
n=0 n=0 n=0

Once again, the first term is a problem because it doesn’t have the same form as the other two.
So, take

[ee)
anx!
=0

n

and putn—1=m+1and, hence,n = m+2. Whenn =0,m = -2and whenn =1, m = —1. Thus

)

(o)
Z apnx™t = Z Aan (M + 2)x™

n=0 m=-2
and, once again renaming m as n we get

[ )

oo
Z (1 + 2)a, X"t — Z nax"tt -2 Z a,x"*1 = 0.

n=-2 n=0 n=0

The problem now is with the range that the first sum runs over. The n = —2 term is no problem,
it is zero, but the n = —1 term is 4;. Thus, we write

(o)

(o]
Z (1 + 2)ap X" = a1 + Z(n + 2)y0x™ !

n=-2 n=0
and the equation becomes

(o)

(o) (o)
a; + Z(n + 2)a 0™ — Z a,nx™t -2 Z a, X" = 0.
n=0

n=0 n=0
Thus

a + Z[(n + )40 — na, — 2a, ¥ = 0.
n=0

Notice that the summand starts with the x term. The recursion relation is therefore

Ap2 = Qp
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with the additional conditions a; = 0. Hence, ag = a4 = a, = a9, a5 = a3 = a; = 0 and so on. The
first four nonzero terms of the expansion gives

y:a0(1+x2+x4+x6+---), x| < 1.
Example 3.29 Assuming the solution of
y' =3y +2y=0

has a series expansion about x = 0, by substitution, work out the recursion relation. If y(0) = 1
and y’(0) = 0 what are the first five non-zero terms.

Solution: Here p;(x) = =3 and po(x) = 2. So x = 0 is the ordinary point. Let the series solution
of the above ODE near x = 0 be

(o)

y() = ) anx”, < oo

n=0
o,y (x) = Z nax" 1, |x| < oo and y'(x) = Z n(n —Da,x"2, x| < oo
n=0 n=0
Thus, Z n(n —1ax"2 -3 Z na,x"" Z a,x" = 0.
n=0 n=0 n=0

Again, we want to make each part look the same. As before, changing the index gives

[ee) (o)
y = Z na,x" ! = Z(n + Da,1x".
n=0

n=0

The same thing can be done with the y”: let m = n — 2 to get

Z n(n —1)a,x"*" Z (m + 1)(m + 2)ay2x™

n=0 m=-2
and the m = -2 and m = —1 terms are both zero, so, renaming the m as n we get

(o)

Z(n + 1)(n + 2)ap42x" = 3 Z(n + Dayx +2 Z a,x" =0
n=0 n=0 n=0

and this gives
2[(11 + 1)(n + 2)a,0 — 3(n + 1)a,.q + 2a,]x" = 0.
n=0

The recursion relation is
n+1)(n+ 2)ay2 —3(n + 1)ayy1 + 24, = 0.

Now apply the initial conditions, y(0) = 1 implies thatay = 1, /'(0) = 0 impliesa; = 0. Forn =0
the recursion relation gives
20, — 3a; +2a9 =0
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and soa, = —ap = —1. Next n = 1 gives
6as —6a, +2a1 =0
and so az = a; = —ap = —1. Nextn = 2 gives
12a4 —9a3 + 2a, = 0
andsoaz =a, = —ag = —1,a4 = —%. Next n = 3 gives
20as5 — 12a4 + 2a3 =0
andsoaz =a, = —ag = —1,a4 = —%,a5 = —}1. Therefore the first fives nonzero terms are

7 1
_ LAl

5 1 -, x| < oo

y(x):l—xz—x3

3.12 Multiple Choice Questions

1. Consider the following statement P and Q: GATE(MA)-2016
(P): x*y” +xy’ + (x> — 1)y = 0 has two linearly independent Frobenius series solution near
x=0.

(Q) : x2y” + 3sinxy’ + y = 0 has two linearly independent Frobenius series solution near
x=0.

which of the following statements hold TRUE?

(A) both P and Q (B) only P (©) only Q (D) Neither P nor Q.

Ans. (A).

2. Determine the singular points of the following differential equation
2
2 =12 12— 2% + (x+3)y =0

A)1,3 B)-1,0 €)0,1 D)-1,-2

Ans. C)

Hint. Let the given differential equation is compare with the differential equation (3.1)
then Py(x) = x?(x — 1)2, P1(x) = 2(x — 2) and P»(x) = (x + 3). Since Py(0) = 0 and Py(1) = 0
so both 0 and 1 are the singular points.

0o

3. If Y, ¢,,x™™ is assumed to be a solution of
m=0

2y —xy =31 +x)y=0

then the values of r are GATE(MA)-12
A)1,3 B)-1,3 O1,-3 D)-1,-3
Ans. B)
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10.

For the differential equation
(x - 1)y" + (cot nx)y' + (cosecznx)y =0,

which of the following statement is true GATE(MA)-06
(A) Ois regular and 1 is irregular (B) 0 is regular and 1 is regular

(C) Both 0 and 1 are regular (D) Both 0 and 1 are irregular

Ans. A)

The initial value problem xy” + y’ + xy =0, y(0) =0, (g—i)xzo =0 has GATE(MA)-06
(A) Unique solution (B) No solution
(C) Infinite number of Solution (D) Two independent solutions

Ans. B)
For the differential equation GATE(MA)-05
dy  dy
2 -
X (1—x)ﬁ+xg+y—0
A) x = 11is an ordinary point. B) x = 11is a regular singular point.
C) x = 0 is an irregular singular point. D) x = 0 is an ordinary point.
Ans. B)

It is required to find the solution of differential equation

2x(2x + 3)y” +2(3 + x)y, -xy=0

around x = 0. The roots of the indicial equation are GATE(MA)-05
A) 0/% B) 0/2 C) %/% D) 01_%
Ans. D)

It is required to find the solution of differential equation

2x(2 + x)y” -2(3+ x)y/ +xy=0

around x = 0. The roots of the indicial equation are GATE(MA)-05
A) O/% B) 012 C) %/% D) 01_%
Ans. B)

The indicial equation for

x(1+ xz)y” + (cos x)y/ +(1-3x+ xz)y =0 is

A)rP—r=0 B)r*+r=0 Or’=0 D)r*-1=0 GATE(MA)-04
Ans. C)
For

x(x — 1)y” + (sinx)y/ +2x(x-1)y =0
consider the following statements
P: x = 0 is a regular singular point.
Q: x = 1is a regular singular point. GATE(MA)-08
A) both P and Q are true. B) P is false and Q is true.
C) P is true and Q is false. D) both P and Q are false.
Ans. B)
Hint. % — 0asx — 0. So x = 0is a ordinary point.
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11.

12.

13.

The ordinary differential equation

2x2 d +7x(x+1) -3y =0.

Find the correct statement

A: x = 11is aregular singular point.
B: x = 1is a regular singular point.
C: all x(x # 0) are ordinary points.
D: x # 0 is a regular singular point.
Ans. A) and C).

Hint.: The glven differential equation 2x2 y + 7x(x + 1) -3y = 0, can be written as
2
sz 7xg{1) Zz 2x2 y = 0. The given d1fferent1a1 equation is compare with the differential

7x(x+1)
T

does exist. So pi1(x) and po(x) are not analytic at x = 0. Hence, x = 0 is the smgular

equation (3.1) then p;(x) = and po(x) = % Since neither ling p1(x) nor lir% po(x)

point of the said differential equation. Now lim (x - xo)p1(x) = lim(x -0) 7’(2’;1) = Zand
)}11? (x — x0)*po(x) = hm(x - 0)2( ) = 2 are both exist and finite so the point x = 0 is a

regular singular pomt All points x (x # 0) are ordinary points.

The ordinary differential equation

d*y 2x dy  n(n+1)
22 T-wax 1= V70 (366)

Find the correct statement

A: x = 11is only a regular singular point.

B: x = —1 is only a regular singular point.

C: x = oo is only a singular point.

D: x =1, -1, oo are regular singular points.

Ans. D).

Hint.: Substituting x = 1 to the given equation. Then
dy 24y dz]/ 4 dzy 34y
T R A

Using these substitution the given equation reduces to

dy 28 dy  nn+ 1)

4 —
P eaat roa

y=0 (3.67)

Since t = 0 is a singular point of equation (3.67), so x = oo is a singular point of the given
differential equation (3.66).
Similarly, we can show that x = 1, —1 are also regular singular points of (3.66).

Suppose the equation
Py —xy +(1+xH)y=0
has a solution of the form y = } c,x™*". GATE(MA)-07

n=0
i) The indicial equation for r is

A)P-1=0 B)(r-12=0 OQ@+1?=0 D)”2+1=0
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Ans. B)

i) For n > 2 the co-efficient of ¢, will be satisfy the relation
A)n’c,—cu2=0 B)n’c,+c,2=0

Cci—cn2=0 D)cy+cy,2=0

Ans. B)
14. Ify = Y, a,x™is asolution of y” +xy +3y =0 then 2. GATE(MA)-04
m:O m+.
A) s p-tgEE O-uE D)
Ans. B)

3.13 Review Exercise

1 Show that x = 0 is an ordinary point of (x* + 1)y" +xy — xy = 0.
2 Show that y”” + e*y = 0 has a solution ¢ of the form

o) = Y cd
k=0

which satisfies ¢(0) =1, ¢’(0) = 0.

3 Determine all the singular points of the equation 2x?y” — xy + (x + 2)y = 0.
Ans: x = 0.

4 Show that x = 0 is a regular singular point and x = —1 is not regular singular points of
(x+ 172y + (@2 - 1)y +2y =0.

5 Show that infinity is not a regular singular point for the equation
y' +ay +by=0,
where a,b are constants, not both zero.

6 Show that infinity is not a regular singular point for the Bessel equation

Py’ +xy + (- a?)y =0.

Hint. See the section5.2/in Chapter 5.
7 Show that infinity is a regular singular point for the Legendre equation
(1 -2y’ —2xy +aa+1)y=0,

where « is constant.

8 Find the power series solution of of the following equations
(i) (1 —x?)y" +2xy —y = 0about x = 0.

[Ans:y:A”(1+%’x2—21—4x4—~-)+B(x—%x3—1170x5—~-), x| < 1]
({i)(1 +x%)y" +xy —y = 0 about x = 0.
[Ans :y = A(1+ 3x% — §x* + $x° —--+) + By, |z < 1]

(iii)(x* = 1)y + 4xy + 2y = 0 about x = 0.
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[Ans:y =A(l+x>+x*+--)+Bx+x>+x°+--+), x| <1]

(iv)y" —xy +2y =0aboutx = 1.

[Ans:y=A1-(x-1*-3(x-1P°---)+B((x- D+ 3(x-1)*—---), [x—1 <1].
9 Find the power series solution of the initial value problem

(i) A -x2)y" +2y=0,y(0) =4,y (0) =5.

[Ans:y=4+5x—4x> - 3x° - 1%+, —-1<x<1]

(ii) (x> = 1)y +3xy +xy =0, y(0) =2,y (0) = 3.

[Ans.y=2+3x+ 23+ Ixt -0, —1<x<1]

({ii)(x* = 1)y +3xy +xy =0, y(2) =4,y (2) = 6.

[Ans:y=4+6(x-2)— Z(x-2?+Lx-273---.
10 Solve xy” + (1 + x)y + 2y = 0 in series near x = 0.

[Ans:y = A(1-2x+3x2 — 33+ )+ Blog x{1 - 2x + 32 — $2x° + 22 - )y — (-1 + 2+

D2 +--}, 0<x < o0]

11 Solve 2x?y” + xy — (x + 1)y = 0 in series near x = 0.
[Ans :y = Ax(1+ tx + 422+ ) + Bx 21 —x = 12 +--+), 0 < x < 0]

12 Solve X*(x + 1)y +x(x+ 1)y —y =0
[Ans:y=A(l-%+% +--)+Bxl(1+x), 0<x<1]

13 Solve x*y" +y +y =0
[Ans:y = (A+Blogx)(1- %+ 5 +--) +2B(1 = & +--+), 0 < x < 0]

14 Solve 2x*(x — 1)y + x(3x + 1)y’ — 2y = 0 in series, convergent near x = oo.

Ans: y:A[1+§+§+---]+Bx%l[l+%+%+---]in|x|>1.
2 2
Hint. Put x = 1, we get Z—Z = —zzi—g and 275 = 24% + 223'%. Putting the values of
2 2
Z—i’ and % in the given equation, we get 2(z — zz)% +(1- SZ)Z—Z — 2y = 0 which is

to be solve in the series about z = 0 is a regular singular point. Then the solution is

y:A[1+§+§+~--]+Bx%[l+%+%+-~-]in|x|>1.

15 Solve y” + x*y = 2+ x + x? about x = 0.

= a8 N AT SO YINRE <N G G
Ans.y_A(l 5+ & )+B(x %t i1 )+x+6+12 ot

16 Solve " — y = x in power of x.
4

. 22 X x° Pl X0 Pl x5 X
Ans.y—A(1+E+E+a+m)+B(x+§+§+~--)+g+g+7+---



Chapter 4

Legendre Equations

4,1 Introduction

Legendres equation occurs in many areas of applied mathematics, physics, biomathematics
and chemistry in physical situations. These polynomials may be constructed as a consequence
of demanding a complete, orthogonal set of functions over the interval [-1, 1]. In quantum
mechanics they represent angular momentum eigenfunctions. The Legendre functions are
the solutions of Legendres equation, a second order linear differential equation with variable
coefficients. The said equation was introduced by Legendre in the late 18" century.

4.2 Legendre’s Equation
The ordinary differential equation of the from

P2 d
1- xz)d—xz - 29% +n(n+ 1)y =0 4.1)

d zdy _
. E{(l—x )E}+n(n+l)y—0

is called Legendre’s equation where 7 is a positive integer, called the order of the equation.
Now, comparing the above differential equation with (3.1), we have po(x) = "1(’:’621 ), pi(x) = - 13’; 5.
So x = +1 is the singular points. Next, po(0) = n(n + 1), p1(0) = 0 so the point x = 0 is the

ordinary point. Also lirr11(x - Dpi(x) =1and lirrll(x —1)%po(x) = 0, so x = 1 is a regular singular
x— x—

point of (4.1). Similarly, x = —1 is also a regular singular point of the said differential equation.
The physically interesting range for x is —1 < x < 1. Also from the previous example-3.4, we say
that x = oo is singular point of Legendres equation (4.1). We solve (4.1) in series of descending
powers of x. Let the series solution of (4.1) is

y= Zamx"m;ao #0, -1<x<1 4.2)

m=0

Differentiating twice (4.2) in a succession, we get

y' = Z(r — m)ax ™! and y” = Z(r —m)(r —m — Dayx "2

m=0 m=0
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Putting these values y, y and y” in (4.1) we get
(1-x7) Z(r —m)(r —m = 1)a,x""? - 2x Z(r — m)a, X" + n(n + 1) Z A =0
m=0 =0 o

= Z(r —m)(r —m = DapxX ™2 =Y (r—m)r —m—1)a,x" ™"
0

m=0 m=

-2 Z(r —m)a X ™" +nn+1) Z apx ™™ =0
m=0 m=0

= Z(r —m)(r —m—1)a,x "2 - Z ay(r—m—-n)r—-m+n+1x™™ =0
m=0

m=0
Equating to zero the coefficient of highest power of x, namely x”,we obtain
ag(r—n)(r+n+1)=0
Since ag # 0 we have the indicial equation as
(r = n)(r + n + 1) = 0 so that the roots of the indicial equation are ¥ = nand r = —(n + 1).

Here the roots of the indicial equation are unequal and differ by an integer. Next equating zero
the coefficient of "™, we obtain the recurrence relation as

r-m+2)r—-m+Dayo—@r-m-n)r-m+n+1a, =0

_ (r=-m+2)(r-m+1)
= m= (r—m—n)(r—m+n+1)am_2 “3)

Next equating the coefficient ¥’ ~! and we geta;(r— 1 —n)(r+n) =0. Asr=nandr=—(n+ 1),
so neither (r — 1 — n) nor (r + n) is zero. Therefore a; = 0 for both the roots of indicial equation
r=nandr = —(n+1). Using a; = 0 and (4.3), we get

a1 =(13=El5=l7l7="‘=0

To obtain a,, a4, a4, a3, - - - , we consider two cases
Case-I: When r = n. Then (4.3) becomes

- (m-m+2)(n-m+1)
T m@n-m+1)

Am-2 (44)

Putting m = 2,4,6,--- in (4.4), we have

nn—1)
a0 _ (n—2)(n - 3)a2 - n(n = 1)(n = 2)(n - 3)a0 and so on

4(2n - 3) 24.2n - 1)2n - 3)

Putting these values in (4.2), and replacing ag by A, we get

nn-1) .o n-D0-2)n-3) .4 _ ]

y= A[xn T2on-1)" T 2a@n-1)@ni-3) (4-5)
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The last term is constant when 7 is even or contain x when # is odd.

Case-II: When r = —(n + 1). Then (4.3) becomes

(n+m—-1)(n+m)
m2n +m+ 1)

Am-2 (46)

m=

Putting m = 2,4,6,--- in (4.6), we have

n+1)(n+2)
a2 20n+3) O
0 = (n+3)(n+4) oy = n+1)(n+2)(n+3)(n+4) 2o and so on

4(2n +5) 24.2n +3)(2n + 5)
Putting these values in (4.2), and replacing ag by B, we get

3 e n+1n+2) _,_ m+1Dn+2)n+3)(n+4) _,_
y= B[x ey T A enis - 5+"']

(4.7)

Thus, the two independent solutions of Legendre’s equation are given by equation (4.5) and
(4.7). If we takea = w, the solution (4.5) is called Legendre’s function of the first kind
or Legendre’s polynomial of degree 1 and is denoted by P, (x). If b = rz="{57;, the solution
(4.7) is called Legendre’s function of the second kind and is denoted by Q,(x). Hence the

general solution of (4.1) is given by y = AP, (x) + BQ,(x), where A and B are arbitrary constants.

4.3 Legendre’s polynomial of degree n

Legendre’s function or polynomial of degree n is denoted by P,(x) and is defined by

Py(x) =

[1.3.5---(2n — 1)][ . hmn=1) ,, nn-1)n-2)n- 3)x”_4 .

! e 2421 —1)2n-23) ] (48)

[5] .

(2n —2r)! - [n] Zif niseven
— _1Y n-2r i) R )

=P = ;( b 21¢l(n — 1)!(n — 2r)!x ’ where 2 21 if nis odd

Puttingn =0,1,2,3,4,5,--- in (4.8), we get

1
Pyo(x) = axoz

1
Pi(x) = ixlzx

13[, 217 1
Po(x) = ?[xz—ﬁ]zi(?)xz—l)

135[, 3271 1
P3(x) = T[f—ﬁx :§(5x3—3x)

_ 1357[, 43, 4.3.2.1]_1 i a2

P = =5 [x 27" Y oa75| 7 5~ I

1357915 54 ; 5432 ]_ 1 5 3
Ps(x) = 5 [x 2.9x +2'4'9'7x = 8(63x 70x” + 15x) and so on
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4.4 Generating Function For Legendre’s Polynomial

Theorem 4.1 P,(x) is the coefficient of /" in the expansion of (1 —2xh + h2)~% in the ascending
power of x, i.e
(1=2xh+h2)"2 = Y h"P,(x), x| <1, |h] < 1

n=0

Proof: Since || < 1 and |x] £ 1, we get

(1-2xh+H?)2 -hQx-W]Z=1+ %h(zx —h)+ ;—'th(Zx —h2 4

1.3---(2n—-3)(2n - 1)h”(2x W)+ (49)

13- (20— 3 1 -y 4 24---(2n-2)2n

24---(2n-2)

Now the coefficient of 1" in %h“@x —h)"is

13-@u-3)@en-1) 13---(Q2n - 1)2" )
= do@oam M Tamen.er e
13---@n-1)_, , 1:3---@n-1) ,
T 2"x" = p X (4.10)

Again coefficient of " in ;:i:gﬁ:;ih”‘l(h —h)"lis

1-3---2n-13) -
@D @2 @u-1y) "D

1-3---(2n-3) 2n—1 n 2 -2
1123 (n—-1) =n ol D2
1-3---2n-3)2n—-1) n(n—-1) ,_
_ — 2= 1)x 2 and so on. (4.11)

Using (4.10), (4.11) - -- we see that the coefficient of /" in the expansion of (1 — 2xh + hz)‘% is
given by

[1-3-5---2n-1)]_, nn-1) ,, nhn-1)n-2)n-3) ,_ _
! = e )” i 2-4-2n-D@2n-3)" o l= Pa)

Now P;(x), Pa(x), - - will be the coefficient of h, h?, - -+ in the expansion of (1 — 2xh + n2)z.

(]

Therefore (1 — 2xh + hz)_% = Z W' P, (x).
n=0

Theorem 4.2 Show that (a) P,(1) = 1 (b) P,(—x) = (—=1)"P,(x), hence deduce that P,(-1) =
(=1)" where P,(x) is the Legendre’s Polynomials of degree .

Proof: (a) From the generating function, we know that

(1—2xh+12)% = ¥ WP, (x)
n=0



LEGENDRE EQUATIONS 95

Putting x = 1, we get

(1-2h+H2)% = Z WP, 1) = Z WP, =1 -h)t=1+h+h+-

n=0 n=0

Equating the coefficient of h", we get P,,(1) = 1.
(b) From the generating function, we know that

(1-2xh+ )% = Z P,y (x)
n=0

Replacing h by —h in (4.12)
(1+ 20+ H)75 = Y (<h)"Pa() = ) | (=1)"H"Pa(x)
n=0 n=0

Again replacing x by —x in (4.12) we get,

(1 +2xh + )% = Z H'P,y(—x)

n=0

From (4.13) and (4.14), we get

(=x) = X (=1)"h"Py(x)

n=0

Y WPy
n=0

Equating the coefficient of 1", we get
Py(=x) = (=1)"Pn(x)

Next putting x = 1, we get

DY
n=0
4.12)

(4.13)

(4.14)

Py(=1) = (=1)"Pu(1) = Py(-1) = (-1)", [Since P, (1) = 1]

Theorem 4.3 (Recurrence Relation I) Prove that

(n+ 1)Py1(x) = 2n + 1)xP,(x) — nPy_1(x),n > 1 or
nP,(x) = 2n — 1)xP,_1(x) — (n — 1)P,—p(x), n > 2

where P,(x) is the Legendre’s Polynomial of degree n.

Proof: From the generating function, we get

(o8]

(4.15)

(1 -2xh+H2) % = Z W'P,(x), Ix <1, ] < 1

n=0

Differentiating both side of (4.15) with respect to i, we get

(o9

- %(1 — 2xh + W) "3 (=2x + 2h) = Z nh" 1P, (x)

n=0

(4.16)
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Multiplying both sides by (1 — 2xh + h?), (4.16) gives

(x = h)(1 = 2x + B33 = (1= 2xh + %) ) nh"'P,(x)

n=0

= (x—h) Z H'Py(x) = (1 - 2xh + 12) Z nh" " P,,(x)[By (4.15)]
n=0 n=1

= x i H'P,(x) — i WP, (x) = i nh"™ P, (x) — 2x i nh" P, (x) + i nh" 1P, (x)
n=0 n=0 n=0 n=0 n=0

Equating the coefficient of /1" from both sides, we get
xpn(x) - Pn—l(x) = (1’1 + 1)Pn+1(x) - anpn(x) + (1’[ - 1)Pn—1(x)
= (n+1Ppa(x) = 2n + 1)xPy(x) — nPy-1(x)
Replacing n by (n — 1), we get, nP,(x) = (2n — 1)xPy_1(x) — (n — 1)P,—»(x). (4.17)

Theorem 4.4 (Recurrence Relation II) Prove that

nP,(x) = xP,'1 (x) — P;,_l(x), where P,(x) is the Legendre’s Polynomial of degree n.
Proof: From the generating function, we get
(1—2xh +H3)3 = Z H'P,(x), ¥l <1, [h] < 1 (4.18)
n=0

Differentiating both side of (4.18) with respect to /1, we get

00

- %(1 —2xh + hz)‘%(—Zx +2h) = Z nh" 1P, (x) (4.19)
n=0

Again, differentiating (4.18) with respect to x, we get,
h(1 - 2xh + 123 = Z WP, (x)
n=0

= h(x—h)(1-2xh+Hh)2=(x-h) Z W' P, (x) [Multiplying both side by (x — h)]

n=0

= h 2 nh" 1P, (x) = (x — h) Z WP, (x) [by (4.19)]
n=0 n=0
= Z nh"P,(x) = x Z WP, (x) - Z WP (x)
n=0 n=0 n=0
Equating the coefficient of /" on both sides we get nP,(x) = xP,(x) — P, _, (x).
Theorem 4.5 (Recurrence Relation III) Prove that

2n+ 1)P,(x) = P; (68 = P;q_l(x), where P,(x) is the Legendre’s Polynomial of degree n.

Proof: From recurrence relation-I, we get
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(2n + 1)xPy(x) = (1 + 1)Ppsa (x) + nPy_1(x)
Differentiating with respect to x, we get

21 + 1)xP,,(x) + 21 + 1)P,(x) = (n + 1)P, ,, (x) + nP,_(x)
21 + 1)(nPy(x) + P,_,(x)) + (21 + 1)P,(x) = (1 + 1)P, ,, (x) + nP,_,(x)

q

(

( n+1

[from recurrence relation-1I, xP,(x) = nP,(x) + P, _,(x)]
= @+ 1)(n+1DPy(x)=(n+ 1P, (x)— (n+ 1P, (%)

= @n+1)P,(x)=P, (x)-P,_,(x)
Theorem 4.6 (Recurrence Relation IV) Prove that
(n+1)P,(x) = P; L) = xP,(x), where P,(x) is the Legendre’s Polynomial of degree n.

Proof: From recurrence relations II and III, we get

nP,(x) = xP,(x) — P,_, (%) (4.20)
and @n+1)P,(x) =P, (x) - P, (%) (4.21)
Subtracting (4.20) from (4.21), we get, (11 + 1)P,(x) = P, (x) — xP,,(x).
Theorem 4.7 (Recurrence Relation V) Prove that
(1 = x*)P,,(x) = n(P,_1(x) — xP,(x)), where P,(x) is the Legendre’s Polynomial of degree n.

Proof: From recurrence relations II and IV, we get

nP,(x) = xP,(x) — P,_, (%) (4.22)
and (n+1)P,(x) = P, ,,(x) — xP,,(x) (4.23)

Replacing n by (n — 1) in (4.23)
nP,_1(x) = P, (x) — xP,_,(x) (4.24)

Multiplying both side of (4.22) by x , we get
nxP,(x) = P, (x) — xP,_,(x) (4.25)
Subtracting (4.25) from (4.24) , we get, n(P,-1(x) — xP,(x)) = (1 — x*)P,,(x).

Theorem 4.8 (Recurrence Relation VI) Prove that

(1 —xz)P;l (x) = (n+1)(xPy(x) = Ppi1(x)), where P,(x) is the Legendre’s Polynomial of degree n.
Proof: From recurrence relation I, we get

2n + DxPy(x) = (n + 1)Py41(x) + nPy_1(x)
= [(n+1)+n]xPy(x) = (n + 1)Pys1(x) + nPy-1(x)
= (n+1)(xPy(x) = Ppy1(x)) = n(Py-1(x) — xPy(x)) (4.26)

From recurrence relation V, we get
(1= 2P, (x) = n(Py-1(x) = xPy(x)) (4.27)

From equation (4.26) and (4.27), we get
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(1 =2*)P,(x) = (1 + 1)(xPy(x) = Pus1(x))

4.5 Orthogonal Properties of Legendre’s Function

Theorem 4.9 Prove that .
[ Pu(x)Py(x)dx = 0if m # n.
Where P, (x) and P,,(x) are the Léglgendre’s polynomial of degree n and m respectively.
Proof: The Legendre’s equation is given by
(1 —xz)% - Zx‘% +nn+1)y=0
Since P,(x) and P, (x) satisfies Legendre’s equation, we get

(1 = x*)P) (x) — 2xP,,(x) + n(n + 1)P,(x) = 0 (4.28)
(1 = X3P, (x) = 2xP,, (x) + m(m + 1)P,,(x) = 0 (4.29)

Multiplying (4.28) by P,,(x) and (4.29) by P,(x) and then subtracting the resulting equation, we
get

(1 = ) (Py(x)P,,(x) = Pru(0)P,,(x)) = 2x(Py (x)P,,,(x) = Pr(2)P,,(x)) +
[(m(m +1) = n(n + 1))[Py(x)P,y(x) = 0

- - xz)%{Pn(x)P;ﬂ (x) - Pm(x)P;(x)} - Zx{Pn(x)P;n(x) - Pm(x)p,;(x)}
= [(n —m)(n + m + 1)]Ppy(x)Py(x)

= %{(1 — X)) (Py(x)P,, (x) — Pm(x)P;/z(x))} = [(n — m)(n + m + 1)]P(x)Pyu(x)

Integrating both side with respect to x from -1 to 1, we get

1 1
[ 410 PP 0 = PuIP) alx = 103 = m)n + 1) [ PP
-1 -1

1

= [(1 = ) (Pu(0)P,,(x) = Pu(0)P, (), = [(2 = m)(n +m +1)] f Py (x)Pp(x)dx
]
1

Therefore f P, (x)P,(x)dx =0, asm # n.

-1

Theorem 4.10 Prove that

1
2
f [P, (x)]?dx = a1 where P, (x) is the Legendre’s polynomial of degree n.
-1
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Proof: From generating function of Legendre polynomials, we get

Z H'Pou(x) = (1—2xh+ )72, |d < 1, |1 < 1 (4.30)
n=0

or Y H"Pu(x)=(1-2xh+ 1) E < 1,0 < 1 4.31)
m=0

Multiplying the corresponding sides of (4.30) and (4.31), we get
fo fo WP ()P () = (1 — 2 + H2)~]
Integrating both sides of the above equation with respect to x we get
o o 1 1
Z Z f [P (X) Py (X)dx} " = f (1 - 2xh + K?)ldx (4.32)
n=0 m=0* “
1
As, f P,(x)P,(x)dx=0 m#n (4.33)
-1
Then (4.32) reduces to
o 1 1
Z f [P, (x)12dx]h?" = f (1 — 2xh + K2~ Ldx
n=02 |
log(1 + h? — th)]1
—2h 1

U
gk

(1P, )Pl = |

=
Il
(=}
|
—_

[P, () 2] = —;—h[log(l — ) —log(1 + h)z]

U
s
— .

=
I
fe=}
|
—_

[P ()22 = % [ log(1 + 1) — log(1 - h)]

U
gk
T

n=0
- 11, W K W»oon
= Y [P = olo- 5+ % - = (ch- =)

=
1l
fe=}
|
—_

1
N ;[[{pn(x)}’ldx]hh -z h+§+ ’%5 n ]
S 2 sl J2n+1
- 5 flmerele 25,25
o 7 0 252
= Y [inwrape =y 2

S
I
o
|
—
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1 2
Equating the coefficient of h*" both sides, we get, f {P,,(x)} dx = 525,
-1

Theorem 4.11 Prove that

Pu() = {02 - 1)
where P, (x) is the Legendre’s Polynomial of degree n which is also called Rodrigue’s formula.
Proof: Let
y=(>-1)"
Differentiating with respect to x, we get
ZlTZ =n(x®> - 1)1 2x

Multiplying both side by (x? — 1), we get

dy
2 _1\2L
x=1) I

d
=2nx(x? - 1)" = (x* - 1)d_3yc = 2nxy

Differentiating with respect to x, (1 + 1) times by using the Leibnitz’s theorem, we get

n+2 dn+1 nn+1 ar n+1 i
(@ =) + (o Dt 2 ( _ )ﬁ 2= 2nlx S+ 1+ D]
n+2 n+1 n
A"y Ay d'y _
= (1-x )dx”+2 2 Tyl +n(n + Ddx” =0

Putting z = d:ﬁ ,we get, (1 - xz)% —2x% + n(n + 1)z = 0 which is the Legendre’s equation and
one of the solution is
d'y
z = cPy(x) = T = cP,(x) (4.34)

Putting x = 1, we get, ¢ = ['{%]x:l, since P,(1) = 1. Now y = (x2 = 1)" = (x — 1)"(x + 1)".
Differentiating n times with respect to x using Leibnitz’s theorem, we get % = (2 -1)"n!+
"Ci8.(x + Dn.(x — 1)" L + -+ + (x + 1)".n!. Therefore [%]le = (1+1)"n! = 2"nl. Hence

c= [%]m = 2" . n!. Therefore from (4.34), we get, P,(x) = %Z’:{f = s L (2 -1y,

4.6 Expansion of f(x) in a series of Legendre Polynomials

Supposing the expansion of f(x) in a series Legendre polynomials to be possible, we write

(9]

f6) =) anPu(x) (435)

m=0
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whereay, a1, a,, - -+, a, are constants. Multiplying both side of (4.35) by P, (x) and then integrating
both side with respect to ‘x’ from —1 to 1, we get

o)

1 1
f f@)Pu(x)dx = Z{ f aum(x)Pn(x)dx}
-1

m=0 "%
1 1 ;
2 ifm#n
= ff(x)P,,(x)dx =7 [asme(x)Pn(x)dx = {2 Cifm=n
] ] n+1
1
1
o o, = (n+ E) f F)Pa(x)dx
-1
Example 4.1 If
0; where -1 <x<0
fe) = {x; where0 < x <1
Show that 5 5
fl) = —Po(x) + P1(x) + g F2(0) — 35 Pal@) +-
; where —1
Solution: Given that f(x) = 0 ;where -1<x< 0. We know that
x ; where0<x<1
F) =) auPu(x) (4.36)

n=0
1

where a, = (n + %) fl F)Py(x)dx = (n ; %) f WPa(0dx, . f(X) =0, -1 <x<0. (437)
]

0
Puttingn =0,1,2,--- successively in (4.37), we get

1 1 1

1

_ 1 ISR 3 (e L

a = foPO(x)dx—zfxdx—4, al—zfxpl(x)dx—zfxdx—z
0

0 0 0
1 R 1 . X
5 5 ((3x°—x 5 7 7 [ 5x*—3x
a = Efxpz(x)dx—if 5 dx = 6 a3—§fo3(x)dx—§dex—0
0 0 0 0
1 1 5 s
9 9 (35x°—-30x°+3 3
ag = Eth(x)dx—idex——ﬁ
0 0

and so on. Using these values in (4.38), we get

£ = 7Po(@) + 3P0+ = Pafx) = 25 Pa(x) + -
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Example 4.2 If
0; where -1 <x <0
f(x)_{l,'where0<x<1
Show that
(1) = 2Po(x) + SP1(0) — 2=P(x) + -
fx—zox 7 1) = Telhlx

Solution: Given that

0; where -1 <x <0
fx)y=4"
1, where0<x <1

We know that

00

f0) =) anPu®)

n=0

1

where a, = (n + %)flf(x)Pn(x)dx = (n + %)fpn(x)dx
-1

0

Putting n =0,1,2, - -- successively in (4.39), we get

1 1

1 1
1 1 1 3 3 3
ag = EIPO(x)dx_Efldx_E' al_zfﬂ(x)dx—ifde—Z
0 0 0 0
1 . ! PR
5 5 ((3x*-1 7 7 ( 5x° —3x
4 = Esz(x)dx—Ef 5 dx—O,a3—§fP3(x)dx—§fo
0 0 0 0

and so on. Using these values in (4.38), we get f(x) = 3Po(x) + 3P1(x) — LP3(x) +---.

4.7 Worked out Examples

Example 4.3 Show that
{1 2Py (x) Py (x)dx = %
Solution: From recurrence relation I, we get
(2n = 1)xPp-1(x) = nPy(x) + (n = 1)Py(x)
Replacing n by (n + 2) in (4.40), we get

(21 + 3)xPp11(x) = (1 + 2)Pyi(x) + (n + 1)Py (x)

(4.38)

(4.39)

7
16

(4.40)

(4.41)
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Multiplying corresponding side of (4.40) and (4.41), we get

(21 +3)(21 = NPy ()P (x) = 11t + 1)P(x) + (1 + 2)Ppaa(x)Pu(x)
+(1 = 1)(1n + 2)Py2(X)Ppi2(x) + (n = 1)(n + 1)Py(x) Py (x) (4.42)

Integrating (4.42) with respect to x from -1 to 1, we get

1 1 1
2n+3)2n-1) f X?Ppy_1(X)Ppi1(x)dx = n(n + 1) f P2(x)dx + n(n + 2) f P2 (x)P,(x)dx
-1 -1

-1
1 1

+(n—-1)(n+2) an_z(x)P,Hz(x)dx +(mn-1)n+1) an_z(x)Pn(x)dx (4.43)
_1 _1
Also we know that .
f Pou()Py () = {O’zif " (4.44)
Y iy Afm=n

Using (4.44), (4.43) reduces to

2
2n+1

1
(2n +3)2n —1) f X?Pyy_1(X)Pyi1 ()dx = n(n + 1)
-1

2n(n+ 1) B 2n(n + 1)
@n+1)2n+3)2n—-1)  (4n2-1)(2n +3)

1
= fxzpnl () P41 (x)dx =
|

Example 4.4 Prove that

1
f XP,(x)P,,—1(x)dx = ﬁ
-1

Solution: From recurrence relation I, we get

2n + 1)xP,(x) = n + 1)P11(x) + nP,—1(x)
_ (n+1) n

= xP,(x)= mpnu(x) + @i+l

Py (x) (4.45)
Multiplying corresponding side of (4.45) by P,_1(x), and then integrating both side with respect
to’x’ from -1 to 1, we get

1 1 1

f XPo(0)Pys (D)l = 21 f Prss (X)P s (X)x + f PoaPdx  (446)

n
2n+1 2n+1
-1 -1 -1

Also we know that

[Paor =1, 7 447)
by ,lf m=n
3

1
{0 Gifm#n
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Using above result(4.46) reduces to

1
2 n 2n

1
fxpn(x)Pn—l(x)dx = 2(7’1 _ 1) + 1 X 21’1 + 1 = fxpn(x)Pn_l(x)dx = m
-1 -1

Example 4.5 Show that for any function f(x), for which the n — th derivative is continuous

1 1
[ feopwx = 5 [ @ =20
| =1

Solution: We know that P, (x) = 514 (x? — 1)". Now

1 1
_ 1 d" 2 n
ff(x)Pn(x)dx = S f T (" = 1)" f(x)dx
-1 -1
1
1[pat ! dn! ,
- o [[dxn_l o2 = 1) f(x)]_1 _ f @ = 1) f (4.48)
-1
[ On Intigration by parts ]
n—1 ) ; dn—l ; ;
Also o (x*-1)"= dx?(x -1D'x+1)
=(-1)"m-Dx+1)+"D Crnx —1)" =21+ 1>+ -+ (n = DI(x — 1)(x + 1)"

. d"u
[ Since (uv), = uyv +" Cruty101 +" Cotty 20y + - -+ + uv,, where u,, = o ].
X

Now we can easily seen that ;;:1 (x? = 1)" will be zero at x = 1 and x = —1. So first part of (4.48)

must be zero, so from (4.48) reduces to

1
n—1
- [ - vrr @i = v - s
2

dxn—l

1
f FEOP (9
]

-1

1 1
(VD g [a=r = o [ -
-1 -1

Example 4.6 Show that, when |i| <1 and |x| <1

1
f Pu(x)(1 = 2xh + K" 2dx =

=1

2h"
2n+1
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Solution: From generating function of Legendre polynomial, we get

(1 -2xh+H?)"% = Z WP,y (x)
n=0
Multiplying both side by P, (x), we get
Py (x)
V1 - 2xh + h?

Integrating both side w.r.t x between -1 to 1, we get

- P,,(x)[Po(x) F Py (%) + -+ Py () + - ]

1

1
Py(x)
> | =2 _ax=|p (x)Podx+hfP1P dx+ -
_1[\/1—2xh+h2 ' Jo

1 1

+ W f[Pn(x)]zdx+an(x)Pn+1dx+-~
-1 -1
1

1
= an(x)(l —2xh + hz)‘%dx _ 2h" [as me(x)Pn(x)dx _ {0 ) sifm#n ]

J 2n+1 J 5 sifm=n

Example 4.7 Prove that
(2n + 1)(x* = DP,(x) = n(n + 1)(Ppaa(x) = Pua (x))

Proof: From recurrence relations V and VI, we get
(1= )P, (%) = n(Py-1(x) = xPy(x)) (4.49)
(1= x*)P,,(x) = (1 + 1)(xPu(x) = Pu1(x)) (4.50)
Multiplying (4.49) by (n + 1) and (4.50) by n and adding, we get
(1 +1)(1 = )P, (x) + n(1 = *)P),(x) = n(n + 1)Py_1(x) = n(n + 1)1 (x)
= 21+ 1)1 = 2P, (x) = n(n +1)(Py-1(x) = Pusa (%))
= @n+ 1) = 1P, (x) = n(n + 1)(Pps1(x) = Py-1(x)).

Example 4.8 Prove that

1+h 1 -«
_E:z(Pn"‘PrHl)hn

hAJ( = 2xh + 12) e

Solution: From generating function of Legendre polynomial, we get
Z W'Py(x) = (1-2xh+h?)?
n=0

L.H.S of the required result

1+h
Now Al -

1
WA =2xh+h2) h

= =

%(1 —2xh+hA) 7t +(1—2xh+H2) 1 —

i WP, + i WP, —
n=0 n=0

(4.51)

=
==
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Now Z " Pr(x) Po +hPy + 1Py + -+ + WPy + WPy + -+
n=0

T+ h(Py+hPy+ -+ WPy + ) = 1+hZh”Pn+1 (4.52)
n=0

Using (4.51) and (4.52), we get

Y e, = %[1 + hzh”pn+1] N ih”Pn - %

n=0 n=0
= Y WP+ Y WP= Y (Pn + P,M)h".
n=0 n=0 n=0

Example 4.9 Prove that
P, (%) + P, (x) = Po(x) + 3P1(x) + 5P2(x) + 7P3(x) + - - - + (21 + 1)P,(x)

Solution: From recurrence relation III, we get
@n+1)P,(x) =P, ,(x) =P, _,(x) (4.53)

Replacing nby 1,2,--- ,(n — 1), n successively in (4.53) we get

3Pi(x) = Py(x) — Py(x)
5Py(x) = Pi(x) - P)(x)
7Ps(x) =

Py (x) — Py(x)
@n-1P,1(x) = Plx)-P, )

(2n + 1)P,(x) P, (x)-P, (%

Adding these and noting that in the sum of right hand sides all the terms cancel except the first
two of the second column and the last two of the first column, we get

3P1(x) + 5P2(x) + 7P3(x) + - - - + (21 + 1)P,(x) = =P, (x) — P} (x) + P,,(x) + P, (%)

Now since Py(x) = 1 and Py(x) = x, so Py, = 0 and P/ (x) = 1, we get
Po(x) + 3P1(x) + 5P2(x) + 7P3(x) + - -« + (2n + 1)P,(x) = P (x) + P, (x)
Example 4.10 Prove that
1+ %Pl(cos 0) + %Pz(cos 0)+---= log[%]

sin 5

Solution: From generating function, we get
(1-2xh+ 177 = Z h'Py(x), x| < 1,]h < 1
n=0

Integrating with respect to 'i’ from 0 to 1, we get

1 1
f (1 - 2xh + K2)"idh = f Z WP, (x)dh, (4.54)
0 o n=0
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Replacing x by cos 0 on both sides, (4.54) reduces to

1

f(1 2cos Oh + H?) "2 dh = ZP(cose)fh"dh

(e8]

— cos 6)2 + sin” 6]

hn+1

= f\/[ — th;Pn(COSQ)[n_i_

1
1)

) [ Pa(cos 0)] - [1ogl01-  c0s B 1 ot ]l
- Z:‘a | = | loslr cos@)+\/[(h cos 0)2 + sin (9]}0

o [Pa(cos0)] B ~ s 2 }_ B
= ;_ — —log{(l Cos@)+\/[(1 cos 0)2 + sin” 0]} — log(1 — cos 0)

o [ Py(cos 0)] B { 3 - }_ B
= ,,Z:(}- —] =log{(1 —cos0) + /[2(1 — cos O)]{ — log(1 — cos O)

— [P, (cos 0)] 3 {(1 —cosB) + /[2(1 — cos O)]}
= ;' n+1 J_log (1 —cos6)
R i-pn(cosey zlog{\/(l—cosﬁ)\/(l—c056)+ VI2(1T = cos O)]}

el n+1 | V(1 = cos 0) /(1 — cos 0)
R i [P, (cos 0)] ~ log VA =cos6) + V2

L on+l 1/ (1 —cos )

o) 1 ZQ
. Z [P, (cos 0) ~ log \/2sin” 3 + V2

n=0 - n+l ZSinzg

S [Py(cos@)] . 1+sin§
= nz=0 n+1 A_IOg sing

1 1 1+sing
= Py(cos6) + EPl(cos 0) + ng(cos 0)+---=log sin—e
2
1 1 1+sin$
= 1+ =Pi(cosO)+ =Pr(cos0) + - =log ———
&
2 3 sin 2

2

1
Example 4.11 Find the value of f Py(x)dx where P, (x) is Legendre’s polynomial of degree .
-1

1 1
Solution: We know that Py(x) = 1. So f Po(x)dx = f dx =2.
-1 -1

Example 4.12 Express x° + x2 in terms of Legendre polynomials Py(x), P1(x), P2(x), P3(x).
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Solution: We know that

Po(x) = =x" =1
Pi(x) =x

1 2 1
Py(x) = E(3x2 -1)=>x*= 5Pz(x) +3

Ps3(x) = %(53(3 -3x) = ¥ = éPg,(X) + gx

Now using (4.57) and (4.58), x> + x reduces to

5 2
5

= %P3(X) + gpz(X) + %Pl(X) +

5 3

3 2 1
X 4+xt = —P3(x)+§+§P2(x)+§_

5

3

3

2 2 3 1
—P3(X) + —Pz(X) + =x+ =

5

(4.55)
(4.56)
(4.57)

(4.58)

3

1Po(x), Since P1(x) = x and Py(x) = 1.

Example 4.13 Express x* + 2x® + 2x? — x — 3 in terms of Legendre polynomials.

Solution: We know that

Py(x) = %xo =
Pi(x) =x

1 2 1
Py(x) = E(sz 1) =% = ng(x) + =

3

1 2
Ps3(x) = E(Sx3 -3x) = ¥ = ng(x) + gx

1 8 6
Pu(x) = =(35x* = 30x% + 3) = x* = —P,(x) + =&?

8

35

Now using (4.63) and (4.62) x* + 2x® + 2x? — x — 3 reduces to

7

(4.59)
(4.60)
(4.61)

(4.62)

3
-3 (4.63)

8 6 3 2 3
42 -x-3 = £P4(x) + §x2 ~ 35 +2{§P3(x) + 5x} +2x* —x -3
8 4 20, 1 108
= 35P4(x) + 5P3(x) + 7 x°+ 5x 35

4

= SR+ P - o

5

20

1

2 1 108
{gpz(x) + -} + 2Pi(0) - ==, [By @6D)]

3

= P + 2P0 + 2 Pa) + EPI() -

5
4

= SR+ 2P + 2 Pa) + 2P - o

40

5
1

105
224

05

24 P = 4]

Po(x), [ Po(x) = 1]

Example 4.14 Show that all the roots of P, (x) = 0 are real and lie between -1 and 1.

Solution: We get Rodrigue’s formula

Py (x)

- 2np! dxn

n

A
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Now, (x> — 1)" = (x — 1)"*(x + 1)". Since (x> — 1)" vanishes n times at x = 1 and n times at x = -1,
therefore, using the theory of equations 4 (x?> — 1)" = 0 will get 1 roots all lying between -1 and
1. Therefore P,(x) = 0 has n real roots all lying between -1 and 1.

Example 4.15 Express x* — 3x* + x in terms of Legendre polynomials
Py(x), P1(x), Pa(x), P3(x), Pa(x).

Solution: We know that

Py(x) = éxo = (4.64)
Pi(x) =x (4.65)
Py(x) = l(3x2 -)=x2= gP (x) + 1 (4.66)
2T ~ 32 3 '
1_ ., ) 3
P3(x) = E(Sx -3x)=>x = §P3(x) + gx (4.67)
Py(x) = 1(35x4 —30x* +3) = x = 8p (x) + éx2 _3 (4.68)
w8 T35t 75 35 '

Now using (4.68) x* — 3x? + x reduces to

-3 +x = %P4(X)+§x2—%—3xz+x
- %p4(x)—$x2—33—5+x
= %R;(x) - g{gpz(x) + %} - % +x, [Using (4.66)]
= P~ P — 2 — o+ Pi(), [Since Pr(x) = x]

= P — TP + Py(3) 2P, [Since Po) = 1]

Example 4.16 Express 4x° + 6x2 + 7x + 2 in terms of Legendre polynomials.

Solution: We know that

Po(x) = $x° = (4.69)
Pi(x) = x (4.70)
Py(x) = 1(3x2 1) =% = 2p (x) + E (4.71)
2T 3273 '
Ps(x) = %(59(3 —3x) =2’ = épg(x) + gx 4.72)

Now using (4.72) 4x> + 6x? + 7x + 2 reduces to

453 + 6x% + 7x +2

4{§P3(x) + gx} +6x2+7x+2= gpg(x) +6x% + 15—2x +7x+2

= §P3(x) + 6{§P2(x) + %} + %x +7x+2, [Using (4.71)]

= gpg(JC) + 4P5(x) + 4€7P1(x) +4, [Since Pi(x) = x]

= ng(x) + 4P2(x) + 4371)1(9() + 4P0(x), [Since P()(x) = 1]
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1
Example 4.17 Evaluate f P3(x)dx.
|

1 1
Solution: Since [ P2(x)dx = 527,50 [ P2(x)dx = 52 = 2.
-1 -1

1
Example 4.18 Evaluate f Po(x)dx.
-1

1 1
Solution: Since Py(x) = 1 so, f Po(x)dx = f dx = 2.
-1 -1

4.8 Multiple Choice Questions(MCQ)

1. Let P,(x) be the Legedre polynomial of degree n and I = f_ 11 xkP,(x)dx, where k is the
non-negative integer. Consider the following statements P and Q : GATE(MA)-2016
(P):I=0 ifk<n.

(Q):1=0 ifn—kisan odd integer.

which of the following statements hold TRUE?

(A) both P and Q (B) only P (©) only Q (D) Neither P nor Q.

Ans. (A).

Hint. We have x* = i CuP(x) where C,, are real constants. Also ﬁ 11 P, (x)P,(x)dx = 0 if

m=0
m # n. Hence the result.

2. Let the Legedre equation
1- xz)y” - nyl +nn+1)y=0

have n-th degree polynomial solution y,(x) such that y,(1) = 3. If [ i(yﬁ () +y2_ (0)dx =
X, thennis GATE(MA)-12
A)1 B)2 O3 D)4

Ans. B)

3. Let P,(x) be the Legendre polynomial of degree n such that P,(1) =1, n = 1,2,--- if

n 2
¥ ( Vi2j+ 1)Pj(x)) dx =20, then n = GATE(MA)-09
j=1

A)2 B)3 (4 D)5.
Ans. C)

Hint. [\ (P,()/dx = 32

4. Let P,(x) be the Legendre polynomial of degree n and let

m

Pm+1(0) = —

Pnua(0), m=1,2,...

If P,(0) = -, then [ P2(x)dx = GATE(MA)-07
A)Z B3 O D)
Ans. A)
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10.

Hint. P1(0) = 0, P2(0) = —3Po(0) = -3, P3(0) = —3P1(0) = 0,--- , Ps(0) = -
2

[ Phwds = 5 = &

The weight function of Legendre polynomial is

(@) Wx) =1 (b) W(x) =x Wkx)=1-x (d) none of these.
Ans. (a) W(x) =1

Let P,(x) denote the Legendre polynomial of degree n. If

f(x):{x’ 1<x<0

0, 0<x<1
and f(x) = apPo(x) + a1 P1(x) + aPa(x) + ... then GATE(MA)-05
Aay=-3, m=-3 Blag=—-f a1 =3
Quap=3% m=-1 Dag=-1 m=-1
Ans. B)

Hint. f() = Y a,P,(9, a, = (r + 1) [ fOP(x)dx
r=0

10

Let P,(x) be the Legendre polynomial of degree n < 0. If 1 + x1° = Y C,P,(x), then Cs is
n=0

GATE(MA)-04

A0 B& O1 D).
Ans. A)
Hint. As equating the co-efficient of x°.

Let y = ¢(x) and y = (x) be solutions of
Y —2xy +(sinx?)y =0

such that ¢(0) = 1 ¢'(0) = 1, ¥(0) = 1, ¥'(0) = 2. Then the value of W(¢, ) at x = 1 is
GATE(MA)-04

A0 B)l Qe D)e.
Ans. O)
Lety be the polynomial solution of the differential equation

(1-x%)y —2xy +6y=0

If y(1) = 2, then the value of the integral L 11 y?(x)dx is GATE(MA)-11
At B Of DI

Ans. D)

Hint. | = y(1)?525
The interval of x of Legendre polynomial is
@[-1,1  ®ELD) @I @[-1,1)
Ans. (a) [-1,1].
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11.

4.9

10.
11.
12.

13.

The Legendre polynomial P,(x) is
(a) even if n is even (b) odd if n is even (c) even if n is odd (d) none of these.
Ans. (a) even if n is even.

Review Exercise

Show that infinity is a regular singular point for the Legendre equation
(1 -2y’ —2xy +afa+1)y =0,

where «a is constant.
The Laguerre polynomial
dlxe™

Ln (X) = EXW)
is a solution of the Laguerre equation.
The Laguerre polynomials L, are orthogonal with respect to the weight function w(x) = ¢™,
in the sense that

+00 .

f ¢ LX) L ()dbx = { (1) im # n
0

ifm=n.

Prove that ()P, (-1) = (-1)"4n(n + 1)

(i) fl (P.)2dx = n(n + 1).
-1

1
Prove that [ xP,(x)P,(x)dx = 525
-1

= Zn+l

prove that P, (x) = P (x) = (2n — 1)P,,_1.
Express 2 — 3x + 4x? in terms of Legendre polynomial.
Show that x* = 2P5(x) + 2P, (x).

us
. Prove that [ P,(cos6)cosn0d6 = %n
0

Prove that (21 + 1)(x? = 1)P,,(x) = n(n + 1)(P41(x) — Py_1(x)).
Prove that P, + P, =Py +3P1 +---+ (2n + 1)P,.
=P =@n+1)P,

Let P be any polynomial of degree n and let

Using Rodrigue’s formula, prove that P

P =coPy+c1P1+ -+ +c, Py,
1
where ¢, c1,- - ,C, are constants. Show that ¢, = ZI‘T” f P(x)Px(x)dx, (k=0,1,2,---,n).
-1

us
Prove that P1(x) = 1 [{x+ Va2 - 1cos6).
0
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14.

15.

16.
17.

18.

19.

20.

21.

22.

Express P(x) = x* + 2x> + 2x? — x — 3 in terms of legendre polynomials.
[Ans. 8/35P4(x) + 4/5P3(x) + 40/21P,(x) + 1/5P1(x) — 224/105P(x)].
Prove that all the roots of p,(x) are distinct.

Show that all the roots of P,,(x) are real and lie between -1 and 1.

Using Rodrigue’s formula find the value of Py(x), P1(x), P2(x) and Ps(x).

1
Show that [ ¥"P,(x)dx = 2.
-1

1
Show that [ x*Ps(x)dx = 0.
-1

us
Prove that an(cos 0) cosn0dO = B(n + %,% .
0

T
When n is a positive integer prove that P,(x) = < f [x £ Vx2 —1cos¢p]"do.
0

Using Rodrigues formula to prove that P ., =P = (2n+1)P,.
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Chapter 5

Bessel Functions

5.1 Introduction

Another special type of differential equation is discussed in this chapter which is called Bessel
equation. These are named after the German mathematician and astronomer Friedrich Bessel,
who first used them to analyze planetary orbits which will discussed later. Bessel functions
occur in many other physical problems, usually in a cylindrical geometry, wave propagation
and static potentials. Some examples of these are presented at the end of this chapter.

5.2 Bessel Equation

The differential equation of the form
Py +xy + (0 —-nP)y =0 (6.1

is called Bessel equation of order n, n being a non negative constant. Comparing the equation
(5.1) with the equation (3.1), we get p1(x) = % and po(x) = "2}”2. Obviously, x = 0 is a singular

point. Note that lin& xp1(x) =1 and lir% x?po(x) = —n?. So, both xp1(x) and x*py(x) are analytic at

x = 0 and can be expanded as power series that are convergent for |x| < co. Hence, x = 0is a
regular singular point. To investigate the point at x = co, we transfer the independent variable

xbyx= %, then —ZZ = —t? —'ff’t' , —‘Z;’ =t —‘ZZ +28 —'g and subsequently, the equation (5.1) becomes
dy dy
4 3 2.2
+ .
t t2+t . (1-nt)y=0 (5.2)

This shows that the equation (5.2) has a singular point at t = 0 which is not regular singular

2(1-n2t?
t4

point as ltin(} £po(t) = {‘irr(} ) does not exist and hence x = oo is not a regular singular point

of the equation (5.1).
To obtain a series solution of the above differential equation (5.1) in the neighborhood of
x = 0 by Frobenius method, let us put

y Z apx™ a0 #0, 0 <x < 00 (5.3)

m=0

Differentiating twice (5.3) in a succession, we get

i [Se)
yr = Z(m + }’)ameHV—l and yr, — Z(m +1)(m+r— 1)amxm+r—2
m=0 m=0
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Putting these values y, y and y” in (5.1) we get

(e8]

(o) (o]
x? Z(m + 1)+ 1 — Va2 + xZ(m + )" (2 — n?) Z Apx™ =0
m=0 n=0

m=0

[ee) [ee) [ee] (o]
= Z(m +7)(m+r— Dax™" + z(m + 1), X" + Z Ay X2 2 Z apx™ =0

m=0 m=0 m=0 m=0

o)

(o]
= ((m+7r)m+r—1)+ (m+7) — n2ax™" + Z 4, X" =
m=0 i

Equating to zero the coefficient of smallest power of x, namely x”, the indicial equation is
aplr(r—1)+r—-n?} =0, ie. 2 —n*>=0asay # 0

So the roots of the indicial equation are r = —n and n. Next equating to zero the coefficient of
X7 from above equation, we obtain the recurrence relation as

k-2
k k+r— = =- k=2,3,4,--- 5.4
(k+7+n)k+r—nag+ap =0= a Y — ,3,4, (54)
Next equating to zero the coefficient of x"*! and get
ar+n+1)(@r+1-n)=0=4a; =0 (forr = —nand r = n). (5.5)
Using a; = 0 and (5.4), we geta; = a3 =as =ay =--- = 0. Puttingn = 2,4,6,--- in (5.4) we get
a = - %
2T T r+n+2r+2-n)
ap ap
a, =

C(r+n+4)(r+d-n) - ren+4)r+4-nr+n+2)r+2-n)

and so on. Putting these values in (5.3), we get

xr+2 xr+4
— ro_ e
Y@ = mjx r+n+2)(r+2-n) " r+n+4)r+4-n)r+n+2)(r+2-n) " 5.6
Putting r = n and replacing ag by a in (5.6), we get
2 4
(V)r=n = ”xn[l - 4(1X+n) + 4.8(1+xn)(2+n) - ]
Ifa = m, then the solution is
B 1 ; x? xt e " 1 (x)2m+”

L) = e L i n T asasme ] =)D T+ m+ 1)\2

m=0

which is called the Bessel’s function of first kind of order n. Putting r = —n and replacing 4 by
bin (5.6), we get

. 2 4
(Y)r=—n = bx n[l - 4(;6—11) + 4.8(1—751)(2—71) - ]
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Ifb = , then the solution is

2”1"(n+1

2 4

X X

) _ 0 ) . 1 x 2m-n
Jn(x) = W-n " BI-m2-n ] - mzzo(_ ) m!T(m —n + 1)(5)

1 —n
2T+ 1) [1 B

which is called the Bessel’s function of second kind of order —n. Thus the general solution of
Bessel equation (5.1) when 7 is not an integer is y = AJ,(x)+ BJ_,(x), where A and B are arbitrary
constant.

5.3 Bessel’s function of first kind of order n

The bessel’s function of first kind of order # is denoted by J,(x) and is defined as

1, 2 xt
Jn) = EEEITV{1‘4a+n)+4a1+ma+n>_"1

© " 1 2m+n
WZ‘:O(_D m!T(n+m + 1)(%) (5.7)

where 7 is a nonnegative constant. When # is a integer, I'(n +  + 1) = (n + r)! and so (5.7) may
be written as

s 2m+n
hm=ZPW7@%W@)

m=0

5.4 Properties of Bessel’s function

Theorem 5.1 Show that for any integer 7, /_,(x) = (=1)"/,(x) and J,(x) is Bessel function of
first kind.

Proof: Case-I: When 1 is a positive integer
From the Bessel’s function of first kind, we have

m 1 m+n
Ju(x) = Z(—) m( )2

Now replacing n by —n in the above expression, we have

2m—n
= Y0 e 3) 69

since n > 0, so I'(—n + m + 1) is infinite and so m iszeroform=0,1,2,---(n—1). Keeping

this in mind we see that the sum over the m in (5.8) must be taken from # to co. Thus we obtain

Jou®) = X (- 1)mm( )2m '

m=n
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Taking v = m — n, we get

0 o 2(r+n)—n a . ., 1 2rn
Jon(x) = Za ) W(x) - ;‘(_1) 1) rT(r+n + 1)(%)

2r+n

n r 1 X — n
(-1 ;(—1) m(z) =(-1)"a(x)

Case-II: When 7 is a negative integer

Let p be a positive integer such that n = —p. Since p > 0, from case-I, we have | ,(x) =
(=1 Jp(x) = Jp(x) = (=1)P](x). But p = —n hence above result becomes |_,(x) = (=1)"],(x).
Hence for any integer n, J_,(x) = (=1)"],,(x).

Theorem 5.2 Show that for any integer 1, J,(—x) = (=1)"J,(x).

Proof:Case-I: When # is a positive integer

2m+n
From the Bessel’s function of first kind, we have [, (x) = mZ_‘ (G m(;—‘) .
Now replacing x by —x in the above expression, we have

) . 1 _\2mn 0 y e 1 2m+n
Ju(=x) = n;)(—l) m(?x) zn;)(_l) (-1 m!F(n+m+1)(32_C)

- 1)"2( V(3] = e

mT(m+n+1

Case-II: When 7 is a negative integer
Let p be a positive integer such that n = —p. Since p > 0, from case-I of theorem 5.1, we have

Ju(®) = Jp(x) = (=17],(x) [Since J-n(x) = (=1)"]u(x)]

Now replacing x by —x, we have

(=1 J,(=x) = (—1)2”]p(x), [ Since J,(—x) = (=1)"],(x) for any positive integer 1]
Jp() = (=1)]p(x) = (=1)"Ju(x), [Since J_n(x) = (=1)"Ju(x) = Ju(x) = (=1)7"J-n(x) ]
Hence for any integer, 1, [,(=x) = (=1)"],(x).

]n(_x)

Theorem 5.3 (Recurrence Relation I) Prove that
d(, " ;
YT} = ¥ @) 01 37,0 = =) + ¥aa ()

Solution: From the Bessel’s function of first kind, we have

(e8]

00 . 1 2m+n . n 1 1\ 21
fn<x>=m2=0<—1> m(’2-‘) = x Jn<x>=mZ=3<—1> —m!F(n+m+l)(§) e



BESSEL FUNCTIONS 119

Differentiating with respect to x both side we get

i{ i(—nm 1 (1)2m+"xzm+zn}

dx m!il(n+m+ 1)\2

— Z( ( 1 )2m+n ix2m+2n
m'F(n +m+1)\2 dx

= Z(—l)m S - 2n)(—)2m+nx2m+2"-1
— mIT(n+m+1) 2

n m 1
-7 mZﬂ)(—l) T(m + DT (n + m + 1)

s 1 1 n—142m
— n -1 m—(_) n—1+2m
X ;0( ) m!I'(n +m)\2 X

n—1+2m

n S m 1 X — n
- mZ:O(_l) mzr{(n—1)+m+1}(§) = X na(3).

d, .
E{x Ju(2)}

2m+n
2(m + n)(i) xn—1+2m

Hence %{x Ja()} = x"Juca(x) = X", (%) + " () = X' Jum1 (x) = x],(0) = =nfu(x) + xJpo1 (%)

Theorem 5.4 (Recurrence Relation II) Prove that
d, _, n ;
— {7 u} = =" (%) or xJ,(x) = nJu(x) — xJns1(x)

Solution: From the Bessel’s function of first kind, we have

2m+n
Julo) = Z< " )

TR TED Y o W )
m=0

mI'(n+m+1)\2

Differentiating with respect to x both side we get,

2m+n
= Y ()

(_1)m 1 (1)2m+n d zm Z(_ )m 1 (1)2m+n2 P
m!T(n+m+1)\2 m!T(n+m+1)\2 mx

Q..l:“

Mz

0

3
1l

1 1 2m+n-1
(—) x"+2m=1 [Since T(m) = co when m = 0]

= mzzl(_l)m T(m)[(n + m + H\2
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» b " 2+ +2(m-1)} 1 n—1+2m
-7 mzzl(_l) r{(m—1)+1}r{(n+1)+(m—1)+1)}(§)
~ B oo e 1 (f){nl+2(7+1)} . B _
-7 ;;( D T Drm s D+ r+11\2  [Replacing r = m —1]
i, 0 . 1 x (n+1+2r) i
- ;(_1) r!r{(n+1)+r+1}(§) = = an (0.

d
Hence  ——{x™Ju(0} = —x™"Jna (%)
= 17,0 = @) = = () 2 2,00 = 1) = e ().
Theorem 5.5 (Recurrence Relation III:) Prove that

2],(x) = J,-1(x) = Ju11(x), where ], (x) is the Bessel’s function of first kind.

Proof: From recurrence relations I and II, we have

X () = —nJu(x) + x]1 (%) (5.9)
and xJ,,(x) = 1], (%) = XJns1(x) (5.10)

Adding (5.9) and (5.10), we get
2], (%) = xJu1 (%) = Ju1(0) = 2J,(%) = Juc1 (%) = Jusa (x)
Theorem 5.6 (Recurrence Relation I'V:)Prove that

2nf,(x) = x[],,,l(x) + ],Hl(x)], where [, (x) is the Bessel’s function of first kind.

Proof: From recurrence relations I and II, we have

], () = =1 (x) + x]p-1(x) (5.11)
and xJ,,(x) = nJu(x) = XJns1(x) (5.12)

Subtracting (5.12) from (5.11), we get

2n],(x) = xJp41(x) = xJu-1(x) = 0 = 2nJ,(x) = x[J-1(x) + Jur1(0)].

5.5 Generating Function for the Bessel’s function J,(x)

Example 5.1 Show that when 7 is a positive integer, J,(x) is the coefficient of z" in the expan-

sion of exp {3z ~ D} ie expl3z =i = £ 21
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Solution: We have exp{ (z - l)} er = =e7e

Now, exp{;—c(z—%)} = 2z =¢

ol
2,2 n(_1\i,—n

[ () (_)Zz'+ +(§)%

(x )”“( 1();++1 1‘):“” ] (5.13)

X

Now the coefficient of z" in the product of (5.13) is obtained by multiplying coefficients of

z", z"1 Z1+2 .. in the first brackets with coefficients of z°,z71,z72,--- in the second bracket

respectively and in thus

V' 1 x n+2 1 x n+4

(E) E_(E) m+(§) o
B i ( 1)m (x)n+2m

a m'(n +m)I\2

i (=)™ ( x )n+2m [ Since (n + m)! = I'(n + m + 1), n + m being positive integer]
- mI'(n+m+1)\2

Ju(x)

Example 5.2 Prove that the following recursion relation for Bessel’s function using generating

function

27’1],,(3() = x[]n—l(x) + ]n+1(x)]

Solution: From generating function of Bessel’s function we have

explixz-Li= ¥ 2',().

n=—oo

Differentiating with respect to 'z’ both side, we get

(e8]

exp{%x(z - %)};—C(l + le) = ; nz" J(x)
= ;—C(I+ le) i 2T (x) = Z nz" (%)

n=—00 n=—o00

= 2 i 2Tu@) + 5 Z "2),(x) = Z nz""J(x)

n=-—o0o 71——00 n=—0o

Equating the coefficient of z"~! both side we get

1)+ 3 Jun () = 1) = 20Ju@) = xlr () + Jroa (]
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Example 5.3 Prove that the following recursion relation for Bessel,s function using generating
function

2,(0) = Ja1(¥) = Jurr (%)

Solution: From the generating function of Bessel’s function we know that

explix-1) = % 21,0

Differentiating with respect to 'x’ both side, we get

expl 23z D3 - 1) = Y, 2o

= —<z——)Z 2'](x) = i 2',(%)

5 Z n+1]n(x _Z Z" 1]n(x) = nimzn];z(x)

n—oo

Equating the coefficient of z" both side we get

1@ = 30 = [, = 20,00 = 1) = Jra®

5.6 Worked out Examples

Example 5.4 Express J5(x) in terms of Jo(x) and J;(x).
Solution: From the recurrence relation-III, we have

Jua1 (%) = 2 ]4(x) = Ju1(x)
Puttingn =4,3,2,1 we get

B0 = SR =B, i) = ) -
BO = SR -1 and be) = 2/ - o).
Now Js() = 360~ Jo(x) = §(%(x) ~ 1200) = J5) = 3 150) = S 120) = o)

(3 - 1)pe =R = (5 - 1)( “100 = 1) - S0

= (2w (B 1w - 2w = (2 - B - (£ 1)
= (Z- 22w 1) (5 - 1) = (2 - 2w - (22 - 2w
- (B )= -2 ) - (S - 2w
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Example 5.5 Show that

@)]_4() = \/% cosx (B9 = \/% sinx (U 0F + (00 = =

Proof: From the Bessel’s function of first kind, we have
1 ; x? x*
Jux) = 2T+ 1) [1 TAdlen) 80T mQn) ]

1 , x? x*
= 1) = Zre T [1 T20+2n) T 24+ @G +2n) ] (5-14)

(a) Putting n = —% in (5.14), we have

1 ; x? x
= _  x2|1- — —_ .
J1(x) 2irCle1) 2[ 21" 2431 ]
1 o 2 x4 2 2 1t 1
2
2
= 4/—cosx
nx
(b) Putting 1 = § in (5.14), we have
1 1 x2 xt
= 2|11 — —_ ..
Jy®) 2Td+ 1)x2[ 123 " 12435 ]
1 1[ x2 it ] 1 1[ 2 ¥
_ o+ —... | = xI1-=+=—---|[asT(n+1) = nl'(n)]
21T (3) 3! 5! 2%%1‘(%) 3! 5!

3 5
\/%[x—%+%_...]: 1/%sinx, [asT(3) = VAl

(c) Squaring and adding (a) and (b), we have { ]_%(x)}2 +1{; )= 2.

Example 5.6 Prove that (1) ]_%(x) = \/g(—% — sinx) (b)]%(x) = \/%(% — COS X).

Solution: From example 5.5, we have

]_%(x) = w/%cosx (5.15)
and ]%(x) = \/%sinx (5.16)

Also from recurrence relation IV, we have

a0+ Tt @) = 21,0 (5.17)
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(a) Putting n = —% in (5.17), we get
4@+ 1109 = =240 = 4 = 1509 = 24

2 cosx . .
= a(—T —sinx) [Using (5.15) and (5.16)]

(b)Putting n = % in (5.17), we get
1
J_1 @)+ 5 () = ] (x)

> 0= 4@+ /W

sin x

= %(— —cosx) [Using (5.15) and (5.16)]

X

Example 5.7 Show that
(i) cosx = Jo(x) = 2J1(x) + 2]4(x) — -+~
(i) sin x = 21(x) = 2J3(x) + 2/5(x) = - -

Solution: From generating function of Bessel’s function, we have

exp{fe- = ¥ 2w

n=—o00

= 4270500 + 27 () + 27 () + Jox) + 21 () + 2 a(x) + 20 J3(x) + -

Jo@)+ (= D) + @+ R+ (& = )0+ [Using [4() = (-1, ()]

Putting z = ¢, we have

exp{3¢7 = ) = Jo(@) + € = ) + (@ + () + (€ = o) + -

= ™50 = Ji(x) + (2isin 0)J1(x) + (2 cos 260)], + (2i sin 36)J3(x) + - - -
= cos(xsin6) + isin(xsin6) = (Jo + 2c0s260], + 2cos40]y + ---)
+ i(2sin@]; +2sin30]3+---)

Equating the real and imaginary parts, we have

cos(xsin)) = Jo+2cos20J, +2cos40fy+ )
sin(xsinf) = 2sinf]; +2sin30]J3 +---

Putting 6 = 7, we have

cosx = Jo(x) = 2J1(x) + 2J4(x) — - -~
sinx = 21 (x) — 2J3(x) + 25(x) — - -

Example 5.8 Show that [ x7"],.1(x)dx = m — X" (x), n > 1.
0

Solution: From recurrence relation II, we have
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F @)} = = (1)
Integrating both sides with respect to 'x’ between the limits 0 and x, we get

X

[x-wx)]z =- f X (X)dx

0
X

= )~ lim 20 f X st (X)dx
x—0 X"
0

i ) _ 1 " 2 _ 1
But lim == = 7%[1 - W + ] = 27T(n+1)

x—0

X
Hence [ x7"]1(x)dx = m — X" (x), n > 1.
0

Example 5.9 Express J3(x) in terms of Jo(x) and J;(x).
Solution: From the recurrence relation, we have

Jur1(x) = 27;4]"(3{) = Ju1(x)
Putting n = 2,1 we get

BO = R0~ heand 1) = Sh() - o).
N 4 42
W) = ]~ i) = (216 - o) - 1)
8 4 8 4
= SR -1 - T = (5 = 1)1 - S
Example 5.10 Find the value of [ (x).
Solution: We know that
Ju(x) = 2nr(1n+1)xn[1 - 4(fin) + 4.8(1+3f)(2+n) -]
Putting n = 1, we get
X2 x*
h& = Fasp 1asn Tsarnesn !
X 2 it
Jitx) = 5[1— FIET)) -]

Example 5.11 Write down the Bessel’s equation of order 2.
Solution:The differential equation of the form
X2y +xy + (2 -n?)y=0
is called Bessel equation of order n. Putting n = 2, we get x>y + xy + (x> —4)y = 0.
Example 5.12 Prove that J,(—x) = (=1)"],(x) using generating function.

Solution: We have
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exp{3(z - 1)} = ﬁ 2" (%)

Replacing x by —x we get
Y () = exp{%(z - %)} = exp{%(—z - _iz)}
= Y 2= ) 2

Equating the coefficients of z" from both sides, we get J,(—=x) = (=1)"],.(x).

5.7

1.

5.8

Multiple Choice Questions(MCQ)

The general solution to the differential equation

a2 d 5
de—;; + x% (42 - )y =0is GATE(MA) — 2014
A)y(x) = a]%(Zx) + ﬁ]_%(2x) B) y(x) = a]%(x) +ﬁ]_%(x)
O ¥ = af, () +F4() D)y = a (39) + B4 (29
Ans. (A)

It is known that Bessel function J,(x), n > 0, satisfy the identity e3¢~ = Jo(x)+ Y J, (x)(t” +
n=1

(—;)”) forallt > 0,and x € R. The value of Jo(§) +2 OZ_O,l J2n(3) is equal to GATE(MA)-2015

@Az B1 ©3 OO

Ans. (B)

Hint. We have putt =1, we get 1 = Jo(x) + 2 i J2n(x), x € R. Then replacing x by 5, we
n=1

obtain Jo(§) +2 X Jou(5) = 1.

n=1

If J,(x) and Y7, (x) denote Bessel functions of order # of the first and second kind, then the

general solution of the differential equation x‘%z‘ - xj—)yc +xy=0is GATE(MA)-2005

A) y(x) = ax]i(x) + pxY1(x) B) y(x) = afo(x) + fYo(x)
O y(x) = aji(x) + BY1(x) D) y(x) = axJo(x) + pxYo(x)
Ans. A)

Review Exercises

Show that [ x*Jo(x)dx = x*J1(x) — 2x?J(x) GATE(MA)-2003
Prove that j—x{xh (x)} = xJo(x).
Prove that ;—x{]o(x)} =—J1(x).
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10.
11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

Prove that J_s = (2)7[ = cosx + Esina].

Prove that J5 = (%)%[gj—fzsinx — 2cosx].

Show that f \/ﬁf% (x)dx = 1.
0

Express in J3(x) terms of [o(x) and j1(x). [ Ans: [3(x) =

8—

X

211 = 4o(0)]

Show that J,(x) = 0 has no repeated roots except at x = 0.

b
Prove that f xJo(ax)dx = S

Prove that J2+2(2 + J2+---) =1

Show that all the roots of J,(x) are real.
1

Evaluate [ x*];(x)dx. [Ans : x*], = 2x°J3 + c.]

-1

Establish the relation 2], (x) = J,_1(x) + J.+1(x) the Bessel’s function J,(x). Hence deduce

that

];(x) = }I[In—l(x) =2Ju(x) + ]n+1(x)]

Prove that £(J2 + J2,) = 2(22 — 212 ),

If a > O, prove that Ofe*”"jo(bx)dx = \/azlw

Show that fx‘”]n+1(x)dx = m, n> -1
0

Prove that f Jo(x) sin xdx = xJp sinx — xJ;1(x) cos x.

Prove that J43 + Juss = %(” +4) )44

Show that xsinx = 2(22]2 — 42]4 + 62]6 ... )

Show that x cos x = 2(1211 =33 +5 5 — -

)
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