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Preface

With the remarkable advancement in various branches of science, engineering and technology,
today more than ever before, the study of differential equations has become essential. For,
to have an exhaustive understanding of subjects like physics, mathematical biology, chemical
science, mechanics, fluid dynamics, heat transfer, aerodynamics, electricity, waves and electro-
magnetic, the knowledge of finding solution to differential equations is absolutely necessary.
These differential equations may be ordinary or partial. Finding and interpreting their solutions
are at the heart of applied mathematics. A thorough introduction to differential equations is
therefore a necessary part of the education of any applied mathematician, and this book is
aimed at building up skills in this area.

This book on ordinary / partial differential equations is the outcome of a series of lectures deliv-
ered by me, over several years, to the undergraduate or postgraduate students of Mathematics
at various institution. My principal objective of the book is to present the material in such a
way that would immediately make sense to a beginning student. In this respect, the book is
written to acquaint the reader in a logical order with various well-known mathematical tech-
niques in differential equations. Besides, interesting examples solving JAM / GATE / NET / IAS
/ NBHM/TIFR/SSC questions are provided in almost every chapter which strongly stimulate
and help the students for their preparation of those examinations from graduate level.

Organization of the book

The book has been organized in a logical order and the topics are discussed in a systematic
manner. It has comprising 21 chapters altogether. In the chapter ??, the fundamental con-
cept of differential equations including autonomous/ non-autonomous and linear / non-linear
differential equations has been explained. The order and degree of the ordinary differential
equations (ODEs) and partial differential equations(PDEs) are also mentioned. The chapter ??
are concerned the first order and first degree ODEs. It is also written in a progressive manner,
with the aim of developing a deeper understanding of ordinary differential equations, includ-
ing conditions for the existence and uniqueness of solutions. In chapter ?? the first order and
higher degree ODEs are illustrated with sufficient examples. The chapter ?? is concerned with
the higher order and first degree ODEs. Several methods, like method of undetermined coeffi-
cients, variation of parameters and Cauchy-Euler equations are also introduced in this chapter.
In chapter ??, second order initial value problems, boundary value problems and Eigenvalue
problems with Sturm-Liouville problems are expressed with proper examples. Simultaneous
linear differential equations are studied in chapter(1. It is also written in a progressive manner
with the aim of developing some alternative methods. In chapter ??, the equilibria, stability
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and phase plots of linear / nonlinear differential equations are also illustrated by including nu-
merical solutions and graphs produced using Mathematica version 9 in a progressive manner.
The geometric and physical application of ODEs are illustrated in chapter ??. The chapter ??
is presented the Total (Pfaffian) Differential Equations. In chapter ??, numerical solutions of
differential equations are added with proper examples. Further, I discuss Fourier transform in
chapter ??, Laplace transformation in chapter ??, Inverse Laplace transformation in chapter ?2.
Moreover, series solution techniques of ODEs are presented with Frobenius method in chapter
??, Legendre function and Rodrigue formula in Chapter ??, Chebyshev functions in chapter
??, Bessel functions in chapter ?? and more special functions for Hypergeometric, Hermite and
Laguerre in chapter ?? in detail.

Besides, the partial differential equations are presented in chapter ??. In the said chapter,
the classification of linear, second order partial differential equations emphasizing the reasons
why the canonical examples of elliptic, parabolic and hyperbolic equations, namely Laplace’s
equation, the diffusion equation and the wave equation have the properties that they do has
been discussed. Chapter ?? is concerned with Green’s function. In chapter ??, the application of
differential equations are developed in a progressive manner. Also all chapters are concerned
with sufficient examples. In addition, there is also a set of exercises at the end of each chapter
to reinforce the skills of the students.

Moreover it gives the author great pleasure to inform the reader that the second edition of the
book has been improved, well -organized, enlarged and made up-to-date as per latest UGC -
CBSC syllabus. The following significant changes have been made in the second edition:

e Almost all the chapters have been rewritten in such a way that the reader will not find
any difficulty in understanding the subject matter.

e Errors, omissions and logical mistakes of the previous edition have been corrected.

e The exercises of all chapters of the previous edition have been improved, enlarged and
well-organized.

e Two new chapters like Green’s Functions and Application of Differential Equations have
been added in the present edition.

e More solved examples have been added so that the reader may gain confidence in the
techniques of solving problems.

o References to the latest papers of various university, IIT-JAM, GATE, and CSIR-UGC(NET)
have been provided in almost every chapters which strongly help the students for their
preparation of those examinations from graduate label.

In view of the above mentioned features it is expected that this new edition will appreciate and
be well prepared to use the wonderful subject of differential equations.

Aim and Scope

When mathematical modelling is used to describe physical, biological or chemical phenomena,
one of the most common results of the modelling process is a system of ordinary or partial
differential equations. Finding and interpreting the solutions of these differential equations
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is therefore a central part of applied mathematics, Physics and a thorough understanding of
differential equations is essential for any applied mathematician and physicist. The aim of this
book is to develop the required skills on the part of the reader. The book will thus appeal
to undergraduates/postgraduates in Mathematics, but would also be of use to physicists and
engineers. There are many worked examples based on interesting real-world problems. A large
selection of examples / exercises including JAM/NET/GATE questions is provided to strongly
stimulate and help the students for their preparation of those examinations from graduate level.
The coverage is broad, ranging from basic ODE , PDE to second order ODE’s including Bifurca-
tion theory, Sturm-Liouville theory, Fourier Transformation, Laplace Transformation, Green’s
function and existence and uniqueness theory, through to techniques for nonlinear differential
equations including stability methods. Therefore, it may be used in research organization or
scientific lab.

Significant features of the book

e A complete course of differential Equations

e Perfect for self-study and class room

e Useful for beginners as well as experts

e More than 650 worked out examples

e Large number of exercises

e More than 700 multiple choice questions with answers

e Suitable for New UGC-CBSC syllabus of ODE & PDE

e Suitable for GATE, NET, NBHM, TIFR, JAM, JEST, IAS, SSC examinations.
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Chapter 1

Simultaneous Linear Differential
Equations

1.1 Introduction

We have only provided the definition of system of ODEs in section ?? in chapter ??. Excepted
this, in all the previous chapters, we have discussed only those differential equations which
contain one independent variable and one dependent variable. In this chapter we shall con-
sider the linear differential equation with more than one dependent variable depending on
one independent variable. Such system of differential equation is called simultaneous linear
differential equations. Here, we discussed also the methods of solution of those differential
equations. Generally two types (Type-I and Type-II) of simultaneous equations are considered:

1.2 Simultaneous Linear Differential Equations of Type-I

1.2.1 Simultaneous Linear Differential Equations with constant coefficients
of Type-I

The system of n linear simultaneous ordinary differential equations with constant coefficients
of Type-lis the form of

P11(D)x1 + P1a(D)xz + -+ + P1a(D)xu = f(t)

P21(D)x1 + p22(D)xz + -+ + P2u(D)xy = fo(f)

¢n1(D)x1 + (PnZ(D)xZ +eet (Prm(D)xn = fn(t)

where x1, xp,--+ ,x, are the dependent variables dependent on ¢ ( independent variable) and
¢ij(D), (i,j = 1,2,---,n) are all rational function of D = % with constant coefficients and

fit), i=1,2,---,n).
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1.2.2 Simultaneous Linear Differential Equations with variable coefficients
of Type-I

The general non-homogeneous, first order linear system with variable coefficients of n dimen-
sions is
x = A(t)x + £(t),

where A(t) is an nXn matrix whose elements a;; are functions of time and x(t) = [x1(t), x2(t), - - - ENGIL
and f(t) = [f(t), f2(t), -+ , fu(H)]T are the column vectors of the n variables.

1.3 Simultaneous Linear Differential Equations of Type-II

Another type of linear simultaneous equations is
Pldx + Qldy + R1dZ =0
and Podx + Qrdy + Rodz =0

where P1, Q1, R1, Py, Q», Ry are functions of x, y and z.
Now by cross-multiplication, we get

dx B dy 3 dz
QiR = Ry RiP; —RoPy P1Qy — POy
d
which is of the form d—; = Ey = %Z

where P, Q and R are functions of x, y, z.

1.4 Lipschitz (Cauchy-Lipschitz) condition

A vector-valued function f defined for (t,x) in some set D (¢ real, x in R") is said to be
continuous on D. The function f satisfies a Lipschitz condition on D if there exists a constant
A > 0 such that

I£(2, %) — £, y)Il < Allx =yl

for all (t,x), (t,y) in D where x = (x1,x2, -+ ,x4) € R", y = (Y1, Y2, , Yu) € R". The constant
A is known as Lipschitz constant for the corresponding function f on D.

Example 1.1 Show that f(t,x) = (3t + 2x1, x1 —x2) on S : {[f| < oo, [x|] < oo} satisfying a
Lipschitz condition.

Proof.: Here

lI£(t, %) — £(t, y)Il 12Cx1 = y1), (x1 = y1) = (2 = )l
= 2lx1 =yl +I(x1 = y1) = (x2 = o)l
2lx1 =yl + lx1 — yal + [x2 = ol

3lx —yll

IA
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So, [If(t,x) — £(t, y)ll < Allx — yl|l with A = 3 for (t,x) on S. Therefore, the given function f satisfy
the Lipschitz condition on S.

Theorem 1.1 Let x = (x1,X2,---,X,) be in R". Also suppose f be a vector-valued function
defined for (¢, x) on a set D of the form

It - tOl <a, ”X - X()” < b/ (ﬂ, b> O)/

or of the form
[t —tol <a, [x||<oo, (a>0).

If ‘%5—;"), (k=1,2,--- ,n) exists is continuous on D and there is a constant A > 0 such that

af(t,
1) < 4, (k=1,2,--- ,m), ¥(t,%) in D. (11)
axk
Then f satisfies a Lipschitz condition on D with Lipschitz constant A.

Proof: Let x = (x1, %, ,x,) bein R" and y = (y1, Y2, -+ , yu) be in R". Let (t,x), (,y) be two
fixed points in D and define the vector-valued function F for real s, 0 <s <1, by

F(s) =f(t,y +s(x-y)), (0<s<1).

This is a well-defined function since the points (f,y + s(x —y)) are in D for 0 < s < 1. Clearly
[t —tol < a,and if [[x — xol| £ b, |ly — yoll < b, then

ly +s(x—y)=xoll = [I(1—5s)(y—xo)+s(x—xop)ll
< (1 =9)lly = xoll + sllx = xol|
< (1-s)b+sb=b.

If ||| < oo, |lyll < co, then
lly +s(x =yl < (1 =s)llyll + slixl| < [Ix]| + [lyll < oo.
We now have
SN of of
F(s) = (x1 - ]/1)a—xl(tly +s(x—y)+-+ (xn - y")é’xn (ty+s(x-y)),

so that

IF O < w1 = Yol Sy + 56x = Y+ s =yl + 5=y

Then using (1.1), we have that
F(s) <Allx—=yll, 0<s<1).

Thus, since

1 1
£t x) — £(t, y)ll = IF(L) = FO)Il = || | F'(s)dsll < | [F'(s)llds < Allx = yll.
[rom=]
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So we have,

ll£(t, x) — £(¢, Il < Allx = yll,

which is the theorem.

Example 1.2 Show that f(t,x) = (3f + 2x1, x; —x2) on S : {[t| < oo, [Ix|]| < oo} satisfying a
Lipschitz condition.

Proof.: Here

of(t,x) of(t,x) B
axl _(2/1)/ axz _(0/ ]-)
and hence
of(t,x) of(t,x)
15 =3, I =1

Using the Theorem (1.1, we have f satisfies a Lipschitz condition on S with a Lipschitz constant
A=3.

Example 1.3 Consider the system of two equations

dx; .
d_i‘l = Zai]-x]- +gi(h), i=1,2,---,n,

=

where a;;, (i, j = 1,2,--- ,n) are constants and g;, i = 1,2,--- ,n are continuous in ‘R. If the

system is written in the form

dx
T f(t, x),

then show that the f satisfies a Lipschitz condition for all (¢, x) where t is real and x is in R".

n

Proof.: Here f(t,x) = (fi(t,x), fo(t,x), -, fu(t, X)) With fi(t,x) = ¥ a;jx; + &i(t), i = 1,2,--+ ,n.
=1

Therefore,

If(t, x)
8x1-

= (ali/ (121‘/ e /am')
and hence

(LX), N,
150 = ]Z; laji.

Using the Theorem (1.1, we have f satisfies a Lipschitz condition for all (f, x) where ¢ is real and
x is in R".
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Theorem 1.2 (Local Existence and Uniqueness )
Let f be a continuous vector-valued function defined on

R: It_t0| <a, ”X—X()” < b/ (a/ b>0)r
and suppose f satisfies a Lipschitz condition on R. If M be a positive constant such that
£, Il < M

for all (f,x) in R, the successive approximations {¢%}, (k=0,1,2,---), given by

t

Solt) = %0, Presa(t) = %o + f £, (), (k=0,1,2,-)

to
converge on the interval
. b
s {lt — to| £ a = minimum{a, ]\_/I}}
to a unique solution ¢ of the initial value problem

b _

dt - f(tr X)r X(to) = Xo,

on .

Proof.: The proof is the same as that of Theorems ?? & ?? of Chapter ?? with x, y, f, ¢ replaced
everywhere by ¢, x, f, ¢.

Theorem 1.3 (Non-local Existence)
Let f be a continuous vector-valued function defined on

S:lt—tol <a, |X|| <oo, (a>0),
and satisfy there a Lipschitz condition.Then the successive approximations {¢x}, (k =
0,1,2,---) given by

t

So(t) = %0, Presa(t) = %o + f £, (), (k=0,1,2,)

to
for the initial value problem

d
d_)t( = f(t,x), x(to) =xo, ([Ixoll < o),

exist on |t — tg| < a and converge there to a solution @ of the problem.

Proof.: The proofs carry over directly from those for Theorem ?? of Chapter ?? with x, y, f, ®
replaced everywhere by ¢, x, f, ¢.
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Theorem 1.4 (Corollary of Non-local Existence)
Let f be a continuous vector-valued function defined on

S5 it < oo, |Ix|| < oo,
and satisfies a Lipschitz condition on each ”strip”
tl < a, ||| <eo, (a>0).

Then every initial value problem

dx

dt f(t/ X)/ x(tO) = Xo,

has a solution which exists for all real x.
Proof.: The proofs carry over directly from those for Theorem ?? of Chapter ??.
Theorem 1.5 Consider a linear system

x' = f(t,x), xe R"

where the components fi, fo, ---, f, of f are given by

n

fitt) =) ap®xc+bid), (=12 ,m), (12)

k=1

and the functions aj, b; are continuous on an interval [a, b] containing to. If x is any vector
in R" there exists one and only one solution ¢ of the problem

x' = f(t,x), x(ty) = xo

on [a, b].

Proof.: Here aj, b; are continuous on an interval [a, b] containing to, so aj, b; are bounded on
the said interval [a, b] containing t. Therefore, there exist a positive constant A such that

Y laBl <A, (=1,2,---,m),

j=1

for all t satisfying a < t < b containing ty. Then from (1.60), we see that

||;—xfk(t, Q)| = (aw(t), ax(t), -+, am(®)ll = Z laa®l <A, (k=1,2,---,n).

j=1
Hence by Theorem 1.1, f satisfying a Lipschitz condition on the strip
S:a <t <Dbcontainingty, ||x|| < oo

with Lipschitz constant A. Then by Theorems 1.3/ & (1.2, we have the said Theorem 1.5,
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1.5 Linear higher order differential equations

Consider the equation

d"x(t) d"x(t) d"=2x(t) B
I + P1(t) = + Py(t) T2 + .-+ Py(H)x(t) = G(t), on|a, b] (1.3)
n—1
Subject to the n initial conditions x(ty) = a;, dx;:()) =az,; -, % =ay (1.4)

where Pq, P;,- - P,, and G are continuous functions on [a, b].

Theorem 1.6 Let Pq,P,,---,P,, G be continuous real valued functions on an interval [a, b]
containing a point to. If ai, a2, ,a, are any n constants, there exists one and only one
solution ¢ of the equation (1.3) on [, b] satisfying (1.4).

Proof.: Let xg = (a1, ap,- -+ , ). Also the differential equation (1.3) with initial conditions (1.4)
can also be written in the first order system

dxdlt(t) = x5(t), where x1(t) = x(t) (1.5)
dX;:f) - x3(t) (1-6)
: : (1.7)
dxn—l(t) _

T = x,(t) (18)
Pl) b (ta(5) ~ P O0at) =+ Pr(E)alt) + GEO) (19)

Subject to the n initial conditions
x1(to) = a1, Xo(to) = az, -+, xu(to) = an (1.10)

According to Theorem[1.5, there is a unique solution @ = (¢1, ¢2, - - - , ¢, of this system on [a, D]
satisfying

P1(to) = a1, Palty) = az, -+, Pulty) = ay.
But since

2=y, b3 = by = by, o, ba =)',

the function ¢, is the required solution on [a, b].

Note*: The Theorem 1.6 includes Theorem ?? of Chapter ?2.
Note™: In other words the problem of solving the initial value problem for the higher order
equation (1.3) with initial condition (1.4) is equivalent to solving the initial value problem for
the first order system (1.5)-(1.9) with initial condition (1.10).

Example 1.4 Find the first order simultaneous differential equations of the third order differ-

ential equation
dx  dx dx
— —6— + 12— —8x = 18¢*
e 6 iR B2 8x = 18e

2
with initial conditions x(0) = ¢y, d’;(to ) =y, & d’;(zo) =c3
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Solution: Write as the equivalent first order system

dx dPx dy dBx  dz ot
E = y,W—E—z,ﬁ—E—SX—12y+6z+186
d
or,% - 0-x+1-y+0.z,d—f:O-x+0~y+1-z,%=8x—12y+6z+18e2f

d 0 1 0)(x 0
or,| & 0 0 1|lyl+ O
dz 8§ -12 6 z 18¢?
with initial conditions
x(0) c1
y0) |=| 2 |
z(0) 163

Theorem 1.7 There exists a set of  linearly independent solutions of x(t) = A(t)x(t).

Proof. The given differential equations is a system of n first order linear ordinary differential
equations. We know that the n —th order ordinary differential equation is equivalent to a system
of n first order ordinary differential equations. By using the Theorem ??, we have, the n — th
order ordinary differential equation has n linearly independent solutions. So the equivalent
system of # first order ordinary differential equations has also a set of # linearly independent
solutions.

Theorem 1.8 Let ®;(t), D,(t), - - - , P, (t) be any set of linearly independent vector solutions of
the homogeneous linear system of differential equation X(t) = A(t)x(f) on [a, b]. Then every
solution is a linear combination of these solutions i.e ®(t) = c11(f) + copa(t) + - - + cyPu(t) is
also a solution of this homogenous linear differential equation on [, b] where ¢y, ¢, - -, c, are
n arbitrary constants.

Proof. The given differential equations is a system of n first order linear ordinary differential
equations. We know that the n —th order ordinary differential equation is equivalent to a system
of n first order ordinary differential equations. Then the proof is entirely similar to the proof of
Theorem ??.

Definition 1.1 (Fundamental matrix) Let ®;(f), ©,(t),- -, D,(t) be n linearly independent
solutions of the homogeneous system x = A(f)x on [4, b]. Then the matrix ®(t) =

o) ¢ua(t) -+ Pua(t)
On(t) o) -+ Pault)

is called a fundamental matrix of

(610,620, 900)] = _ ,
¢n1(t) (PnZ(t) (Pnn(t)

the homogenous system.

Theorem 1.9 Given any nXxn solution matrix ®(t) = [¢)1 (), Pa(t), -+, P (t)] of the homogenous

system x = A(f)x on [a, b], then either (i) for all ¢ € [a, b], det{®(t)} = 0, or (ii) for all t € [a, b],
det{d(t)} # 0. Case (i) occurs if and only if the solutions are linearly dependent, and case (ii)
implies that ®(t) is a fundamental matrix.
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Proof. The given differential equations is a system of n first order linear ordinary differential
equations. We know that the n —th order ordinary differential equation is equivalent to a system
of n first order ordinary differential equations. Then the proof is entirely similar to the proof of

Theorems -2?? & -??.
Theorem 1.10 (Abel Formula:) Let A(t) be continuous on [ and ¢ € M,(K) be such that

¢'(t) = A(t)¢(t) on I. Then det ¢ satisfies on I the differential equation (det ¢) = (trA)(det ¢),
or in integral form for t, 7 € I,

t

det () = det ¢(t) exp ( f trA(s)ds) (1.11)

Proof.: Writing the differential equation ¢’(t) = A()¢(t) in terms of the elements ¢;; and a;; of
respectively ¢ and A,

n

P =Y aBer(),  ij=1,23n. (1.12)
k=1
1) @) - e
¢ f .. Lt
Writing det ¢ = (sz( : (PZ?( : : (PZ:( : . Then we see that
Pn1 (t) (PHZ(t) o Qnn (t)
P L) - @, (0 P @) - pul)
) Pa1(t) @) - @2a(t) Py t) ) - @l (b)
(detg)” = : : : : + : : : :
(Pnl(t) @nZ(t) T (Pnn(t) Pn1 (t) (PnZ(t) Tt qonn(t)
put) @) - eu)
. @a1(t)  @(t) - @2(t)
P Po®) o @l®

Indeed, write det(t) = F(rl,rQ, e ,rn), where r; is the i — th row in ¢(t). I is then a linear
function of each of its arguments, if all other rows are constant which implies that

%detgb(t) = F(%Vlzrzl"' ,1’,1) +r(r1, %7’2,"‘ ,rn) +”'+F(T1,1’2,~- /%T’n)

Using (1.12) on the first of the n determinants in (det ¢)’ gives

% a1k (t) % ay@r(t) - % A1k Pin(t)
Pn(t) pnt) - P2n(t)
(Pnl(t) (PnZ(t) : (Pnn(t)

. Adding —a;, times the second row, —a;3 times the first row, etc., —a;,, times the n — th row, to
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the first row, does not change the determinant and thus

% a1k (t) % aPra(t) -+ % a1k Prn(t) aneut) anen®) - anen(t)
P Pa® o pu® pn®) Pl o pu®

Repeating this for each of the terms in (det ¢)’, we obtain (det¢)’ = (a11 + a2 + -+ + au,) det P,
t
giving finally (det ¢)” = (trA)(det ¢). Integrating we get det p(t) = det p(7) exp ( f trA(s)ds)

Theorem 1.11 (Wronskians of Solutions:) Let xi(t) = [x11(¢), x12(f), - - ,x1, (D], x(t) =
[ea1(8), x20(t), -+, x2u(®]" -+ Xa(t) = [xu1(), x2(t), -+, Xun(D)]" be 1 solutions of the homoge-
neous linear equation x = P(t)x on an interval I. Suppose also that p(t) is continuous on I. Let

x11(t)  x2(f) o0 x1a(t)
Xo1(8)  x22(f) - x2u(t)

W(t) = W(X], X, /Xn) = . . : : o Then .
xnl‘(t) an(t) o xnn(t)

(i) If x1, %2, - - , Xn are linearly dependent on I, then W = 0 at every point of I.

(if) If x1,Xp, - - - , Xn are linearly independent on I, then W # 0 at every point of .

Thus there are only two possibilities for solutions of homogeneous systems : Either W = 0 at
every point of I or W = 0 at no point of I.

et —3t

2¢t 263
Example 1.5 Verify that the set of solution x;(t) = | 2¢' |, x(t)=| 0
5t

285t
and x3(t) = [ —2¢t ]

0 -1 3

2¢t 2¢% 26
Solution: The Wronskian of these solutionis W(t) = | 2¢/ 0 —2¢*
ot oot
zero. Hence by Theorem-1.11, we have the set of solution is linearly independent on any
interval.
Theorem 1.12 The system of n linear simultaneous linear ordinary differential equations is

the form of

3 -2 0
are independent solution of the equation & = [ =l 8 =2 ]x

= —16¢” which never

x(t) = A(t)x(t) + £(t) (1.13)
Subject to the x(tp) = Xo. (1.14)

Suppose the coefficients A(t) = [a;j(t)]uxn, (i, j = 1,2, -+, n) and the functions f(t) = [f1(t), f2(t),
e, fn(t)]T, (i =1,2,---,n) are continuous on the interval [f — 4, ¢ + a] containing fo. Then
the problem (1.13) with (1.14) has a unique solution (x1(f), x2(t), - -+, x,(t)) in [t —a, t + 4]
containing .

Proof. The system of n linear ordinary differential equations x(t) = A(t)x(t)+£(t) always satisfied
the Lipschitz condition (Please see the Example [1.3) on [t —a, t + a] containing ;. Then the
proof is entirely same as the Theorem (1.2, if we put £(t,x) = A(f)x(f) on [t —a, t + a] containing
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to.
Theorem 1.13 The solution of the homogenous system x = A(f)x with initial conditions

x(to) = xo is given by x(t) = ®(£)D~1(ty)xo where @(t) is any fundamental matrix of the system.

Proof. The solution must be of the form
x(t) = d(t)a (1.15)

where a is a constant vector. The initial conditions gives xo = ®(tp)a. The columns of ®(t;) are
linearly independent by Theorem (1.9, so ®(t) has an inverse ®~!(t;). Therefore a = ®~(ty)xo.
then from equation (1.15), we have x(t) = ©(#)®"(t))xo

Theorem 1.14 Let x,(t) be any one particular solution of x(t) = A(t)x(t) + f(t). Then every
solution of this equation is of the form x(t) = x,(t) + ®.(t), where ®.(t) is a complementary
function i.e ¢.(t) is the solution of x(t) = A(t)x(t) and conversely.

Note: If A(t) = A, iea;(t) = [a;], (i,j=1,2,---, n) then all above theorems are also valid.

1.6 The Method of Operator

Let us consider the simultaneous linear differential equation with constant coefficients of type-I
for two variables be

®;(D)x + Do(D)y = f(t) (1.16)
P1(D)x + Pa(D)y = g(t) (1.17)

where x, y are the dependent variable dependent on t (independent variable) and ®;(D), ®,(D),
1(D) and 1»(D) are all rational function of D = £ with constant coefficients and f and g are
functions of . We have to find out the value of x and y in terms of {. Given below we have
discussed operator method to solve (1.16) and (1.17).

In this section, the method of D-operator is employed to obtain the complementary and partic-
ular solutions of systems of linear ordinary differential equations of type-I. To eliminate y, we
operate both side of (1.16) with 1)2(D) and both side of (1.17) with ®,(D). Then (1.16) and (1.17)
transforming to

P2(D)P1(D)x + 2(D)P2(D)y = ¥a2(D)f(#) (1.18)
Do (D)1 (D)x + 2(D)yho(D)y = Do(D)g(t) (1.19)

Subtracting (1.19) from (1.18), we get

{42(D)P1(D) - o(DYr (D) = YD) 1) - (D)3 (1.20)

which is a linear equation in x and can be to find x as a function of t. Value of y can be obtained
as a function of t by substituting the value of x in (1.16) or (1.17). Note that the number of
arbitrary constants in the complete solution of (1.16) will be equal to order of the differential
equation obtained in (1.20).



12 CONTENTS

Example 1.6 Solve & —7x+y =0, % —2x -5y =0.

Solution: Writing D for 4, the equations are

D-7x+y=0
and (D-5y-2x=0

Putting the value of y = —(D — 7)x in (1.22), we get
—(D-5)D-7)x—-2x=0
= —(D*-12D+35x—-2x=0

= (D*-12D+35+2)x=0
= (D*-12D+37)x=0

(1.21)
(1.22)

(1.23)

Let x = ¢" (m being a constant) be the trial solution of the equation (1.23). The auxiliary

equation of the differential equation (1.23) is

m>—12m+37=0

= m=6=%i
The general solution of the equation (1.23) is
x = e®(Acost + Bsint), where A and B are arbitrary constants.

Putting these value of x in (1.21), we get

—-(D-7)x
—(D = 7)(e*(Acost + Bsint))

y

eéf[(A _B)cost+ (A +B)sin t].
Therefore the solution of the given simultaneous linear equation is given by
y= eéf[(A — B)cost + (A + B) sin t].
and x =e®(Acost + Bsint),
where A and B are arbitrary constants.
Example 1.7 Solve % + 4x + 3y = ¢, ‘% +2x +5y = ¢
Solution: The given equations are
dx
— +4x+3y =t
ar Y

dy t
E+2x+5y—e

—6¢% (A cost + Bsint) — e®(—Asint + Bcost) + 7¢% (A cos t + Bsin t)

(1.24)

(1.25)
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Putting the value of y = 1(t — % — 4x) from (1.24) in (1.25), we get

1d dx 5 dx i
ga(t—a—4X)+2x+§(t—E—4X)—€
1 d’x  dx 5 dx ;
= g(l—ﬁ—4a)+2x+§(t—a—4x)—e
d?x _dx ;
= ﬁ+9a+14x_1+5t—3e
= (D*+9D +14)x =1+ 5t — 3¢ (1.26)

Let y(x) = ¢™ (m being a constant) be a trial solution of the corresponding homogenous
differential equation of (1.26). Then its auxiliary equation is

m?+9m+14=0

= m=-7,-2
The complementary function(C.F) of the equation (1.26) is
C.F = Ae™”" + Be™, where A and B are arbitrary constants.

The particular integral of (1.26) is

1
PI = —— (1+5t-3¢
DZ+9D+ 14" ¢)
1 1 1
= +5 t-3 !
D?2+9D + 14 D?2+9D + 14 D2+9D+14e
1 5 9D + D? 3
= — (=)
atadt T ) T
1 5 9D 3
= 4 (1= et
VRV T v
_ 5t ¢ 31
14 8 196
Therefore the general solution of the equation (1.26) is
5t ¢ 31
AT o, O ¢ o1
x(t) = Ae™"" + Be +14 s~ 196
Putting the said value of x in (1.24), we get
1 dx
y = -7 -4
1 d 5t ¢ 31 5t ¢ 31
— _t__A—7t B—Zf et _4A—7t B—Zt et
3t = (A + B+ 7 - = g5e) —4(AeT + B+ 1 - 5 - 356))
2 5¢t ¢t 9
_ 7t _4poop O LT
= Aet =3B 247798

Example 1.8 Solve & + y = ¢, ‘;—f —x=e¢t
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Solution: Writing D for %, the equations are
Dx+y=¢ (1.27)
and Dy-x=¢"' (1.28)
Differentiating (1.27) both sides with respect to ¢, we get
D?x+ Dy =¢'

= D%+ (x+e") =¢ form (1.28).

= D*x+x=¢—¢" (1.29)

Let y(x) = ¢™ (m being a constant) be a trial solution of the corresponding homogenous
differential equation of (1.29). Then its auxiliary equation is

m*+1=0

= m==i
The complementary function of the equation (1.29) is
C.F = Acost + Bsint, where A and B are arbitrary constants.

The particular integral of (1.29) is

1 t ot
Pl = m(e—e)
_ 1 o 1 ot
T D2+1  D?+1
et et
- 272

Therefore the general solution of the equation (1.29) is

t

e
x=Acost+ Bsint+ = —

e
272

Putting the said value of x in (1.27), we get

= o : ¢ e
y = ¢ DAcost+Bsmt+2
¢

d et
= et—E(Acost+Bsint+2—7)
; A B et e—t

= —| —Asint + P+ —+ —
e ( sin Ccos > 2)

t e—t

e
= Asint-Bcost+ = — —.
sim CoSs 5 5

Therefore the solution of the given simultaneous linear equation is given by

e et
x=Acost+Bsint+ — - —
2 2

e et
and y:Asint—Bcost+§—?.
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2
Example 1.9 Solve: tz‘jl%‘ _ t% +2y =0, tz% o té—f —2x=0,t>0

Solution : Let t = ¢* so that z = logt and let 0 = &4 = 4. Then t2% = 0(0 — 1). Then the given
equations become

(6(0-1)+0)x+2y =0, = 6%x+2y =0 (1.30)
(6(0-1)+0)y-2x=0, = 6% -2x =0 (1.31)

Eliminating y from (1.30) and (1.31), we get
(6* + 4)x = 0. (1.32)
The general solution of (1.32) is
x(t) = €*(c1 cosz + cp sinz) + e *(c3 cOS z + ¢4 SiN 2) (1.33)

where c1, ¢3, c3, ¢4 are arbitrary constants.
Now, 0%x = 2¢%(cy cos z — ¢ sinz) + 2e7%(c3 sinz — ¢4 cos z). Using this value, we have

y = €*(c18inz — ¢ cos z) + € *(c4 COS Z — C3 Sin z) (1.34)
By replacing x = ¢’ in (1.33) and (1.34), we get the required solution as

x(t) = c1t cos(log t) + cot sin(log t) + c3t! cos(logt) + cat! sin(logt), t >0
y(t) = cit sin(log t) — cot cos(log t) + cat™! cos(logt) — c3t™! sin(logt), t >0

Example 1.10 The equation of motion of a particle are given by £ +wy = 0, % —wx = 0. Find
the path of the particle and show that it is a circle. Gate(MA): 2017; VU(CBCS): 2018

Solution: Writing D for 4, the equations are

Dx+wy =20 (1.35)
and -wx+Dy=0 (1.36)

Differentiating (1.35) both sides with respect to ¢, we get

D?x + wDy =0
= D*x+w(wx)=0, (form (1.36)).
= Dx+uw’x=0

= x = Acoswt+ Bsinwt. (1.37)
Putting these value of x in (1.35), we get
d .
wy =—-Dx = E(A cos wt + B sin wt)

= wy = —Awsinwt + Bw cos wt
= y=Bcoswt—Asinwt (1.38)
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Squaring (1.37) and (1.38) and then adding, we get

PP =A*+ B
= 1%+ 1y* = R? [where R? = A2 + B?].

which is a circle.
In general, the system of n linear ordinary differential equations is the form of

P11(D)x1 + P12(D)x2 + - -+ + P12(D)xy = f1(t)
¢21(D)x1 + Po(D)xs + -+ - + Po(D)xy = folt) (1.39)

(Pnl(D)xl + ¢712(D)x2 +oeet (Pnn(D)xn = fn(t)

where x1, x,---,x, are n dependent variables dependent on t (independent variable) and
¢ij(D), i,j=1,2,--- ,n are all rational function of D = % with constant coefficients and fi(t), i =
1,2,---,n.

Complementary Solutions

Let the complementary solutions of the system of linear differential equation (1.39) be x1¢, xoc, - - - , Xne.
Then x1¢, xo¢, - -+ , Xy are satisfied the homogenous differential equations of (1.39) i.e.

(P(D)xlc =0, qb(D)ch =0,--- rqb(D)xnc =0,

where ¢(D) is determinant of the coefficient matrix of the system of linear differential equation
(1.39) i.e,
¢11(D)  ¢12(D) -+ P1a(D)
¢21(D)  ¢n(D) -+ ¢on(D)
¢D)=| . . . .

(Pnl(D) (PnZ(D) (Pnn(D)

Hence, the unknowns x1c, X3, - - - , Xy all have the same characteristic equation ¢(A) = 0 and, as
a result, the same form of complementary solutions.

The complementary solutions of system (1.39) contain arbitrary constants, the number of which
is the degree of polynomial of ¢(D). Itis likely that the complementary solutions x1c, Xac, - -+ , Xuc,
written using the roots of the characteristic equation ¢(A) = 0, will contain more constants. The
extra constants can be eliminated by substituting the solutions into any one of the original
equations in system (1.39).

Particular Solutions

A particular solution of the system of linear differential equation (1.39) is given by using Cramers
Rule,
Ai(t)

X,‘p(t) = m, i= 1,2,"' ,n,
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where ¢(D) is determinant of the coefficient matrix as studied in the previous section for
complementary solution, A;(t) is ¢(D) with the i column being replaced by the right-hand side
vector of functions, i.e.,

¢1(D) -+ Pri-a(D) AW Prisn(D) - P1a(D)

(D) -+ P2i-1(D)  folt)  P2is1(D) - P2u(D)
Ai(t) = : . ) ) ) ) )

o) - Guii(D) fuld) Guii(D) - bulD)

Note: It should be state that, since the elements of the determinant are operators and functions,
operators must precede functions when evaluating determinants. Furthermore, since A;(t),i =
1,2, ,n are functions, when determining x;,, qb‘l(D) should precede A;(t).

Example 1.11 Solve % +4x +3y =t, % +2x+5y=¢

Solution: Writing D for 4, the equations are

D+4)x+3y=t (1.40)
and 2x+ (D +5)y=¢ (1.41)

Let the complementary solutions of the given system of linear differential equation (1.41) be
xc(f), ye(t). Then x., y. are satisfied the homogenous differential equations of (1.40) and (1.41)
ie.

(p(D)xC(t) = 0/ ¢(D)yc(t) =0

where ¢(D) is determinant of the coefficient matrix of the given system of linear differential
equations (1.40) -(1.41) i.e,
D+4 3
o) = ' 2 D+5 ‘
Hence the unknowns x.(t), y.(f), all have the same characteristic equation ¢(A) = 0 and as a
result, the same form of complementary solutions. Now,

¢(A)=‘ A;4 Ai5 ':/\2+9A+14
So, p(A) = 0,= A = -7, -2. Hence, they have the same complementary solutions given by

x. = Ae”” + Be™® and y, = Ce™”" + De .
To find the particular solution of the given system of linear differential equation (1.41), we have,

A(t) = ett D15‘=5t+1—36t,
D+4 t
Ay(t):‘ s o = 5el —2t,

Ay(t)  5t+1-3¢t 1(1+9D+D2
dMD) D2+9D+14 14 14 24 14 196 8’
Ay(t) 5et — 2t 5et 1 9D + D? 5¢¢ t 9
t) = = =—-—(1+ T2 == -+ —.
y(®) ¢(D)  D2+9D+14 24 13 ) =775

3¢ 5t 31 ¢
)5t +1) - oo = :

xp(t) =
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The general solutions are

5@ 31 ¢
- — AT 2t Ot e
x(t) = xc(t) +xp(t) =Ae™” +Be = + 12 193 (1.42)
_ Dt ot 9
y(t) = ye(t) +yp(H) =Ce” + De™ + 51 7% (1.43)

Since ¢(D) = 0 is a polynomial of degree 2 in D, the general solutions should contain only
two arbitrary constants. The two extra constants C, D can be eliminated by substituting the
complementary solutions x.(f), y.(t) into either the homogeneous equation of (1.40) or (1.41).
So, substituting the complementary solutions x.(t), y.(t) in (D + 4)x + 3y = 0, we get

(D +4)(Ae” + Be™®) +3(Ce™” + De®) = 0

= (-3A+3C)e”" + 2B +3D)e ™ =0

=>C=A, D=—§B.

Then the general solutions become

5 31 ¢
_ _ AT 2, 2 oL €
x(t) = xc(t) +xp(t) = Ae”” + Be = + 12 1963
2 ¢t 9
— =A -7t _ “n,2t - _ - _
y(t) ye(t) + yp(t) e 3Be *or 7% o8
Example 1.12 Solve & + 4x + 3y = sint, Z—Z +2x+5y=¢
Solution: Writing D for 4, the equations are
(D +4)x + 3y = sint (1.44)
and 2x+ (D +5)y = ¢ (1.45)

Let the complementary solutions of the given system of linear differential equation (1.45) be
xc(t), yc(t). Then x, y. are satisfied the homogenous differential equations of (1.44) and (1.45)
ie.

H(D)xc(t) =0, p(D)yc(t) =0

where ¢(D) is determinant of the coefficient matrix of the given system of linear differential
equations (1.44) -(1.45) i.e,

o[ P5 5%

Hence the unknowns x.(t), y.(t), all have the same characteristic equation ¢(A) = 0 and as a
result, the same form of complementary solutions. Now,

| A+4 3 Y
qb(A)—‘ ’ A+5'—/\+9/\+14

So, p(A) = 0,= A = -7, =2. Hence, they have the same complementary solutions given by
x;. = Ae™”" + Be* and y, = Ce™”! + De .
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To find the particular solution of the given system of linear differential equation (1.45), we have,

_ | sint 3 _ . ;
A(t) = 4 D45 ‘—cost+5smt—3e,
Ay(h) = D;‘* st ‘zSet—2sint,
() A(t) cost+5sint—3¢!  cost N 5sint 3¢
PP (D) D2+9D+14 9D+13 9D +13 24
(9D -13)cost N (9D —13)5sint _B_ef
~ 81D2-169 81D2 — 169 24
_ —9sint—13cost+45cost—6551nt_3_et
B —-81 — 169 —-81 - 169 24
_ 74sint+32cost_3_et
250 250 24
") = Ay() _ 5¢'—2sint _ 5¢'  2sint _ 5 , 18cost—26sint
Yr - ¢p(D) D2+9D+14 24 9D+13 24 250 '

The general solutions are

74sint 32cost 3¢
— — AT -2t _
x(t) = xc(t)+x,(t) = Ae”™" + Be™™ + 250 + 250 oY1 (1.46)
t .
Y =yl + ) = Ce” + De? + 5e N 18cost  26sint (147)

24 250 250
Since ¢(D) = 0 is a polynomial of degree 2 in D, the general solutions should contain only
two arbitrary constants. The two extra constants C, D can be eliminated by substituting the
complementary solutions x.(f), y.(t) into either the homogeneous equation of (1.44) or (1.45).
So, substituting the complementary solutions x.(t), y.(t) in (D + 4)x + 3y = 0, we get

(D +4)(Ae™ + Be™) +3(Ce™ + De™) =0

= (-3A+3C)e”" + 2B +3D)e ™ =0

=>C=A, D=—§B.

Then the general solutions become

74 sint N 32cost 3_et
250 250 24

2 5¢  18cost 26sint
¢ H=A -7t ZB —2t b —
Ye(t) + yp(t) = Ae 37¢ Tt 50 250

xXc(t) + xp(t) = Ae™” + Be ¥ +

x(t)

y(t)

1.7 Matrix Method(Normal Form)

The matrix method is the most general and systematic approach, especially in dealing with
systems of higher dimensions simultaneous differential equations of type-1. However, the said
method is the most difficult to master because of the challenging concepts in eigenvalues and
eigenvectors, particularly when multiple eigenvalues are involved.

Note: The system of equations of the form % = A(t)x(t) + f(t) is called Normal form .
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1.7.1 Structure of the solutions of n— dimensional homogeneous linear sys-
tems with constant coefficients

The general homogeneous, first order linear system of n dimensions is
x(t) = Ax(t) (1.48)

where A is an n X n matrix whose elements 4;; are real constants and x(t) is a column vector of
the n variables.

Seek a solution of the form x(f) = e"!v, where v is a column vector of the n variables. Substituting
into equation (1.48) yields Ae*'v = Aet'v. Since, ¢! # 0, one obtains

(A= Aw=0 (1.49)

where [ is an 1 X n identity matrix. Equation (1.49) is a system of homogeneous linear algebraic
equations. To have nonzero solutions for v, the determinant of the coefficient matrix must be
zero, i.e.,

det(A — AI) = 0 (1.50)

which leads to the characteristic equation, a polynomial equation in A of degree n.

Distinct Eigenvalues

The n solutions Ay, Ay, - -+, A, of the characteristic equation (1.50) are called the eigenvalues of
A. Suppose the eigenvalues Ay, Ay, --- , A, are distinct real numbers. A nonzero solution vy of
system (1.49) with A = Ay, i.e.,

(A-ADog=0, k=1,2,-,n, (1.51)

is called an eigenvector corresponding to eigenvalue Ay.
Theorem 1.15 For the system x(t) = Ax(t) with A a real, constant matrix whose eigenvalues

A1, Ag,-++, A, are all different then x(t) = [Vl et woeMt .. v, eM] is a fundamental matrix
where vy, vy, -+, Vv, are eigenvectors corresponding to the eigenvalues A1, Ay, -+, A, and the

complementary solution of the homogeneous linear system is x(t) = [clvl eMt 4 covpeM2t 4o 4

CnVn eM] where ¢y, 5, , ¢, are real constants.

A Aot Ant
7

Proof. Astheeigenvalues Ay, Ay, - -+, A, areall distinct real numbers, then vy e!tf, vye e, ve
are all independent solutions. By definition of (1.1), X(t) = [vl et et ..y, eA"t] is the fun-

damental matrix. It is true that the linear combination of the independent solutions is also the
solution of the linear homogenous differential equation. So, the complementary solution of the

homogeneous linear system is x(t) = [clvl eMt 4 covpett + - 4 vy, e""t] where ¢q,¢2,- -+, ¢, are

real constants.
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Example 1.13 Find the fundamental matrix and the complementary solution of the homoge-

nous linear system of differential equations VU(CBCS):2018
dx
d_tl = 3x+x (152)
dx
d—: = x1+3x% (1.53)

Solution: Here
31
2=(1 )
So the eigenvalues of the matrix A are satisfied by the equation (3—A)?—1 = 0 and hence A; = 2
, Ay = 4 are the required two eigenvalues of A.

Let V; = ( 272 ) be a eigenvector corresponding to the eigenvalue A; = 2. Then its satisfy the

(3 3)(%)-2(2)

= 1+0v,=0

equation

= U1 =-0p

= vy = -0 =1 (5ay)

Therefore, for A; = 2, the corresponding eigenvector is

-1
V1=C1( 1 )

= V1=( 1

) forc; =1

and similarly for A, = 4, the corresponding eigenvector is V; =

—_——
— =
S —

As A1 # Ay, so the fundamental matrix is
-1 1 _ 2t At
X() = Vaeht Vot ) = ( ( 1 )e% ( 1 )EM ) ) ( L )
So the complementary solution is

X(t) = ( 28 ) = Ve + Vet = cl( _11 )ezt + cz( } )e‘”. (1.54)

Theorem 1.16 The solution of the homogenous system x(f) = Ax(f) with initial conditions
x(to) = xo is given by x(t) = X() X~ (to)xo where X(t) is the fundamental matrix of the system.
Proof. The solution must be of the form

x(t) = X(t)c (1.55)

where ¢ = [¢1,¢,-++ ,¢,]" is a constant vector. The initial conditions gives xg = X(tp)c. As X(t)
is the fundamental matrix of the system, so the columns of X(ty) are linearly independents.
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So X(tp) has an inverse X"!(t)). Therefore ¢ = X7(t)xo. then from equation (1.55), we have
x(t) = X)X (to)xo

Example 1.14 Find the fundamental matric and the solution x(t) such that x(0) = [1 6] for
the system.

dx
d_t1 = 2X1—X (156)
dx
d—f = —dx, (1.57)
Solution: Here
2 -1
a=(5 o)

and the eigenvalues are Ay =2, A, = —4.
For A1 = 2, corresponding eigenvector of A is

As Ay # Ay, so the fundamental matrix is
X(t) = ( Vieht Vet ) = (

1

0

Also X(0) =( b ) So X-1(0) = %( - )
6

0

. e\,
Hence x(t) = X)X~ (tp)xo = 0 64t |6

Complex Eigenvalues

Suppose that matrix A of the homogeneous system x(t) = Ax(t) is a real matrix. If a + i is an
eigenvalue with the corresponding eigenvector v, then corresponding to the eigenvalues a +if,

x1(t) = Re(eMv) = e“t[Re(v) cos ft — Im(v) sin ﬁt]
xo(t) = Im(eMo) = e’”[Re(v) sin Bt + Im(v) cos ﬁt]

are two linearly independent real-valued solutions, or
x(t) = A Re(e™v) + B Im(e*v)

Example 1.15 Find the general solution for the system

d
T he
d

dt
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Solution: This equation is y’ = Ay with

a=(4 %)

We can find the eigenvalues, the characteristic equation is

' [ -

-2 -
_4 _5_/\'_/\ +6A+25=0

so that A = =3 + 4i. Next, we need the eigenvector for A = =3 + 4i:
2—4i 5 U1\ (2 - 4i)7)1 + 50, _ 0
-4 —2-4i (%) - —4v — (2 + 4i)"02 10

To solve the above equations, let v; = a1 + i1 and v; = ay + if,. Then equation real and
imaginary parts, we get,

201 +5ap +4p1 =0
—4a1 + 261 +56, =0
—4ay —2a; +46, =0
200 + 261+ P2 =0

Solving the above equations, we get @1 =5, @, =0, f1 = -2 and 8, = 4. So,

)

Hence, eMv = e73(cos 4t + isin4t){( _52 ) + i( 2 )}

Hence, the complementary solution is

y(t) = ARe(e"v)+ BIm(e'v)
_ -3t 5 0 . —3t 5 . 0
= Ae (( ) cos4t — 4 sm4t) + Be ( ) sin4t + 4 cos4t)
Therefore,
y1(t) = 5e (A cos4t + Bsin4t)
yat) = 2e7¥[(~A+2B)cos4t — (24 + B) sin 4t]
Multiple Eigenvalues

Let us call an eigenvalue A of a matrix A with algebraic multiplicity m complete if it has m
linearly independent associated eigenvectors. An eigenvalue A of a matrix A with algebraic
multiplicity k is called defective if it is not complete. If A has only k linearly independent
eigenvectors (k < m), then the number d = m — k is called the defect of defective eigenvalue A.
Suppose matrix A of the homogeneous system x(t) = Ax(f) has an eigenvalue A of algebraic mul-
tiplicity m > 1 and a sequence of generalized eigenvectors corresponding to A is v1, vz, -+, Up,.
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Then, corresponding to the eigenvalues A, A, - - -, A(repeated m times), m linearly independent

solutions of the homogeneous system are

xi(t)=eMv;, i=1,2,--- k1 <k<m,

X1 (F) = €M (Uit + vgan),
P2
Xps2(t) = eﬂt(ka + Ups1t + Uks2),

m—k tm—k—l tm—k—Z 2

t
m-R M m—k—1) 2

onlt) = ¢“[o m—k-2) " 2

ot Upagy Um—1t + Opy

|

Example 1.16 For the above multiple eigenvalues problem, show that (A — Alx,.1(t) =

x@t), r=kk+1,--- ,m—1. Hence deduce that (A — Al)vyq = vg.
Solution: We have

" tr+1*k trfk trikil 2
xra(t) = Moy ri=R MG TR Ty T 2!
A frk 1 v
So, Xr+1(t) = /\xr+1(t) te [vk (7’ _ k)' + Vk+1 (1" — k- ]_)' + U2 (}" — k- 2)' -

Axr+l(t) = Axr+l(t) + xr(t)/ r= krk + 1r cee,m— 1
(A= ADxp1(t) = x,(8), =k, k+1,--- ,m—1.

t
R i U2 vm]

+vr_1t+vr]

Also putting r = k, we get, (A — ADxks1(t) = xk(t) = (A— ADeM (vt +vps1) = eMog = (A= AD) (vt +

Uke1) = Ok = (A — ADvger = v, (7 Avg = Agg).
Example 1.17 Find the general solution for the system

d
&ty
d
& e

Solution: This equation is y’ = Ay with

(5]

We can find the eigenvalues, the characteristic equation is

'3—/\ 1

_ _ _ _ 12 _ _
> 1_A’_(a N1-A)+1=A2—41+4=0

so that A = 2, 2 i.e repeated eigenvalues. Next, we need the eigenvector for A = 2:

2 E(2)

s03a + b =2a or b = —a, hence, choosing a = 1 we get

()
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As the eigenvalue A = 2 is repeated two times, so the general solution can be written as
y = cyvie? + ¢y (tvy + vp) e

where we are to find the value of v, which satisfies the equation
( 3—_1A 1 } A )VZ == ( _11 _11 )Vz = ( _11 ) (See example 1.16).

Writing v, = ( ; ),
we have

e+f =1
—-e—f = -1

These two equations are the same, as you expect, and if f = 0 then ¢ = 1. Thus, the general
solution is given by

y:Clvle/\t+C2(V1f+V2)8M =Cl( _11 )e2f+c2 [( _11 )t+( (1) )]eZt

or, y = [(cl + czt)( _11 )+ cz( (1) )] .

where ¢; and c; are integrating constants.
Example 1.18 Find the general solution for the system

” 9 4 0
Z=]-6 -1 0|x
t 6 4 3

Solution: This equation is ‘jl—’t‘ = Ax with
9 4 0
A= -6 -1 0
6 4 3
We can find the eigenvalues, the characteristic equation is

9-4A 4 0
-6 -1-A 0
6 4 3-A

=B-A)((9-A)(-1-1)+24) = B3-1)(15-8A+A%?) = (5-1)(3-A1)> = 0.

Thus A has the distinct eigenvalue A; = 5 and repeated eigenvalue A, = 3 of multiplicity m = 2.
Case 1: A; = 5. The eigenvector equation (A — AI)v = 0, where v = [a,b, c]’ is

4 4 0 a 0
(A-5)v=| -6 -6 0 bl=]0
6 4 -2 c 0

Each of the first two equations 4a + 4b = 0 and —6a — 6b = 0 yields b = —a. Then the third
equation reduces to 2a — 2c¢ = 0, so that ¢ = a. The choice a = 1 then yields the eigenvector
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vi = [1,-1,1]" associated with the eigenvalue A; = 5.
Case 2: A, = 3. The eigenvector equation is

6 4 0 a
(A—3I)v=[—6 -4 OHb

6 4 0 c

3

so the nonzero vector v = [a,b,c]" is an eigenvector if and only if 6a + 4b = 0. If ¢ = 1, then
a =b =0, this gives the eigenvector v, = [0,0, 1]T associated with A, = 3. If ¢ = 0, then we must
choose a to be nonzero. For instance, if 2 = 2, we get b=-3, so v3 = [2, -3, 0]” is second linearly
independent eigenvector associated with the multiplicity 2 eigenvalue A, = 3.

Thus we have found a complete set vy, vy, v3 of three eigenvectors associated with the eigen-
values 5,3, 3. The corresponding general solution of (1.18) is

1 0 2

x(t) = crvie + covae + cavaed = 1| -1 | +ca| 0 | +c3| -3 | with scalar component
1 1 0

functions given by x;(t) = c1€> + 2c3¢¥, xo(t) = —c1% — 3cze?, x3(f) = c1e% + cpe?.

1.7.2  Structure of the solutions of n— dimensional homogeneous linear sys-
tems

The general homogeneous, first order linear system of n dimensions is * = A(t)x where A(t) is
an n X n matrix whose elements g;; are functions of time and x(t) is a column vector of the n
variables.

1.7.3 Gauss Jordan Elimination Method

Using Gauss Jordan elimination method, the coefficient matrix is reduced to a diagonal matrix.
Hence, Gauss Jordan elimination method

Gauss Jordan Method
ﬁ

[AlB] [I1D]

If Gauss-Jordan elimination is applied on a square matrix, it can be used to obtain the inverse
of the said matrix. This can be done by augmenting the square matrix with the identity matrix
of the same dimensions and used to the following matrix operations:

[All = A7YAIl = [IA™Y]

Example 1.19 Find A~! by GaussJordan elimination method: MCA-06
18 8
A=[1 4 3
1 3 4

Solution: By performing elementary row operations on the [A|l] matrix until it reaches reduced
row echelon form, the following is the final result:
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133 1] 100
[AlIl=]1 4 31010
1341001

Applying R, — Ry and R3 — Ry, we get

133 1 00
~j01 0] -110
001 1] -1 01

Applying R; — 3Ry, we get

1 03 | 4 -3 0
~10 1 0] -1 1 0
o 01 1] -1 0 1
Applying R; — 3R3, we get
100 ]| 7 -3 -3
~/001 0 | -1 1 0
o001 ] -1 0 1
Therefore the inverse of the given matrix is
7 -3 -3
Al=|-1 1 0
-1 0 0
Example 1.20 Find all solutions of the system x = A(f)x with initial conditions x(0) =
X1 0 1 0
[0,1, -1]T wherex=| x» |, A{t)=]| 1 0 0|
X3 tet te7t 1

Solution: The solution is given in Theorem-1.13l Now find a fundamental solution matrix of the
homogenous system x(t) = A(t)x(t). So the equationsarex; = xp, %> = x; and ¥3—x3 = teH(x1+x2).
From the first two equations, x; = ae' + be™! and x, = ae’ — be™*

The third equation now becomes %3 —x3 = 2at which has the general solution x3 = —2a(1+1)+ce'.
Hence a fundamental solution matrix is

el et 0
et -t 0 |,
201+t 0 ¢
By using Gauss-Jordan elimination Method to X(f), we have,
et et 0
el —e! 0
2(1 +t)e 2 2(1+t)e 2 2et

X(t) =

X =

NI~

1 1 0
andX‘1(0)=% 1 -1 0.
2 2
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Thus the required solution is

et et 0 1 1 1 0 0
x(t) = et -t 0 3 1 -1 0 1
| 21+ 0 ¢ 2 2 2| -1
et et 0] %
= et -t 0 || 3
| 201+t) 0 || 0
Hence the solution is
et et
H==——
x1(t) ) >
et et
JCQ(t) = E + 7
x3(t) = —(t+1).

1.7.4 Structure of the solutions of n— dimensional non-homogeneous linear
systems

The general non-homogeneous, first order linear system of # dimensions is
x=Alx+ f(b), (1.58)

where A(t) is an n X n matrix whose elements a;; are functions of time and x(t) and f(t) are the
column vectors of the n variables.

The associate homogeneous system is
b = A(t)D. (1.59)

The following properties are readily verified.

1. Let x = x,(t) be any solution of (1.58) (called a particular solution of the given system)
and ¢(t) = ¢.(t) any solution of (1.59)(called the complementary function for the given
system). Then x,(t) + ¢.(t) is the general solution of (1.58).

2. Let xp1(t) and x,(t) be any solutions of (1.58). Then x,1(f) — x2(t) is the solution of (1.59),
i.e it is a complementary function.

Example 1.21 Find all solutions of the system

dyl
P
dyz
A

Gate(MA): 2017

Solution: Here A = ( _01 (1) ) and f(t) = ( (t) ) The corresponding homogenous system is
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1(t) = ¢po(t) and Pa(t) = —1(t) which is equivalent to ¢y (#) + 1 (t) = 0. The linearly independent
solutions ¢ = cos t, sin t correspond respectively to ¢, = —sin ¢, cos t. Therefore, all solutions

. . S t —sin £
of the corresponding homogenous system are the linear combination of ( Ziﬁ ; ), ( czlsnt )

cost —sint )( M

. where a1, a, are arbitrar
sint cost a )’ 172 y

which are given in matrix form by ¢(t) = (

constants.
It is notice that y; = t and y, = 1 is the particular solution of the given system. Therefore the

general solution is
_ [ cost —sint a t
y(t)_(sint cos t )(a2)+(1)

Theorem 1.17 The solution of the system x(t) = A(f)x(t) + £(t) with initial conditions x(tp) = xo
is given by

4

t
x(t) = DD (to)xo + D(t) f @ (s)f(s)ds,
to
where ®(t) is any fundamental solution matrix of the corresponding homogeneous system
d(t) = A(HD
Proof. Let x(t) be the required solution, for which the following form is postulated
x(t) = DD (to){xo + D(H)} (1.60)

The inverses of ®(t) and ®~!(t,) exist since, by Theorem 1.9, they are non-singular. Then by the
initial condition x(fp) = X, or xo + ®(t) by (1.60) and so

D(ty) = 0.
To find the equation satisfied by ®(t), substitute (1.60) into the equation, which becomes
(NP (to){x0 + P(H)} + DHD (F)D(t) = AB)D(HP™ (fo){x0 + DD} + £(1).

Since ®(t) is a solution matrix of the homogeneous equation, ®(t) = A(t)®(t), and the previous

equation then becomes
DO(HD (1) D(t) = £(1).

Therefore,
D(t) = D(to) D (1E(1),

whose solution satisfying the initial condition is

t
D(t) = D(ty) f O (s)f(s)ds.

Therefore, by (1.60),

x(t) = DD (to)xo + D(t) f L (s)£(s)ds.
fo
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Example 1.22 Find all solutions of the system x = A(t)x + f(t) with initial conditions x(0) =
t

X1 0 1 1 e
[0,1, -1]T wherex=| x [[A(t)=| 1 0 O |andf(t)=] O
X3 tet te7t 1 1

Solution: The solution is given in Theorem-1.17. Now find a fundamental solution matrix of
the associated homogenous system ®(f) = A(H)®(t). So the equations are ®; = @,, &, = ®; and
by — @5 = te{(D; + Dy). From the first two equations, @; = ae' + be~! and @, = ae' — be™

The third equation now becomes d3—d3 = 2at which has the general solution @3 = —2a(1+t)+ce'.
Hence a fundamental solution matrix is

et et 0
D(t) = et -t 0|,
20+ 0 ¢
1 et et 0
o) == et —e 0
2{ 21+ He2 21+ He2 et }

1 1 0
andqfl(O):% 1 -1 0.
2 2 2|

Thus the required solution is

et et 0] 1 1 0] 0
x(t) = et -t 0 > 1 -1 0 1
| 2a+8 0 ¢ |%|2 2 2| -1
[ et et 0] 1 t[ e’ e’ 0 e
+ et -t 0 5 f e’ —e° 0 0 |ds
| 21+ 0 e [0 | 2(1+s)e® 2(1+s)eF 2 1
[ et et 0 %7
= et -t 0 %
| 20+ 0 € || 0 |
[ et et 0] 1 t[ 1
+ et -t 0 5 f e* ds
| 21+t 0 e [0 | (4+25)
[ et et 0 37
= et -t 0 %
| 20+ 0 € ]| 0 |
[ et et 0] t
+ el et 0 |2 g_1
772
| 214H 0 ¢ 2] (6-2B+ 1t
Hence the solution is
_ 3. 10 3
x1(t) = (4 + 2t)e 4e
— 1 1 t 3 —t
xX(t) = (4 + 2t)e + 4e

x3(t) = 3! — 12 — 3t — 4.
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Lemma 1.1 Let ®(t) be any fundamental matrix of the system ® = A®, A is constant matrix.
Then for any two parameters s, f,

D(HD(s) = D(t — 5 + to)D(to).

In particular,
D(HD(s) = D(t — 5)D7(0).

Proof. Since ® = A®, if we define U(t) = O(t)d1(s), then U(t) = AU(t), and U(s) = L.

Now consider V(t) = ®(t — s + t)®(to). Then V(t) = AV(¢). (for since A is constant, ®(t) and
D(t — s + ty) satisfy the same equation), and V(s) = 1.

Therefore, the corresponding columns of U and V satisfy the same equation with the same
initial conditions, and are therefore identical by the Uniqueness Theorem.

Theorem 1.18 Let A be a constant matrix. The solution of the system x = Ax + () with initial
conditions x(tp) = xo is given by

t
x(t) = (D (to)xo + f D(t — 5 + to)D L (to)E(s)ds,

to

where W(t) is any fundamental matrix satisfying W(tp) = I, then

x(t) = W(t)xo + f\I’(t — s)f(s)ds.
to

Proof. The Theorem 1.18/is obtained by applying the Lemma 1.1 to Theorem 1.17.

Example 1.23 express the solution of the second order equation ¥ — x = f(f) with x(0) =
0, 2(0) = 1 as an integral.

Solution: An equivalent first order differential equation is

r=y, y=x+f@),

=00 oJC)+lio) =)o

Since the eigenvalues of A are A1 = 1, A; = -1 and the corresponding eigenvectors are r; =
[1,1]T and r» = [1, —=1]7, a fundamental matrix for the homogeneous system is

and

t —t
O(t) = (Et _e t)'

e

Then, following Theorem 1.18
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t

t —t 1 1 f—s —t+s 1 1
mafp) = o S A0 [ o) )
0

t
sinh ¢ f(t)sinh(t —s)
( cosh ) * f(f(t) cosh(t — s)) ds.
0

1.7.5 Structure of the solutions of n— dimensional non-homogeneous linear
systems with constant coefficients

The general non-homogeneous, first order linear system of # dimensions is
x(t) = Ax(t) + f(1). (1.61)

where A is an n X n matrix whose elements a;; are real constants, x(t) and f(t) are the column
vectors of the n variables.

The complementary solution of the homogeneous system %(t) = Ax(t) has been obtained as
x(t) = X(t)C, where X(f) is a fundamental matrix, whose columns are linearly independent and
each is a solution of the homogeneous system, i.e., X(f) = AX(t), and C is an n-dimensional
constant vector.

Applying the method of variation of parameters, vary the constant vector C in the complemen-
tary solution x(t) = X(t)C to make it a vector of functions of ¢, i.e., C = c(t). Thus a particular
solution is assumed to be of the form

x(t) = X(t)c(t).
Differential with respect to t yields

x(t) = X(Bc(t) + X(£)e(t) = Ax(t) + f(t)

Substituting X' (t) = AX(t) and x(t) = X(f)c(t) yields
AX(Hc(t) + X' (1) = AX(b)c(t) + f(F),

X(B)e' (1) = f(t) = (1) = X (Df(D)

Integrating with respect to ¢ gives
ct)=C+ f XYt f(t)dt
Hence, the general solution is given by
x() = X(t)e(t) = X(){C + f X7(b) f(tyat)

For the nonhomogeneous system x’(t) = Ax(t) + f(t) with the initial condition x(ty) = x(p),the
general solution can be written as

t
x(H) = X(t){C + ft X71(t) f(t)dt]

0



SIMULTANEOUS LINEAR DIFFERENTIAL EQUATIONS 33

with x(tp) = X(to)C = C = X (to)x(tp), which yields. So, to find a particular solution using
the method of variation of parameters, one must evaluate the inverse X~}(t) of a fundamental
matrix X(t). Finally the general solution is

t
() = XO{ i) + [ X0 0)

to

Example 1.24 Find the general solution for the system

d
% = -3y —4yy + 2!
d

Solution: In the matrix form, the system of differential equations can be written as y(t) =

Ay(®) + f() with
_ _ —t
y(t)z(z;),Az( 13 14),f(t)=(26 )

The characteristic equation is

det(A—/\I):‘ S-4 A

— 12 - =—_1 -
1 1_)\‘_/\ +20+1=0=>A=-1, -1.

Hence, A = —1 is an eigenvalue of multiplicity 2. The eigenvector equation for A = —1 is

-2 -4 1% 0
(A—AI)01=( 1 ) )( 02):(0):>vn+2021:0‘

Taking v = —1, then vy = =20y =2,

oo )(3)

The second linearly independent eigenvector does not exist. Hence, matrix A is imperfective
and a complete basis of eigenvectors is obtained by including a generalized eigenvector:

(A—Al)vzz'z}l:)( _12 _24 )( Zi ):( _21 ):}Z)21+2022:—1.

Taking Uy = —1, then V11 = -1- 2021 = 1,

Two linearly independent solutions are

Y1 =€At01 =( _21 )e_t/ Y2=€/\t(01f+02)={( _21 )t+( _11 )}E_LL

The fundamental matrix is

—t —t
Y() = [y1, 3] =( AL ) det(y) = 2
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and its inverse is obtained as

t t
Y1) = [y1, yal =( (ttl)e @t +1)e )

et —2¢t

It is easy to evaluate

t t _t
f YUt f(tdt = f ( (t telt)e (2t_ Z elt)e )( 2% ) W

2(t+1) [ +2t
S Ja= (75

The general solution is

_t y ,
0 = ol [rooal=( 2 G0 ) (03457
n(t) = €[22+ 2 + DE+ Q2c1 + )], yaot) = e[ = cat = (c1 + )]

1.8 Solution of Simultaneous Equation of Type-II

Simultaneous Linear Differential Equations of Type-II is of the form

d_dy e

50" R (1.62)

where P, Q and R are functions of x, y, z.

By the solution of the equation (1.62), we mean to find a solution of the form ¢(x, y,z) = 0 and
Y(x,y,z) = 0 where ¢ and 1) are two independent integrals of the given equations (1.62) viz.
c1¢ + e = 0 is possible only when two arbitrary constants c¢; and ¢, are zero individually.

1.8.1 Methods of Solution of Equations of Type-II

The equation of the type

dx _dy _dz
P Q R

can be solved by using different techniques depending on the nature of P, Q and R.

1.8.2 Method-I

When P, Q and R such function of x,y,z that any two parts of the equations (1.62), when
considered separately, can be solved by the method of separation of variables. Then considering
two parts separately we get a relation between two variables, say # = 0 and then considering
another two parts we get another relation among the variables like v = 0 and finallyu =0, v =0
will give the general solution of the system.
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Example 1.25 Solve: & = & = &

yz ~ xz ~ xy

Solution : We have

d
dx _dy _ dz (1.63)
yz  xz  xy
From the first two ratio of (1.63), we get xdx — ydy = 0. Then integrating we get
i.e, x> — y* = c1, cibeing an integrating constant (1.64)

Again from last two parts we get, zdz — ydy = 0 and integrating, we have z> — y*> = ¢, &
being an integrating constants. Eliminating cj,c;, we get the required solution( surface) as

P(x? -2, 22— y?) = 0.

1.8.3 Method-II

If P, Q and R are such, that considering two parts of the equation (1.62), like method-I, a relation
between two variables can be found and using this relation another two parts can be integrated
to get other relation connecting the variable and ultimately we get two independent relation to
represent the general solution of (1.62).

dx _ 4y _ _ dz
xy ~— y? T xyz—24%°

Example 1.26 Solve:

Solution : We have

d
xy oy xyz — 2x
From the first two ratio of (1.65), we have & = %y. Then integrating, we get
x =1y, (1.66)

c1 being an integrating constant. Again, from last two parts we get

‘;—g’ = xyzd_zw ‘;—z = clyzzd——zchyz (using (1.66)) and then integrating, we get

c1y = log(z — 2¢1) + ¢, c;being an integrating constants

= x =log(z — Z?x) + ¢; [since x = c1y]

Hence the required solution is log(z — 27’( —x= qb(ﬁ).

1.8.4 Method-III

If P, Q1 and R; be such function of (x, y, z) that when we write the given equations as

dx dy _dz Pydx + Qidy + Rydz
P Q R  PP;+QQ;+RR
then PP + QQ1 +RR; =0
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So we may write Pidx + Qidy + Ridz = 0. Now if these Py, Q; and R; also be such that
Prdx + Q1dy + Ridz = 0 can be integrated to get a function ¢(x, y,z) = 0. If another set of such
(P1, Q1,Rq) can be found, we get another integral y(x, y, z) = 0 and these two integrals together
will give the solution of (1.62).

dx_ _ 4y _ _dz
3y-2z — z-3x ~ 2x-y

Example 1.27 Solve:

Solution: The given equation

dx dy dz
3y-2z  z-3x 2x-y (167)
can be written by Method-III as
dx +2dy+3dz =
xdx + ydy +zdz =
Which integrate to two families of surfaces
X+2y+3z = ¢ (1.68)
x> + y2 +722 = o (1.69)

Where cy, ¢, are two arbitrary constants. Then the required general solution is given by (1.68)
and (1.69) or ¢p(x* + y* + 22, x + 2y +32) = 0

1.8.5 Method-IV

If P1, Q1 and R; be such function of (x, y, z) that

Pidx + Qudy + Ridz _ d(PPy + QQ1 + RRy)
PP1 + QQ1 + RR] B PP1 + QQl + RRl

Then combing this with one of the ratio & or %y or £, we may get one function ¢(x,y,z) = 0

and if otherwise we can get another functional relation i(x, y, z) = 0, then combining these two,
we get the solution of the equation (1.62).
Example 1.28 Solve
dx dy dz

Pa-y 2y-» 22+

Solution : We have

d«  dy dz
Pr-y)  P2y-x 22+

(1.70)

Taking first two parts of (1.70), we get
dx dy

Plr—y)  22(y-2)
= KPdx +y*dy =0
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Integrating, we get
Py =c, (1.71)
where ¢ being an arbitrary constants. Again, each part of (1.70) is equal to

dx —dy dix—vy)

Va-y)-22y-x)  (x-ya+12)

Now combining this with the third part of (1.70), we get

dx-y)
-2 +yD)  z(:2+ 1)
dx-y) dz
x-y  z

Integrating, we get, log(x — v) — log z = log c, where c; being an arbitrary constants.

ie, x;y —¢ (1.72)

So the general integral is given, using (1.71) and (1.72) as ¢(x* + 1%, =) = 0.

1.8.6 Geometrical Interpretation of %" = % = %

It is known from geometry that the direction cosines of the tangent to a curve are given by

(%, iTZ' ). Thus the direction cosines of this tangent are proportional to dx,dy and dz. Again

from the equation & = %y = % we see that dx,dy and dz are proportional to P, Q and R. Thus
(P, Q, R) are the corresponding direction rations of the tangents to the curves at (x, y,z). Thus
geometrically the above differential equations represents a system of curves in space such that

the direction cosines of the tangent to these curves at any point (x, y,z) are proportional to

(P, Q,R).

1.9 Worked Out Examples

Example 1.29 Find the first order simultaneous differential equations of the system

Bx _d*x dx ;
PR R T

Solution: Write as the equivalent first order system

dc«  dy  dz ;
E—y,a—z,a——2x+y+22+e
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Example 1.30 Let P;, Py, - - - P, be n constants, then show that the differential equation d:;;,st) +

P, d’;tix(t) +P, ';tn"(t) -+++ P,x(t) = 0 is equivalent to the system
dx;t(t) x(t), where x;(t) = x(t)
dxo(t
% = x?)(t)
'dxn—l’(t) _
7 =
dx,(t
dt( ) = —Pux1(t) — Py_qxo(f) — - - - — Py (b).

Show that the equation for the eigenvalues is

A"+ PIATL A PoAT 2 4t P,, =0.
x(t)

Proof. The given differential equation d d’;nt) +P; d’;;x(t) + Pz G2+ -+ Pux(t) = 0 can be written
as

dxq (¢

x;t( )~ xy(t), wherex:(8) = x(t)

dxy(t

% = x3(t)

(8

di’l = xn(t)
dx,(t
% = _anl(t) - Pn—1x2(t) - Plxn(t)'

The matrix of coefficients for the above system is

0 1 0 0 e 0
0 0 1 0 -0
S I
0 0 0 0 e 1
-Py —Py.1 —Pypo —Pps -+ P

The eigenvalues are given by

-A 1 0 0 0

0 -A 1 0 0
o A
0 0 0 0 1

_Pn _Pn—l _Pn—2 _Pn—3 _Pl_/\

Let D,,(A) denoted the determinant in the previous equation. Then expansion by row 1 leads to

Dy(A) = =ADy_1(A) + (=1)"P,.. (1.73)
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For decreasing 11, we have

Dy-1(A) = =ADy-2(A) + (1) Py, (1.74)

Dy(A) = —AD:(A) + Ps. (1.75)

where D1(A) = —=P; — A. Now eliminating D,,_1(A), D,,—»(A), - - - from equations (1.73) through
(1.75) by multiplying successive equations by —A, +A and so on, and adding them. The result
is

Du(t) = (=1)"(Py + Pyq A + - + PL AL 4 A1),

The required result follows by equating D,,(A) = 0. Therefore, the equation for the eigenvalues
is A" + PyA"L + PoA"2 - 4+ Py = 0.

Example 1.31 Solve & +3x +y =, ‘% —x+y=¢€*
Solution: Writing D for %, the equations are
D+3)x+y=¢ (1.76)
and D+y—-x=e* (1.77)
Putting the value of y = ¢’ — (D + 3)x in (1.77), we get
(D +1){e' — (D +3)x} —x = &*
= D+ =(D+1)D+3)x—x=e*
= e+ —(D*+4D+3+1)x =¥

= (D*+4D + 4)x = 2¢ — &* (1.78)

Let y(x) = ¢™ (m being a constant) be a trial solution of the corresponding homogenous
differential equation of (1.78). Then its auxiliary equation is

m?+4m+4=0
= m=-2,-2

The complementary function of the equation (1.78) is
C.F = (A + Bt)e ™, where A and B are arbitrary constants.

The particular integral of (1.78) is

1
PI = —zt_Zt
Drrap 4% ~¢)
— 2 o — 1 2
D2 +4D +4 D2 +4D +4
2et et
T O 12+441+4 22+42+4
zet eZt
T 9 16

Therefore the general solution of the equation (1.78) is

€2t

2¢t
=(A+Bte ™+ — - —
x=(A+Bt)e™™ + 5 T
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Putting these value of x in (1.76), we get

y = ¢—-(D+3)x
2" e
- ¢-(D 3(A B + ———)
e’ — (D +3)[(A + Bt)e 5 " 16
2€t e 2¢t
= ¢ ——((A+Bt - A+Bt)e™ + —)
¢ ((+) 6)((+)e 9 16
2¢t 2t 2et 2t
- oo ( —2(A+ B +Be Y + o - %) - 3((A e + 5 - §—6)
= —(A+B+Bte?+ ¢ b2
9 16
Therefore the solution of the given simultaneous linear equation is given by
t
__ 2t , € i 2t
y=—(A+B+Bt)e ™ + 5 + 166 .
2¢ e
d =(A+Bhe ¥+ — - —.
an x = )e 5 " 16
Example 1.32 Solve & +3x+y=e!, ¥ — x4+ y = e
Solution: Writing D for 4i- the equations are
D+3)x+y=¢ (1.79)
and —x+(D+1)y=e* (1.80)

Let the complementary solutions of the given system of linear differential equation (1.80) be
Xc(t), ye(t). Then x., y. are satisfied the homogenous differential equations of (1.79) and (1.80)
ie.

P(D)xc(t) = 0, ¢(D)y.(t) =

where ¢(D) is determinant of the coefficient matrix of the given system of linear differential
equations (1.79)-(1.80) i.e,
D+3 1
¢(D) = ' -1 D+1 ‘
Hence the unknowns x.(t), y.(t), all have the same characteristic equation ¢(A) = 0 and, as a
result, the same form of complementary solutions. Now,

ow=| 10 L e

So, p(A) = 0,= A = =2, -2. Hence, they have the same complementary solutions given by
xc = (A + Bt)e® and y, = (C + Dt)e™*.
To find the particular solution of the given system of linear differential equation (1.80), we have,

et 1

Ay(t) = 2 D+1 ‘ =2¢' - eZt/
D+3 ¢
ao=| P3G | =5 e,
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Ac(t)  2et—e?  2et e
x(h) = 250 o -

¢(D) (D+22 9 16

Ay(t)  5e +¢f e 5e¥

WO =50 = Dr2r =9 16
The general solutions are
Y
X)) = x()+x,(t) = (A +Bre 2 + %e - i_e (1.81)
~ et 5e2t
y(H) = ye(t) +yp(t) = (C+ Dhe™ + T (1.82)

Since ¢(D) = 0 is a polynomial of degree 2 in D, the general solutions should contain only two
arbitrary constants. The two extra constants can be eliminated by substituting equations into
either (1.81) or (1.82). Substitute the equations (1.81) and (1.82) in (1.80) to eliminate the two
extra constants, we get, C = —A — B and D = —B. Then the general solutions become

2et &%
= A =2t _
x(t) (A+Bt)e ™ + 9 16
t
- _ o, € D o
y(t) = —(A+B+Bt)e +9+16e

Note:(Alternative Method) The two extra constants C, D can be eliminated by substituting the
complementary solutions x.(t), y.(f) into either the homogeneous equation of (1.79) or (1.80).
So, substitute the complementary solutions x.(t), y.(t)in (D+3)x+y = Oi.e., (D+3)xc(f)+y.(t) =
0 to eliminate the two extra constants, we get, C = —A — B and D = —-B.

Example 1.33 Find the solution for the system

4:]/1 aF Y2
-1+ 2y2

vi
Y

with initial conditions y;(0) = 3 and y»(0) = 2.
Solution:

and there is only one eigenvector,

with eigenvalue A = 3. The general solution is
y = civeM + co(tv + u)e

where u satisfies
(A=A u = v (See example(1.16)

(5=

and so, in this case,
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and a solution to this is

and so the general solution is

Now, putting t = 0 we get

and, hence,

also c; = 1 and ¢, = -5 giving

or

v = (B+5t)
2 = (2-5¢

Example 1.34 Find the solution for the system

d
% = Sntlp
dyz
R

Solution: This equation is y’ = Ay with
-3 2
=2 2)
We can find the eigenvalues, the characteristic equation is

‘—3—/\ 2

5 9l ‘=(A+3)(/\—2)+4=/\2+/\—2=0

sothat Ay =1and A, = 2.

Next, we need the eigenvectors. First, A;:

(% 2)()-(3)

so —3a + 2b = a or b = 24, hence, choosing a = 1 we get

(1)
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(% 3)(5)-=(3)

so0 —3a + 2b = —2a giving a = 2b, choosing b = 1 gives

o = 2
2701
y = cixieMt + epxge

y=c1( ; )et+cz( % )eZt

Example 1.35 Find the general solution to

For A,:

Now, in general the solution is

Aot

so, here,

Yy —2y=—t
Solution: This follows from the general solution to
Y +ry=f(1) (1.83)
which is
y=Ce+e" fe”fdt (1.84)

so here r = =2 and f(t) = —t so, using integration by parts
y = Cé¥-¢é f te 2 dt

1 1
= Ce* -e* {—Ete_2t+§fe_2tdt}

1 1
— 2t 2t _ = -2t - _2¢
= Ce t { 12te 4(6 )}
_ o0, F 1
= Ce' + 5 + 1 (1.85)
d
Example 1.36 Solve: xz(”;"_ 5= yz(zy_x) - ZZ(ZZ_ -
Solution: We have
dx _ dy _ dZ
2y-z) Pl-x -y
Gives rise
d
d_f + —:Z + d—f = 0
X y z
d
dr dy &

x Yy oz
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Which integrate to two families of surfaces

1 1 1
-+ —-+-=q
X Yy z

= logx +logy +logz =logc, = xyz =c,
Where ¢y, ¢; are two arbitrary constants. Therefore the general integral is 1 + i +1 = ¢(xyz).

dx — dy — dz
x(yP+2%) T oy(+2) T oa(¥-yP)”

Example 1.37 Solve:

Solution : We have

d d d
ke e (186)
x(? +22)  y(2+z22)  z(x® —y?)
d_ B dz dx_ Y dz d
Each ratio of(1.86), y2+zzx_x2_zz+zxz_yz = —5— = %" - 7y + % = 0 and integrating we get,
logx —logy + logz = logc;.
xz
i'e'/ — =0y (187)
Yy
where ¢; being integrating constant. Again, each ratio of (1.86) is given by
xdx — ydy — zdz xdx — ydy — zdz
= dx — ydy — zdz =
(P +2) = P2 +22) =202 - ) 0 = o ydy -2z =0
Integrating, we get,
-y -2 =0 (1.88)

c; being an integrating constant. Then the equations (1.87) and (1.88) constitute the general
solution of the equation as qb(x2 - y2 - 22 x—yz) =0.

Example 1.38 Solve: T ydz’iz) = _y(iz = = Z(xffyz) which contains the straightlinex+y =0, z = 1.
Solution : We have p p p
L ——— (1.89)
y+z) —y(P+z) 203 - y?)
de Bz de B e d

Each ratio of(1.89) is 7 - +;2_y2 = —5— ie %" + 7y + % = 0. Then integrating, we get
log(xyz) = logc;.

ie., xyz =c, (1.90)
where ¢ being integrating constant. Again, each ratio of (1.89) is given by

xdx + ydy — dz xdx + ydy — dz
= = xdx+ydy—dz=0
x2(y? +z) — yA(x% + 2) — z(x? — y?) 0 Xax T yey oz

Integrating, we get,

Py -22z=0 (1.91)

c» being an integrating constant. Here the integral surface contains the straight line x + y =
0, z=1. Now puttingx =ty = —tand z = 1 in (1.90) and (1.91), we get, c; = —+2 and
cy =212 -2, Eliminating f between the two , we get, 2c1 + ¢, + 2 = 0. Putting the value of ¢; and
¢ from (1.90) and (1.91), we get the required integral surface as x> + y? + 2xyz — 2z + 2 = 0.
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dx _ _ Ay _ _dz
2y(z-3) — 2x-z ~ y(2x-3)

Example 1.39 Solve: which passes through the circle x?+ % = 2x, z = 0.

Solution : We have
d«  dy  dz
2y(z—3) 2x-z y(2x-23)
From the first and last part of (1.92), we get, % = 2)’?—; = (2x — 3)dx — 2(z — 3)dz = 0. Then
integrating, we get

(1.92)

¥ -3x-z2+6z=0, (1.93)
c1 being an integrating constant. Again each ration of (1.92) is equal to y(z_3)§d;z;rgiy)__ d;(2x_3) =
w = 1dx + ydy — dz = 0 and again integrating we get,

X+ y2 -2z =0y, (1.94)

c2 being an integrating constant. Adding (1.93) and (1.94), we get, x> + y* — 2x — 2% + 4z =
140 =+ =0, (using z = 0, x2 + > = 2x). After that putting the value of ¢1 , ¢; from (1.93)
and (1.94), we get the required integral surface as x? + y* — z> — 2x + 4z = 0.

1.10 Multiple Choice Questions

1. Consider a system of first order differential equations x(t) = x(t) + y(t), y(t) = —y(t). The
solution space is spanned by
(@) [0, e7*]" and [¢, 0]" (b) [¢}, 0]" and [cosht, ef]T [NET(Dec.)MA-2017]
(c) [e™f, —2¢7"]T and [sinht, e~f]T (d) [}, 0] and [ef - ‘32;[, e T
Ans. (c) and (d).
Hint. Eigenvalues A = -1, 1, and eigenvectors V; = (1, -7, Vv, = (1, 0)T so general
solution is [x, y]T = ki[e!, 0]” + ky[e™!, —2¢7"]". Taking ko = 1, k1 = 0; k; = 1, k» = =1 and
k1=1,k2=0,‘k1:1,k2=%.

2. Let y; and y, be twice differentiable functions on a interval I satisfying the differential
equations y; — y1 — ¥2 = € and 2y; + v, — 6y1 = 0. Then y;(x) is

(@) c1e™% + cpe® — ie" (b) c1€% + cpe™ — ie" (€) c1e™% + cpe73 — %e"
(d) 163 + coe™® — 1¢¥ [JAM MA-2008]
Ans. (b)

3. Consider the system of ODE ‘;—}: =AY, Y(0) = (_21) where A = ((1) _21) and Y(x) = (]]; ;g;)
NET(MS): (June)2012

(@) y1(x) = oo and yo(x) > 0asx — oo

(b) y1(x) = 0and y»(x) = 0as x — oo

() y1(x) = oo and yp(x) = —0 as x — —oo

(d) y1(x) = —o0 and y,(x) = c0asx = —oo

Ans. (a) and ().

Hint. Here the eigenvectors are [1,0]" and [1,-1]" corresponding to the eigenvalues
-1, 1. So the general solutions are y1(x) = Ae* + Be™ and y»(x) = —Be™. Using the given

we have y;(x) = e* + e and y,(x) = —e™. Hence the result.

initial condition Y(0) = _21 ,
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4. Let Y(t) = (5;8) satisfy ‘% =AY, t >0, Y(0) = (1) where A is a 2 X 2 constant ma-

trix with real entries satisfying trace A = 0 and det A > 0. Then y;(t) and y»(t) both are
NET(MS): (Dec.)2012

(a) monotonically decreasing functions of ¢.

(b) monotonically increasing functions of ¢.

(c) oscillating functions of t.

(d) constant functions of ¢.

Ans. (c).
5. Consider the first order system of linear equations 2 = AX where A = (_32 _21) and
_ [x(®) .
X)) = b)) Then NET(MS): (Dec.)2011

(a) the coefficient matrix A has a repeated eigenvalue A = 1.

(b) there is only one linearly independent eigenvector X; = (_11)

(c) the general solution of the ODE is (aX; — bX,)e!, where a and b are arbitrary constants

andX1:(_11 ,Xzz(lt_t.
2

(d) the vectors X; and X, in the option (c) given above are linearly independent
Ans. (a), (b), (c) and (d).

6. The general solution (;22) of the system
X=-x+2y
y=4x+y
is given by GATE(MA)-04
Cie® — Cpe™ Cie¥ Cie® + Cpe™ Cie® — Cpe™
) {2C1€3t + Cpe™3 ) {Cze‘3f {2C1€3t + Cpe™3 ) {—2C1€3t + Cpe™3t
Ans. A)
2 1 0 (b
7. LetA = { 0 -2 1 ], x(t) = [ 2@ |and |x(t)| = \/(x%(t) +x3(t) + x3(t)). Then any
0 0 -2 (t)

solution of the first order system of the ordinary differential equation =~ NET(JUNE)-16
x(t) = Ax(t), x(0)=0

satisfies
(a) tlim x(H) =0 (b) tlim lx(t)] = o0 (c) tlim lx()] =2 (d) tlim |x(t)] = 12.
Ans. (a).

8. Leta,b € R. Let y = (y1,2) be a solution of the system of equations

Vi=Va, Vy=ay+by
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10.

11.

12.

13.

14.

Every solution y(x) — 0 as x — oo if GATE(MA)-08
A)a<0,b<0, B)a<0b>0, Ca>0,b>0 D)a>0,b<0
Ans. A)
. The system of ODE
% :(1+x2)y, teR
d
d_jty =—(1+x)x, teR

(x(0), ¥(0)) = (a, ))NET(MS)(Dec) — 2014

has a solution

(a) only if (a, b)=(0, 0) (b) for only (a,b) =€ Rx R

(c) such that x2(t) + y2(t) = a*> + b* for all t € R (d) such that x*(t) + y2(t) — 0 ast — oo
ifa>0and b > 0.

Ans. (b) and (¢).

Let k be a real constant. The solution of the differential equations Z—Z =2y+zand £ =3y
satisfies the relation
(@) y—z=ke* (b)3y + z = ke**

(c) 3y — z = ke** (d)y+z=ke¥® [VU(CBCS)2018; JAM CA-2008]
Ans. (b)

If y; (x) = 3y1(x) + 4y2(x) and y7(x) = 4y1(x) + 3ya(x) then y1(x) is

(@) cre™ + cpe”™ (b)cie + cpe™

(c) cre™ + cpe™ 7™ (d) c1e* + cpe™7* [VU(CBCS)2018; JAM CA-2006]
Ans. (a)

Let (x(#), y(t)) satisfy fort > 0

F=-xryg=-y 20 =y0=1

Then (x(t)) is equal to
Let+ty®) 290  3.e'1+h) 4 -y) [NET-DEC-2016]
Ans: 1, 3.

The general solution of

dz

y + E =0

dy

E —-z=0
is given by GATE(MA)-05
A) y=ae* +_ﬁe’x B) y= ac.osx + Bsinx oty = asinx —ﬁcpsx Dy Y= ae"ﬁe”‘_

z = ae*fe " z=asinx — fcosx Z=qacosx+ fsinx z=qe* + pe”*

Ans. C)
The general solution of dz—" = %y = i’—i is given by

Ay=c,x*+22 =0 B y+x=cg,2+z=0 QOx=c,x+z22 =c¢ D)
VHx=c,x+z=0
Ans. A)
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1.11 Review Exercises

1 Let A be a3x3 matrix with real entries. If three solutions of the linear system of differential

o o2 2 _ ot et 1 20t

equations %(t) = Ax(t) are given by [ —é + ¢* e —et [and| e*-2¢ | Then
el + e e et —e~t + et

the sum of the diagonal entries of A is equal to ——? GATE(MA):2018

Ans. 2. Hint. The independents solutions aree™, ¢, e%. So eigenvalues are —1, 1, 2. Hence

the sum of the diagonal entriesof Aisequalto A1 + Ay + A3 =-1+1+2=2.
2 An n'" order ODE is equivalent to a system of  first order ODEs.

3 Define an initial value problem for a first order system. Reduce an initial value problem
for an n—th order ODE to that of an equivalent # first order system.

4 Let f be a vector-valued function defined for (¢, x) in a set S with t real, x € R".
(a) Show that f is continuous at a point (tp, xp) in S if and only if

lI(t, x) — £(to, xo)l = O,

as 0 < |t — to] + |lx — xo]] = 0.
(b) Show that f satisfies a Lipschitz condition in S if and only if each component of f
satisfying a Lipschitz condition in S.

5 Show that f(x,y) = (7x + 6y1, y1 + y2) on S : {|x] < 0o, |y| < oo} satisfying a Lipschitz
condition.

6 The system of n linear simultaneous ordinary differential equations is the form of

x1(t) = an(®)xi(t) + ap(t)xa(t) + - +ap(Hxa(t) + fi(t)
Xo(t) = an(t)xi(t) +an()xa(t) + - - + axn(H)x.(t) + f2(t) (1.95)
Xn(t) = ap(t)x1(t) + app(t)xa(t) + - + () x,(t) + fn(t)

and subject to the

xi(to) = xip, fori=1,2,--- ,n. (1.96)

Suppose the coefficients a;j, (i,j = 1,2,---,n) and the functions f;, (i = 1,2,---,n) are
continuous on the interval [a, b]. Then prove that the problem (1.95) with (1.96) has a
unique solution (x1(t), xa(t), - -+, x,(f)) in [a, b].
7 Show that all solutions with values in R? of the following system exist for all real ¢ :
x" = a(t)cosx + b(t)siny,
Yy =c(t)sinx + d(t) cos y,
where 4, b, ¢, d are polynomials with real coefficients.
Hint. Apply the Theorem1.4.

8 Consider the problem
X =3x+1tz,
Y =y+tz
7 =2tx—y+e'z
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10

11

12

13

Show that every initial value problem for this system has a unique solution which exists
for all real t.
Hint. Apply the Theorem1.4.

Let g be a real valued continuous function on [—a, a]. Then show that the initial value

problem
Px x(0)
_— = > = —_— =
P + A%x =q(t)x, (A =0), x(0) =0, 0
has a solution on [-a, a].

Hint. Apply the Theorem 1.6.
Show that all real-valued solutions of the equation

1

2

dx .
Tl + sinx = b(t)

where b is continuous for —co < t < 00, exist for all real ¢.

Let a1,b1,a2,b, € R Show that the condition a;b; > 0 is sufficient but not necessary for
the system. % =mx+ by and % = ayx + boy to have two linearly independent solutions
of the form x = cieM! |, y = dieM! and x = coe™ | y = dye™ with Ay, Ay, c1,d1c0,da € R
JAM(MA)-2008

Find the general solutions for the system

d
d

Hint. The eigenvectors and eigenvalues of

are A; = 4 with
and A, = 2 with

Ans. The general solution is

N A 1Y) « -1
y—(yz)—cl(l)e +Cz( 1 )6‘ .

Find the solution for the system of differential equations

d
o =31 + 2y»,

d
i ﬂ = —2y1 + 2y2

dt

1 2\ _
y:cl( > )et+cz( 1 )e 2

Ans. The solution is
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14

15

16

17

18

19

20

21

22

23

Find the solution for the system

d d
%:3y1+y2/ %=y1+3yz

() 1Y 4 -1\ »
y—(yz)—cl(l)e +c2( y )e.

Solve the following system of simultaneous equations

(D stands for 4).

Dx—-7x+y=0, Dy—2x -5y =0.

Ans. x = ¢*(Acost + Bsint), y = ¢ ((A - B)cost + (A + B) sint).
Find the general solutions for the system

din dy,

ar - 21— Vo, - =40

Ans. The solution is

Ans. The general solution is

Find the solution of p i
h_ . v _ 5
- h 21y, prle 2y1 — 12

Ans. The general solution is
_ [ rcos2t ot
Y=\ rsin2t
dx

cdx _ Yl —nx, 2 = g —
Solve: & =ny—mz, 5 =lz—nx, G =mx—ly
Ans. X2+ 2+ 22 =¢1, I + my? + nz? = 3, Ix + my + nz = cs.

If x(t) and y(t) are the solutions of the system ‘j,—’t‘ = yand ‘% = —x with initial condition
x(0) = 1 and y(0) = 1 then find the value of x(3) + y(5). GATE(MA)-2017
Ans. 0.

(D> —4D +4)x —y =0, (D?> +4D + 4)y — 25x = 16¢".

Ans. x = c16% + e + c3cos t+ cgsin t —e!, y = 1% + 25267 + (3¢5 — 3cq) cos £+ (3cq +
4c3)sin t — e,

Solve: (D*+1)x+(D+1)y =¢t, 2x+(D+1)y = 0, given that x(0) = y(0) = 0 and Dx(0) = —5.
B.U(Hons.)-1999

Ans. x = -2¢' +2e7' —t, y =2(e' — 2te' +t - 1)

Dx+4x+3y=t, Dy+2x+5y=¢. [ C.H,-1988]
Ans.x=cie X + e = 3+ St —tet, y=—dceH + e — o — L+ b

Obtain the G.S of the following system of differential equations: Dx = x + 2y, Dy =
4x — 5y + ¢t JAM(MA)-2010
Ans. x =1 + e + 2te¥ and y = (o1 + 1)t — 200670 + L™
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24

25

26

27

28

29

30

31

32

33

34
35
36
37

38

39

Show that the integral of the equations Dx + 2y = 0, Dy = x is given by x* + y* + 2¢ = 0.
C.U(Hons.)-1989

Solve: Dx +5x+y =¢!, Dy —x + 3y = ¢*. [ C.H,-1993,K.U.-2002]

Ans. x = (c1 + ot)e ™ + Lo — L, y = —(c1 + 02 + oot} M + et — Ze*

Solve: (D +2)x+(D-1)y = 3(t2 —e™), @2D-1)x—(D+ 1)y =3t —e). TAS 2003
Ans. x = cost +osint+ 12 +e7, y=13cx +c1)cost + 3(cr — 3c1)sin £+ 2e7 — 12,
Solve: f’in - — =2x+2t, Zi’t‘ + 4dy 3y, 3

Ans. x = (c1 + czt)e +e3e 2 —t, y=0Bca—c1—Cot) — 2cze7 2 — 1.

Solve: dtz —1l6x =t, W—yz 1, giventhaty 0, x—O,'jl’t‘ =1, 'fg =—2 att—O

Ans. x = £(3e* —e™) + & sin2t — § cos2t — &, y = 1(3e* —e7) - 3 stt +1cos2t 1.

Solve the following initial value problem. Dx + Dy — 2y = 2cost, Dx — Dy -2x =

4cost, giventhatx =y =0att=0.[ CU(H) 2015]
Ans. x =2cost(e' — 1) +sint, y = sint(1 — 2¢).

Solve : %—22{ x = el cost, dtzy+2 yzletsint,

Ans. x(t) = (c1 + cat)cost + (c3 + cyt) sint + 5=(4sint — 3 cost), y(t) = (c3 + c4t) cost —

(c1 + cpt)sint — %(4 cost + 3sint).
Solve: tDx +2(x —y) =t, tDy + x+5y=
Ans. x(H) = et P+ ot + A+ B y(t) =
Find all solutions of the system X =A(t)x + f (t) with 1n1t1a1 conditions x(0) = [0, 1, -1]T

-4 _ 212

ct
. %t i

Czi’

X1 0 1 1 et
where| x [[A@)=] 1 0 and f(H)=| 0 |
X3 tet te7t 1 1

3 1 3 _
Ans. xl(t) = (Z + Et)et - Ze t

1 1 3 _
Xz(t) = (Z + Et)et + ZE t

x3(t) = 3! — 12 — 3t — 4.

Find the general solution of Cy = W - bxd_zay [ Ans. ¢p(ax + by + cz, x> + y? + 2%) = 0]
Find the general solution of @ =% y2 [Ans. ¢(x* — 2%, 2% — °) = (]
Find the general solution of ££ = ;—yyz = Zz_f(’—zz_yz [ Ans. ¢(3, MTW)‘V) =0]
Find the general solution of =% /) T T f yy)_uz = Z(fj ) [Ans. x*> —y? —2az = qb(“y
Find the general solution of xz_y—z_zz = 2% = Zd—fz. [ BUH) 99]
Ans. p(ZE ¥y~

Find the general solution of COS(X > = Sm‘(ixy i &

Ans. 2VZ cot (x+y+ ) _ ¢<cos(x+ye)‘+im(x+y))

Find the general solution of (2;4” &= Z4dy2x4) = Z(xffy4).

Ans. x* + y* + 24 = Pp(xyz?).
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40 Find a fundamental matrix for the system

ax() _

n X(®).

O O =
O ==
_ o O

e 0 te
Ans. d(t)=| 0 0 ¢ ] )
0 ¢ 0

41 Find a fundamental matrix for the system

dyr dy, dys
E—yﬁyz, E—y1+y3/ E—ya-

Find also the solution.

2 ,t

el tef -
Ans. () =| 0 e te
0 0 ¢

The solution is y1(t) = Ae' + Bte' + CtZT"t, ya(t) = Aet + Bte!, y5(t) = Ae'.
42 Find the fundamental matric and the solution x(t) such that x(0) = [3 1]” for the system.

d d
% =x; —2¢xy, % =¢ —x,.
2 et 4 — ¢t
AnS. q)(t) = Et 1 and x(t) = 2€—t _ 1
43 Solve : 2 S

Y Hyz+z2 T Z24zxdx® T xay+y?”
Ans. (xy +yz+zx)2 — (2 + y* +22)? = (P(g).
Lo_dx _ dy _ _d
44 Solve : xzfyz =2y = Z(xiy). [ BUH) 2015]

Ans. (x—y) ' —(x+y) = (?5(0(;_”)

. dx _ dy — dz
45 Solve . x(x2+3y2) = y(yz+3x2) - 2Z(x2+y2)'

Ans. (x+y) 2 —(x—y)? = ‘P((i_zy))'
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