e 16° ELECTROMAGNETIC BOUNDARY VALUE PROBLEMS | e

16.6 Propagation of Electromagnetic Waves Between
Parallel Cundunting Plates

| structure consisting nrf highly condueting walls in the form of a long open pipe is u;::d
o guide glﬂctmmugnt-tln waves in the miccowave region (3-300 GHz) from one IE
g other. Such & structure is called n waveguide, It may be studied ns a boun -
alue problem with multiple boundarics. As a preliminary to the study of such u:'n'ﬂ'll'llr
gides we consider here n simpler boundary value thm“.m._mnly_ the propagalion o
rlﬂ.;mmnp‘.nctic waves in the region hotween twn parallel, perfectly ronducting plates.
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Fig 16.6-1: Wave propagation between twa parallel
conducting plates.

Suppose we consider two perfectly conducting rl“Ft.tlr5 I“.!mwd " ;T:L I::;t:‘:hﬂﬂ::n_:
as shown in Fig 16 6-1. The space hetween the !Jlnl{"i I uﬁ:-umenl. m[ 1' LHE‘;I:
currents and have permittivity and permesbility e-:lun_l_ .'Ln t.l:IE!:-'l': nl 1'11"":]"]?1". e
electromagnetic wave ol frequency o with wave vector . 3 LLE yrp-piams ].Im-“ n

_ - le of incidence 8. Note that in Fig 16 6-1 the - and -directions
the iy = '.L plnh'l‘ 'mlth‘m H:j:'lg.-jhlr anel ence o penerality i lost by considering only waves
are physically mfl'ﬁfmﬂi;"- i taue, The wave incident on g = o plate will be reflected
il Wave yeelary “11 " ;El,y -,ri;l.m.-. of multiple reflections and in effect it will propagate
t:t::;r?-._t::ﬂlf j::::lj.!;r Liv T..|:|!.'. plates. For such f"“':ﬂ hisre arc two ;[w bﬁmll_.: |'|{‘:-|;|r1]"ﬂ_u1t'mu_'-=
The clectric field £ may be parallel to T-nxis. 1., i right-ang r-_a. o the :lm-:-l__}mr 5

i) - R n). This is called tronsverse electme (TE) wave. 1 the H-fel
Propagation { ,-.i?nlﬂl'lrﬂtlﬂ icular to the direction of propagation (p-polarization) the
W along i, 1.2y |:-:r1'lt'1111;] transterse magnetie (TM) wave. Here we shall conside
E:ﬁig“;}"g“::;: l',};:: plectric field 1.n the region hl:z'r.w-:ﬂn ?,lu: ]'.-lulm_ 15 given by tl
sum of iucir;l:'u'r. and reflectil Waves. Thus, the electric field in the region between t!
plates for TE waves may be described by

ﬂ - ;E:E]:j{i.i“-ﬂl} + iE“i“ﬂJIEI'F—Hf]_ “EE—
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Power flow associated with TAf modes

Time average power 1 nsmitted through the waveguide in T'M modes is vy liy
» p - f“f%ﬁ'.- (E ﬂ') « kdady.
- I -

a ph .
e f f (Eug H, — Eoy Hae) dedy
(1] il

Using the field components given by {16 7-30) we can get

As bwfore,

il uJ!'{u!u.,
: F=F' h? By

Impaossibility of TEM mode in a hollow waveguide

Suppose o TEM mode, for which there is no axial component of either £ o A,

"assumied to exist in a hollow wiveguide, In presence of nonmagnetic material - [ = ¢
Su if & TEM minle exists lines of J§ will be closed loops lving entirely in trapsvene
plane, Now, from Maxwell's equation,

. 90
'i‘n”—-J+ﬁ

WA write

Le, the mapnetomotive foree around thes closed loops mnst be egoal to axial curres
through the loops For a bollow waveguide having no inner conductor conduction curm
is zero.  Further, any axial displacoment eurrent requires an nxlal component of E,
something not present in TEAM mode, Thus, we conclude that TEAM mode eannot exst
in & hollow waveruide.

But such a mode can exist in cowxial eable and in parallel line transimission systen

16.8 Cavity Resonator

A cavity resonator is an enclosure which complotely surrounds electtomngnetic fields b
moans of highly conducting walls. Surh a cuvity can sustain stationary waves of et
certain diserete frequencies, enlled its eigen frequencies. 1t huw propertios wirriilar
ordinary LC resonant circuits. In micrownve region, where ordinary LC circults canp
work cavity resanators are invariably used as resonant clreitts:
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' 16.7-30
b ( n}

Now as Egg 18 known otlief field components can be easily caleulated in terms of it.

Eo:(z,y) = Epsin == sin —2
[ 18
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Power flow associated with TE wnves

1 :
The time uverage power fowing through the wavelength along 2-axin is given by
B
1 . .
P = ~ *]-
[ [ yte (B x 1) -kaedy
- 1 a b
- ‘”"f f (E.H? - B, H?) drdy
2 s Jo WV &
n b '

2 LMy i

Lwpupky g B[ rmwy 2 q MAT ., gAY
2T Hu[L (T) +cos” ——ain" =

+ (E]: sin? T cos? 'ﬂ‘ll.'] drdy
a

a b

Hlupoky, a b [gmwy2  enry3
- Hherdks 2 2 (=) + ()]
_ oo wpky a [Lopa (mEY 4 (5T g
— E--—'hTE'IIu [., l'!-—( ﬂ) +(b) Elﬁq?ﬂ]

For either m = 0 or n = 0, we have
ab wjipk 1
F=T‘-Ih—n!-Hu.

Thus, for a particular waveguide power transmission will be greater far larger Ho. A
waveguicde, however, cannot transmit any arbitrarily large power. The maximum value
is limited by the puncture of the dielectric filling the waveguide.

T M modes

‘1.1" " -
In this case, the wavegulde contains no z-component of magnetic field, i.e., Hop = 0 but
E,; # 0. Here we start from the equation satisfied by E; and proceeding as beflore we

can write for the mast general solution of Eyy as
E.(z,y) = (Arconksz + A3 aln kex) (Agcos kyy + Aqgsinkyy) -

To find the constants A; we apply the boundary conditions E,, =0 at x =0, =0,
y=0pg=>b

E,=0azxr=0 reaquires that Ay = (.

E,. =0 at y =0 reqires that Ay = 0.

Thus,
Eul = -Eu sin ':;-I sin ku],r.

where Eg = AzA; is determined by introduced field.
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.n!.i'._q i_q Eﬂjh_'lli ml-nﬂhquf“flr, ll’l-H I-n-

: ough the guide and be WUERCY components

2 (e 4 below jt propagation ix not Im“i’"'ﬁf lt”':i "‘EF'-"”' i
- Al pud-off wavelength

e gl Ty

2 b
hem—t = 9
wef2n T m?. (16.7-23

I'In';mp,'nﬁlllt is possible for wavelength A < A,
- that the volues '

r:lrﬂl on Lthe mode [:l[ ?::I T:lrfjr 'll-TJ-Umjl, on (he transverse dimensions of Uie waveguide

jonoted by (TE}) "l.r propagation. TE mode for arbitrary values of m and n.
ﬂhl.t TE) -muql - male for which A is haghest is called a u!'lmmunrr mafe. N

it (T E)oo made 1s nul possible beciase for " S el

e ' m=mn=10 M, =
A HITETLS vanish, further, the comidition © H =0 r{*qujrildl‘lml {iﬁ J}“" ﬂ::::l';:‘f ﬁ::‘li
il =  fly = 1L

From {16.7-21) and (16.7-22) we can write

| T3

u‘.?
- 116.7-24]

k3=_‘_4—

UL,

The quantity E = Ay I called quide wavelength, Ap = _7‘.:;; {4 the [ree space WAV
length. S0 we can write from {16.7-24}

1 _ 1 | Ap -
S a1 T M Ty (16.7-23]
? c C “,’l—[f}

wavelength 18 groater than corresponding [ree spioe wivelength. The

s.dipection is

Thus, guide

phase velocity of the wave along
W e = £ (16.7-26)
I'.IF *-'H " -ﬂ lﬂ ]'.
. Ve & 1= (I)
plogity of the wave 18 greater than (ke velocity of light i free npace
velocity with which

y Lecawie the group

of relativit
Using {1

ulways smaller than @ 6.7-24) we can show

[ bwlously pluase ¥
Jate the principle

This dles not Vi
pem along the guide s

rrTEY ||r|.l|1|:|.g'n .
thiat the group veloeny
el ,‘r(_-_-_-_— N
vy = o = ey/T= o/ A% (16.7-77)
[ dj'l." . ¢
It is intereating L0 note that
tyly = € _ (16.7-25)
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Ta |
reajiid s that e B —
sinkya=0 or ky=—i M= 01,24
Similarly, the condition
-fjﬂ'.u b
=0 alyp=
s X T
revjuiren Lhat -

—
—] H

sinkh=0 or ky

Thus, finally we get
mer

H.,..[I.T.r'l = [y roa

n

Sinee H, s now known other Reld components can
relations (16.7-12)-116.7-16).

-ml_——

= 1,23

A (16.7-20%)
&

e I'.r'llllihI caleulatmd by uping this

Eue = —*'J%“EH (’-"-_T] o '“:’ sin 1:-'1

'E'lll'l.l = .'T':;'I'I?-H" ['-TT’.} sl o 1= E:—-!

Ha = _%H” (1'_1::_"'} 2 e - ?

How * '%”" (5 ) oo H::ﬂ“ = (16 7-20b)
Now

peieky o Zok= (5 ()
3 oy 4 )
w a5 -[(E) ()] e

If

wl <! [[

Ry

then kg is imaginary As the s-deprndeice of the field quantities is assumed to be of the
form e%®, the Relds will be expoucntially damped ooz, Instend] of propapating. Ths.
for the waves to propagate along the guade the fiequency must be greater than sone

critical walue given by

mir

T (N

(16.7-21)
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_t;}in-:n the plates are pssumed Lo be perfectly condutting the tangential COM POneny
of E-feld must vanish nt the boundary y = 0. For this condition 10 be true for al) waly
of 2 and t we must have )

E, = -E},. LIE.&E]

This indicates that the reflected wave will have the snme amplitude ns the incidon;
wave but with n phase change of 7, Therefore,

E =i [/ () - plfr)]

Now we have k.7 = kcosB.y+ kpin@-z and ky - 7= —kcou@ .y + kginf . 2,
Thus,

B = iﬁ'n[pi*rml_,-jtuc—il . pilkzin P—wt)

= 1Egsin(ky cos§)e! ke nn -t} {16.6-4)

where Ey = 25}, We now apply the boundary condition that the E-field must vanish
8t g = a for all valuea z and ¢. This requires that

sinfkacosf) =0 or kacosd = nm, (16.6-5)

w'uﬂe_n is & positive integer. Thus, for a given k and a, there are n number of discrets
directions or modes possible for the propagation of waves between the plates,
For convenience leb us rewrite Fag, (16.6-4) as

E = 1Eysin(key)et ket -ot) (16.6-6)
where

ke=keon® and k= ksin®, (16.6-7)

Equation (16.6-6) may how be considers] to represent a disturbance propagating
along z-nxis with an effective wavelength

2 25 Ao
Ay =— = =
"7 ky  ksind wing' '["?'“‘E]

where Ag = 27 /k is the free space wavelength, The disturbance also varies sinusoidally
along y-axis with an effective wavelength :

(16.6-3)

A”i%:k:ﬂe= c:u' (16.6-9)
From Eqs. (16.6-8) and (16.6-9) it follown immediately that
LEFIE "
NN W | (16.6-10)
—— — =T e —— e

e ———a —
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Eliminating H,,, from Eqgs. {16.7-6) and (16.7-10) w= get

JH,
Eyr = EJE j‘u% “ u;mﬁl ' {113.?-1:} .
where .
LJ.': .
W= - k. (16.7-13)

Similarly considering other equntions appropriately we can express Eoy, He, and oy
in terms of E,, and I1,, only,

i [, 8Fu  OMas :
i [, O, BE,: |

He = 75 .t,—ﬂ:’ —we g | (16.7-15)
i [, OH dE,- |

ffﬂ, = % ‘kpﬁ +:‘.|Jff_|-§:—-. EIET-JE]

Thus, all the transverse cnmponents are being completely determined by the Jongi.
tudinal components end hence the problem of determining Felds inside the wavaguide
reduces to that of determining longitudinal field components ouly. In general both Eoy
nnel Hgs are present. However, we shall consider two separnie situnations:

(i} If E;; = 0 then entire field is determined by H,.. For this corresponding waves are

ealled H-waves. Sinee here only transverse components of electric feld exist, it s
alwo called trimsverse electrmie or TE woves,

(#) If M. = 0 then entire fiedd i determined by E,.. For this corresponding waves am

called E-waves. Since liere only transverse components of magnetic feld exist, i
i wlso called frunsverse magnetic or TM urtves,

As Maxwell's equations are linear, by studying TE and TM waves separately we can

then superpose them o et the netual picture, There may be a third choice, where both
Eqe nnd M,y are zem. Carrespunding waves nre called fronsp
or TEM waves. But Egs. (16 7-0) to (16.7-11) shows that
inside the waveguide vanishes ident|cally,
in a reclangular waveguide,

erse electromagnetic woves
: in this case, the entire feld
It indicates that pure TEM waves cannol enst

"

TE modes

lu this case, Eq: = 0 and all other field components may be determined in teris of Ha-
From (16.7-2) we find that the equation satisfied by the z-component of 7 is

p |
('Er’+ -‘:T) H, =0
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Taking the z-dependence of H, of the form /% this eqithtion can be trapsformed to

i
(Ex_" 1 % T "1) Hyu=0 (16.7-17)

To solve this equation by the method of separation of varinhles we assume
Haylz,y) = Fi(z) - Fa(w).

substituting it in Eq. (16.7-17) and dividing throughout by £ F3 we et

iﬁ iﬁ__h]
Fy dr?  Fy dy - '

Let

where k2 4 k3 = .
S, the most general solution for Holz, y) bs

7-18
IAl-:mi:,r+.-l;||1nk,r]H;m|k.1|+Auiulr,;r]n. (16 }

Ifﬁl{'tlﬂj — -
aated] frum the given boundary conditions.

where A, are arbitrary ronstants o be eval

The Loundary conditions are
E,=0 sl s=0 and
E,=0 nt y=0 nnd ya=b

T = f,

For TE moie Ea, = 0 aad, therefore, from Ea (16.7-14).

-?_11 i
This candition requires that Ay=0in Eq. (16 7-18). From Eq (16.7-12}
can

T7-18). Thus,
This condition requires bt Ag =010 Eq. (16.7-18}
Huls W)= g com bz x - cos kyp,

the introduced feld.

" (16.7-19)

where Hy = Ay Ay amld I determined by
MNow the condition AHo

——— ol re=a
Eo > T3¢ o

N o B
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I *
l!'f'f’I Lhr
sider o rectangular waveguide of sides o and b as shown in Fig 18 7-1. i‘:t with
W 1:1"’: yngnting along z-nxis. I the waves 1o be propagated are anochroma
o s !mn]drnﬂu g~7=1 then Eq. (16.7-1) takes the form
o e
= R
1 }llﬁwnll‘ﬁ equations
il -
i . DE af
. ﬁ:m-ijt_ and ﬁxés*—mﬁ'
jecntie . (16.7:3)
ﬁlﬂ:—jwﬁ'ﬂE {lﬁT—'”
and § % B = junofl.
We sevk sulutions to Eq. (16.7-2) in-the frmi [15.7-5}
X{r.y,2t)= Xolz,p)eiter ",
w i t forms ps
Equation (16.7-3) may be written in companent 1
HH; - E‘E[ = —':I.-I.TEQE]_-:
thy iz
Eff; - gﬂi p— __J'“_.'..EE’:
iz dr
ey 9H: _  _jieE..
diy _ Y02 = —juweake
thr ity
Using salullons (16.7-5) wE may write —
o H s _ jkﬂHI"I' — --ju‘fuf':m; ( ’
iy "
iy - n;;n_- . —jueoEm (16.7-T)
g liar tir
Bty H _ _juegEue (16.7-8)
ir dy
i L
Similarly from Eq. (16.7-4) we may EF
ﬂEﬂ "'JkEEW — J'..I‘l.luflu_r; [lﬁ.T:g}
g OB o jupoHa; (16.7-10)
jkgtar = Thr
IEw _ ?EE*." = jupoHos. (16.7-11)
dr I
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ros | Foundstions of ELECTRICITY AND MAGNETISM
Differentinting with respect Lo k, we get

Dt ch dw 'k, o -ksinf _
ok - - - = csinf. (1661
hETEw, T T e ck i

Therefore, group velocity v, = csind, which in smnller than the spend of light iy
vacuum. Moreover, it is interesting to note that

Vp Uy = ﬁﬁ ccain@ = o?, (16.6-16)

which is generally true for propagation in a wareguide.

16.7 Rectangular Waveguide

Waveguides may be in the form of hollow pipes with highly conducting walls [usually
of copper) having arliltrary shape butl of uniform cross-section. For simplicity we shall
consider Lhe special case of n rectangulor waveguide with air as dielectric inside. Basically
it s a hollow pipe having uniform rectangular cross-section. A wire anlennn ls often
sl o lavnch clectromagnetic waves inside tie waveiide.  For effective transmission
"Itlll.l;qu the 1.I.'.‘11.|';|.'_lu'|1t- the trandverse dimensions of the ﬁllidl!' st b 1‘:1mp;_|,m|ul.|_- L %)
the wavelonpgth of thi ele trl.llll.ﬂ,';'.llt"liL' wavies Lo be prup.ﬂu.:m.n] Tl waves launched it
the puide propagate by a process of multiple liternal reflections. The vesulting fiold
configurations can be obtnlied by solving Maxwell's equations with proper boundary
conditions. We shall nssume Lhe walls (s be made of perfoct condoctors. So the tangent |al
cutnponeils of E-fields aml nornl components of H-Aeld must vanish at the baoundary.

Assuilng the space msnle the waveguide 1o be alr or varaum it is cady to show
by using Maxwell's equations that E gl H satisfy the homogenoes wive cquation e
Saction 1% 5]

: | KX _ .
VIX - S53 - (.1' =Eor H] (16.7-1]

Fig 16." -1: A rectangular waveguide.
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and 8, Ao i inereased gradually, Feuation [16.6-111) indicates that il Aq Licomes g.rﬂ‘;:;
(16,

than Ac then Ay becomes imaginary, In this case the expuoment pkgz in Eq.
instend

af I}mpa.gn_.thlg- T'hus, for the waves 1o propagnte betwieen the plates we must have

T chspher 10 ELECTROMAGNETIC BOUNDARY v YR e | TOT
; From Eq. (16.6-5) we ean write

i kera=nr or A= % (16.6-11)
[ physical importance of Ay and A, can bo derived as follows. Suppose for o given n
|

|

M{L=%.

For this A is called eut off wavelength. Tt is the longest wavelength that can propagate
far & given mode (n value).
Ag is known ns guide vavelength. From Fq. (16.6-10),

N S (16.6-12)
Ji- (&) |

Obviously A, is greater than corresponding [ree space wavelength,
Equation {16.6-6) indicates that the wave propagates along z-axis with an npparent

hase velocity
F B e - (16.6-13)

My = A, v hecomes infinite. This result nppenrs

lo contradict the ponciple of relativity, In reality it does not violate the principle of
relitivity because signals are always transmitted with gTOUP velocity rm:_l not wnl|1phna|:
‘F"|L1-|:lt3..r.- Phase velority is not the velocity of propagntion of any physical quantity, It
simply represents the velocity of a point of constant phase on the wave. The energy

propagates down the guide with group velocity, which is always smaller than e

The group velocity vy is BIVCH by

As sinfl € 1, v, > e For @ =10, 1,

i
tg = Ek—’-

From Eqs. (16.6-7) and (16.6-11) we can write

2 d
2 Y L
k“:k“ﬂin‘aﬂ“u-ms‘n]:n ~K =k -
E -
Therefore . a4 4 E
| | o n u -y = -
K=F @ [ =% (16.6-14)
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